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Abstract

We study regulated four-dimensional Yang-Mills theory on Euclidean slabs Sy 1, = [0,t] x T%
at fixed thickness t > 0. A central theme is kernel separation: quantitative mixing of an auxiliary
boundary sampler does not, by itself, imply mixing for the Euclidean transfer kernel K; Reg
defined by disintegration of the slab endpoint law and governing Euclidean-time concatenation
and transfer-operator statements.

Main theorem package (Wilson lattice slabs). For a finite-range Wilson lattice regulator family
with compact gauge group G, we prove within this manuscript: (i) a fixed-window Doeblin
minorisation for the projected transfer kernel, yielding cylindrical geometric contraction for
K Reg (Appendix F); (ii) in a KP (high-temperature) corridor (0 < < f,(t, L)) we prove a
Wilson-intrinsic cross-slab maximal-correlation (polymer crossing) bound, hence L? mixing and
a transfer spectral gap for K; e, (Appendices G-H); and (iii) as a consequence, Euclidean-time
exponential clustering and a time-axis transfer-operator gap for bounded gauge-invariant interior-
supported cylinder slab observables (Definition 2.1). All constants in (i)—(iii) are uniform under
UV refinement and auxiliary truncations at fixed (¢, L). Moreover, within an L-uniform KP
corridor 0 < 8 < B2°(t) we construct the spatial thermodynamic limit L — oo for the Wilson slab
family and show that the Euclidean-time clustering/gap conclusions persist for local (spatially
supported on a fixed window) observables.

General template (Gaussian-reference regulators). Separately, we record an abstract implication
scheme for slab specifications built over an abstract Wiener-space boundary reference, including
quantitative mixing for a boundary Langevin sampler and a transport mechanism from boundary
mixing to interior slab observables, under explicit stability/locality /moment inputs tracked in
the constants ledger.

No continuum limit on R* and no long-time limit ¢ — oo is constructed here; the only spatial
infinite-volume result is the corridor thermodynamic limit L — oo described above.

Contents

1 Introduction 5
1.1 Motivation and scope . . . . . . .. 5
1.2 Relationship to existing literature and what isnew . . . . . . .. ... ... .. ... 6
1.3 Main contributions (informal) . . . . . .. . ... Lo L 7
1.4 Structure of the paper . . . . . . . . . . 8

2 Setup and main results 8
2.1 Regulators, slab geometry, and observables . . . . . . ... ... ... ... ... 8
2.2 Concrete regulator family and coordinate realisation . . . . ... ... ... ... .. 9

2.3 Model dictionary and notational conventions . . . . . . ... ... ... 0L, 10
2.4 Optional template: Boundary configuration space and Gaussian reference structure . 11



2.5 Endpoint law and Euclidean transfer kernel . . . . .. ... ... ... ...
2.6 Template track: boundary law as a Gibbs tilt of a Gaussian reference. . . . . . . . .
2.7 Boundary Langevin dynamics (sampler) . . . . . . ... ... ... ...
2.8 Low-mode projection and the distance used for contraction . . ... ... ... ...
2.9 Two theorem packages: a concrete lattice regime and an abstract framework . . . . .
2.10 Main structural estimates for the boundary potential . . . . . . . ... .. ... ...
2.11 Template track: quantitative mixing for the boundary Langevin sampler . . . . . . .
2.12 Bridge to Euclidean transfer: a comparison/identification hypothesis . . . . . . . ..
2.13 A stronger transfer bridge via log—Sobolev and modified log—Sobolev inequalities

2.14 Dependency map and standing assumptions . . . . . . . . . ... ... ...
2.15 Time-axis exponential clustering in the OS limit (conditional) . . . . . . ... .. ..
2.16 Spectral gap consequence (conditional) . . . . . . . ...
2.17 Constants ledger (dependencies and uniformities) . . . . . . .. ... ... ... ...

Differentiation of the boundary potential

3.1 Cameron—Martin derivatives on an abstract Wiener space . . . . .. ... ... ...
3.2 Boundary partition function as a log-Laplace functional . . . . . ... .. ... ...
3.3 First and second derivative identities . . . . . . . . ..o
3.4 Reduction to quasi-local response and uniform moments . . . . . ... ... ... ..

Optional template: Quasi-local response kernels for the slab boundary law

4.1 Field spaces, Fourier conventions, and the UV smoothing . . . . ... ... ... ..
4.2 Free slab action and harmonic extensions . . . . . . . ... ... L0
4.3 Dirichlet-to-Neumann forms (one-sided and two-sided) . . . . . ... ... ... ...
4.4  Gaussian conditioning: bulk fluctuations and induced endpoint/boundary laws

4.5 Regulated Yang—Mills interaction as a local functional . . . . .. ... ... ... ..
4.6 First variation: a quasi-local response operator . . . . . .. ... ... .. ... ...
4.7 Second variation: a bilinear finite-range kernel . . . . . . ..o
4.8 Quasi-local response SUMMATY . . . . . . . . o vttt e e e

Uniform moment bounds for response densities

5.1 Interior Hilbert scale and local block seminorms . . . . . . .. ... ... ... ....
5.2 Conditional interior law and a stability /non-degeneracy hypothesis . . . . .. .. ..
5.3  Uniform Gaussian exponential moments in negative regularity . . . . . . . . . .. ..
5.4  Uniform exponential H~* moments under P, on boundary balls . . . . . .. .. ...
5.5 Uniform local polynomial moments away from the boundary . . . . . . ... ... ..
5.6 Consequences for response terms . . . . . . . . . ..o e

Optional template: Proof of uniform C?-bounds and one-sided growth

6.1 Preliminaries: norms and harmonic extension bounds . . . . . . . ... ... ... ..
6.2 Pointwise algebra bounds and variation estimates for the YM interaction. . . . . . .
6.3 Uniform moment bounds for ||A%|| 4 and [|[FA(A)| 2 under P, . . o o oo oL L
6.4 Existence of derivatives and proof of the Hessian bound . . . . . . .. .. ... ...
6.5 Proof of one-sided growth . . . . . . . ... oo
6.6 Conclusion of Theorem 2.15 . . . . . . . .. .. .. .

21
21
21
21
22

22
23
24
25
26
26
27
28
28

29
29
30
31
31
32
32



7 Boundary Markov kernel and Harris structure
7.1 State space, reference Gaussian measure, and target boundary law . . . . . . .. ..
7.2 Boundary Langevin kernel . . . . . . . .. Lo Lo
7.3 Invariant measure and reversibility . . . . . ... .o oo
7.4 Lyapunov drift condition . . . . . . . . . ...
7.5 A bounded metric and small-set contraction . . . . . .. .. ... ...,
7.6  Quantitative Harris theorem and conclusion . . . . . . . . ... ... ... ......

8 Quantitative mixing consequences
8.1 Wasserstein distance and Lipschitz test functions . . . . . ... ... ... ... ...
8.2 Convergence of Lipschitz observables from any initial condition . . . . . .. ... ..
8.3 Moment control under the invariant measure . . . . . ... ... ... ... ...
8.4 Exponential decorrelation in stationarity . . . . . . . ... o000
8.5 Mixing bounds for multi-time observables . . . . . .. ... ... ... 0oL,
8.6 Regulator-uniformity bookkeeping . . . . . . ... ... oo oo

9 Time-axis exponential clustering and reflection positivity for the boundary

process

9.1 The stationary bi-infinite boundary process . . . . . . .. .. ... .. L.
9.2 Time reflection and reflection positivity . . . . . .. . .. ... 0oL
9.3 Boundary OS pre-Hilbert space and transfer operator . . . . .. .. ... ... ...
9.4 Time-axis exponential clustering from Harris mixing . . . . ... ... ... ... ..
9.5 OS axioms for the boundary process: summary . . . . . . .. .. ... ... .....
9.6 Regulator-uniformity statement . . . . . . ... ..o

10 Transport from boundary mixing to slab observables
10.1 One-slab configuration space and conditional interior laws . . . . . . . ... ... ..
10.2 Stacked slab field driven by the boundary chain . . . . . . . . .. ... ... .. ...
10.3 Lipschitz control of reduced slab observables via response bounds . . . . . . ... ..
10.4 Exponential clustering for time-separated slab observables . . . . . . . ... .. ...
10.5 Regulator-uniform transport: what must be uniform . . . . .. ... ... ... ...

11 DLR consistency and identification with the Euclidean slab measure
11.1 Finite-volume Euclidean measures and slab factorisation . . . . . . . ... ... ...
11.2 One-slab endpoint disintegration and the Euclidean transfer kernel . . . . . . . . ..
11.3 Exact concatenation in Euclidean time . . . . . . . . . .. ... ... ... ... ...
11.4 Time-reversal symmetry, detailed balance, and the transfer operator . . . . .. . ..
11.5 Exact DLR specification in the Euclidean time direction . . . . . . .. .. ... ...
11.6 Identification of the stacked field with the bi-infinite Euclidean DLR measure . . . .
11.7 Consequences for transfer/OS time translation . . . . ... ... ... ... . ....

12 From slab clustering to Schwinger-function clustering for gauge-invariant observ-

ables

12.1 Regulated gauge fields and gauge transformations . . . . . . .. ... ... ... ...

12.2 Admissible gauge-invariant cylinder observables . . . . . . . ... ... ... .....
12.2.1 Wilson loops . . . . . . o L
12.2.2 Bounded curvature-energy observables . . . . . .. .. ... ...

12.3 Endpoint admissibility and response control for Dbﬁfgn b



12.4 Schwinger functions in discrete Euclidean time . . . . . . . ... ... ... ... .. 65

12.5 Exponential clustering for gauge-invariant Schwinger functions . . . ... ... ... 66
12.6 Block clustering for multi-time gauge-invariant observables . . . . .. ... .. ... 67
13 OS reconstruction in Euclidean time and the transfer-operator gap 67
13.1 Path space, time reflection, and the positive-time algebra . . . . . . . ... .. ... 67
13.2 Reflection positivity for the full Euclidean measure . . . . . . ... .. ... ..... 68
13.3 The full OS Hilbert space and time translation . . . . ... ... ... ... ..... 69
13.4 Correlation functions as transfer-operator matrix elements . . . . . . . .. ... ... 70
13.5 From exponential clustering to a spectral gap . . . . . . . . ... ... 71
14 Regulator-uniform consequences and main theorem 74
14.1 Uniformity requirements: the constants ledger . . . . . . . . . .. .. ... ... ... 74
14.2 Regulator-uniform exponential clustering for gauge-invariant observables . . . . . . . 75
14.3 Regulator-uniform transfer-operator gap . . . . . . . . . . .. ... ... ... ... 76
14.4 Main theorem of this paper: what survives uniformly and what is not claimed . . . . 76
14.5 A UV-refinement limit step at fixed (¢,L) . . . . ... .. ... ... .. ... ... 7
14.6 On charts and global derivatives in the Wilson corridor . . . . . .. ... ... ... 78
14.7 How the KP corridor threshold dependsontand L . . . . . . . . ... ... .. ... 78
14.8 Relationship to the standard OS axioms . . . . . . .. . ... ... ... ....... 79
14.9 Relationship to constructive QFT practice . . . . . . . .. ... ... 80
14.10What remains for a full continuum Euclidean theory . . . . .. ... ... ... ... 80
14.11Summary of scope . . . . . . . L e 82
A A Sobolev H! — L* embedding on the slab 82
A.1 Statement and norms . . . . . ... L. e 82
A.2 A fixed partition of unity with uniform overlap . . . . ... ... .. ... ... ... 83
A.3 Local Euclidean Sobolev on patches . . . . ... ... ... ... .. ......... 84
A.4 Proof of Proposition A.1 . . . . . . . . e 84
A5 Proof of Corollary A.2 . . . . . . . . 86
B Disintegration, conditional expectations, and monotone-class tools 86
B.1 Standard Borel spaces and kernels . . . . . .. ... L Lo 86
B.2 Disintegration / regular conditional probabilities . . . . . ... ... ... ... ... 87
B.3 [Iterated conditioning for Markov kernels . . . . . . ... .. .. ... 0. 87
B.4 Monotone class: extending identities from factorised cylinders . . . . . . . . ... .. 88
B.5 Conditional independence via factorisation of conditional expectations . . . . . . . . 88

C Gauge-invariant observables: Wilson loops and bounded curvature functionals 89

C.1 Holonomy transforms by conjugation . . . . . .. ... ... .. ... ... ... ... 89
C.2 Wilson loops are bounded and gauge-invariant . . . . . . .. .. ... ... ... ... 89
C.3 Curvature-energy observables . . . . . . . . . . . ... 90
D A spectral lemma: exponential correlation decay implies spectral support 90



E Regulator-uniform weak Harris verification for the sampler 90

E.1 Trace-class realisation of the cylindrical noise . . . . . . ... ... ... ... .... 90
E.2 Uniform drift (Lyapunov) bound . . . .. .. ... ... ... ... . . ... 91
E.3 Projected minorisation (full Girsanov + Gaussian lower bound) . . . . . . . ... .. 92
E.4 Conclusion of Theorem 2.16 . . . . . . . . . . . . . 93
F A finite-range lattice verification of the transfer-kernel contraction 93
F.1 A local Doeblin minorisation on a fixed window . . . . . . .. ... ... ... .... 93
F.2 From local Doeblin to cylindrical contraction . . . . . . ... ... ... ... .... 94
G Transfer-side L? mixing in a small-3 / strong-coupling corridor 95
G.1 KP corridor output for the Wilson transfer . . . . .. ... .. ... ... ... 95
G.2 Uniform L? mixing and a transfer gap in the corridor. . . . . . ... ... ... ... 96
H Kotecky—Preiss polymer expansion for the corridor bounds 96
H.1 Abstract polymer expansion and the KP criterion . . . . . .. ... ... ... .... 96
H.2 Polymer representation of the boundary effective interaction . . . . . . . . .. .. .. 97
H.3 Derivative bounds and the corridor constants . . . . . . . ... ... ... ... ... 99
H.4 Cross-slab correlation decay and a Wilson-intrinsic contraction constant . . . . . . . 100
I Thermodynamic limit L — oo in the KP corridor 102
1.1  Local topology and cylinder observables . . . . . . .. ... ... .. .. ... ... 102
1.2 An L-uniform KP corridor . . . . . . . . . .. ... 102

1 Introduction

1.1 Motivation and scope

We emphasize that mixing of the auxiliary sampler kernel P does not imply mixing of KjReg
without additional input; the two kernels play different roles.

Quantitative mixing and clustering bounds are central in constructive approaches to Euclidean
quantum field theory [35, 34, 36], where one seeks to control correlation decay under limits in volume
and ultraviolet regularisation. For gauge theories, a useful viewpoint is to work on a Euclidean
slab Sy, = [0,t] x ']I‘% and study the boundary law obtained by integrating out bulk degrees of
freedom. At fixed slab thickness ¢ > 0, this boundary law is a probability measure on a (typically
infinite-dimensional) boundary configuration space.

Throughout, we fix the slab thickness ¢ > 0. Most quantitative bounds in the paper are proved
at fixed spatial size L > 0 and are uniform only under UV refinement and auxiliary truncations at
fixed (¢, L). In Section I we additionally construct the spatial thermodynamic limit L — oo within
an L-uniform KP corridor. No continuum limit on R* and no long-time limit ¢ — oo is constructed
here.

A standard route to decorrelation is to study a Markov dynamics that has the boundary law as
an invariant measure and to prove explicit contraction estimates for its transition kernel. In the
Gaussian-reference template part of this manuscript we introduce an auxiliary boundary Langevin
sampler and develop quantitative contraction/mixing estimates for its kernel. In the Wilson lattice
theorem package, however, the key object is instead the Euclidean transfer kernel K; reg defined by
endpoint disintegration; this is the kernel used for Euclidean-time concatenation and OS /transfer
statements.



A second, logically distinct object also plays an essential role in OS-based constructions: the
Euclidean slab transfer kernel K reg, defined by disintegration of the joint law of the two boundary
traces (Tr_, Try) under the slab measure. This kernel governs concatenation of slabs in Euclidean
time and is the correct input for time-axis exponential clustering and transfer-operator arguments.

Two clarifications address common misunderstandings:

e« We work at fized slab thickness ¢ > 0. Uniformity in regulators is always at fixed ¢, while the
behaviour as t — oo is not addressed here.

o We distinguish sampler time (the Langevin parameter s) from Euclidean slab time (the thickness
parameter t). Mixing of a sampler kernel Ps does not automatically imply mixing for the Eu-
clidean transfer kernel K; reg. When we use Euclidean-time conclusions (time-axis exponential
clustering, spectral gap), we do so under an explicit identification/comparison hypothesis.

o The paper is organized modularly: (boundary regularity) = (drift + projected minorisation)
= (mixing for the boundary Langevin sampler), and separately (DLR/transfer structure) =
(time-axis exponential clustering and spectral consequences) once transfer-kernel mixing is
available.

Remark 1.1 (Track firewall: Wilson lattice versus linear/Gaussian template). The Wilson lattice
track in this paper is the compact-group boundary theory with boundary state space By :== GFo
(a compact manifold, not an additive vector space), Wilson local action, and finite-range locality.
Any appearance of Gaussian objects (abstract Wiener spaces, Cameron—Martin norms, harmonic
extension, Dirichlet-to-Neumann operators, or Fourier-mode linear contraction constants) is part
of the optional linear/template track and is included only for motivation/bookkeeping. No Wilson
proof (in particular, no proof of Theorem 2.14(ii)—(iii) and related Wilson-lattice corollaries) uses
the linear/template machinery. Whenever differential notation is used in the Wilson track (e.g. “V”
or “Hessian”), it is understood intrinsically via left /right—invariant vector fields and the product
bi-invariant Riemannian structure on G,

1.2 Relationship to existing literature and what is new

The use of transfer kernels/transfer matrices and reflection positivity for lattice gauge theories is
classical: already Osterwalder—Seiler established reflection positivity and the existence of a positive
transfer matrix for lattice gauge theories, see e.g. [74, 76, 37], and Frohlich’s systematic treatment
of reflection positivity for statistical-mechanical models [75].

Comparison to known results. Classical strong-coupling/cluster-expansion arguments on the
lattice yield Euclidean-time correlation decay for selected families of observables (notably Wilson
loops) at small inverse temperature 3, and transfer-matrix/reflection-positivity methods provide a
spectral interpretation of time translation. The theorem package proved here is stated instead at
the operator/kernel level: it gives a quantitative contraction and spectral-gap mechanism for the
disintegration-defined Euclidean transfer kernel Ky reg itself, with a constants ledger that is uniform
under UV refinement at fixed (¢, L) and, in an L-uniform corridor, survives the thermodynamic
limit L — oo (Section I). In particular, the paper isolates exactly which ingredients are needed to
pass from strong-coupling expansions to transfer-kernel mixing and time-axis clustering, without
conflating sampler time with Euclidean transfer time. A key methodological point emphasized
here—sometimes implicit but rarely stated as an explicit dependency constraint—is the separation
between: (a) auziliary sampling dynamics designed to sample a boundary law (e.g. Langevin



or heat-bath chains), and (b) the Fuclidean transfer kernel K;res obtained by disintegration of
the slab endpoint law, which is the kernel that enters slab concatenation, time-axis reflection
positivity, and transfer-operator spectral statements. While transfer-matrix works use Ky reg (Or
its operator) as the primary object, stochastic-quantization and Markov-chain arguments in the
physics literature sometimes blur the distinction between sampler time and Euclidean slab time. The
present paper makes this separation explicit, packages it as a dependency map, and provides two
transfer-native verification routes: a fixed-window Doeblin minorisation for the projected transfer
kernel (Appendix F) and a functional-inequality route (mLSI/L? mixing) for K¢ geg in a KP corridor
(Appendices G-H). On the sampler side we provide a regulator-uniform weak-Harris argument with
projected minorisation that avoids dimension blow-up (Appendix E), in the spirit of quantitative
Harris theory [11, 9].

In the constructive-QF T literature, transfer-operator methods and OS reconstruction are standard
tools [35, 34, 31, 32].

What is less explicit in much of the literature (and where misunderstandings often occur) is that
mixing of an auxiliary Markov sampler is not automatically mizing of the Euclidean transfer kernel.
Stochastic-quantisation approaches, for example, study a Langevin/SPDE dynamics whose invariant
measure is (formally) the target Euclidean measure [55, 77], but Euclidean-time concatenation and
transfer-operator statements are governed by the endpoint-disintegration transfer kernel KiReg.
Our “kernel separation” emphasis makes this separation structural: transfer-kernel consequences
are stated and proved only from transfer-side inputs.

Beyond this conceptual separation, the technical contribution of the present paper is a quantitative,
regulator-uniform bookkeeping (constants ledger) together with two in-paper transfer-side verification
mechanisms in a concrete Wilson lattice regime: a fixed-window Doeblin minorisation giving
cylindrical contraction (Appendix F), and a KP corridor mechanism yielding a Wilson cross-slab
maximal-correlation bound and hence L? mixing (Appendices G-H). These transfer-side mechanisms
are then combined with a weak-Harris argument for the auxiliary boundary Langevin sampler
(Appendix E) and with a transparent implication chain to time-axis clustering bounds for gauge-
invariant observables at fixed regulator level.

1.3 Main contributions (informal)

The results can be summarised as follows.

C1. Boundary regularity estimates (fixed regulator) and a uniformity ledger. We derive
C?-regularity of the interacting boundary potential Ut Reg along Cameron-Martin directions,
with local (on bounded sets) Hessian bounds and a one-sided growth estimate (at fixed regulator),
and we isolate the corresponding regulator-uniform requirements as explicit hypotheses for

<$, V’HUt,Reg(w»'H‘

C2. Quantitative mixing for a boundary Langevin sampler. Using the above bounds, we
verify a Lyapunov drift condition and a projected minorisation condition for a fixed low-mode
projection. This yields exponential contraction for a skeleton chain of the boundary Langevin
sampler in a tailored Kantorovich distance Wl(:;), at each fixed regulator; regulator-uniform
consequences are obtained under explicit uniformity hypotheses on the constants (at fixed
t>0).

C3. Transfer-kernel consequences (conditional). The correct kernel for Euclidean-time
concatenation is the slab transfer kernel K geg. Under an explicit identification/comparison



hypothesis that transfers the above contraction to K; reg (or provides contraction for K Reg
directly), we obtain:

o time-axis exponential clustering for time-separated gauge-invariant local cylinder observ-
ables in an OS limit;

e a spectral-gap lower bound for the corresponding Euclidean-time transfer semigroup on
the gauge-invariant sector.

1.4 Structure of the paper

Section 2 introduces the slab geometry, the regulated Yang—Mills model, the endpoint (transfer)
structure, the boundary law, the boundary Langevin sampler, and states the main results precisely.
Sections 3-6 establish the required regularity and growth bounds for U; reg. Section 7 verifies
Lyapunov drift and projected minorisation and applies a weak Harris theorem to obtain exponential
mixing for a skeleton chain of the sampler. Sections 9-13 formulate time-axis exponential clustering
and spectral consequences under the transfer-kernel hypothesis. Technical auxiliary estimates are
collected in appendices.

Notation snapshot. For quick reference, the following objects appear throughout (all at fixed
slab thickness ¢ > 0 and fixed spatial size L > 0):

Symbol Meaning

uﬁ%{le‘g regulated slab Gibbs measure on bulk fields

Kit,Reg endpoint law (Tr_, Tr} )x ,u};‘f{gg

ViReg = Tt,Reg boundary law at time O (first marginal of s Reg)

K Reg Euclidean transfer kernel (disintegration of k¢ Reg)

P, boundary Langevin sampler kernel with invariant law 7y reg
T; transfer operator T; f(b) = [ f(V') Kt Reg(b, dV)

dm,n W1(7:;L) bounded cost and associated Kantorovich distance

2 Setup and main results

2.1 Regulators, slab geometry, and observables

Fix a compact, connected Lie group G (in applications G = SU(N)) with Lie algebra g. For L > 0
let T3 := (R/LZ)? and for t > 0 consider the Euclidean slab

Si.r, = 1[0,t] x T3, 0Si, = {0} x T3 U {t} x T3.

We work with a family of requlated Yang-Mills measures on bulk gauge fields on S; . The regulators
include:

e a spatial volume regulator L < oo;
o an ultraviolet regulator A < co (e.g. Fourier cutoff, mollifier scale, or lattice spacing);

 optional auxiliary finite-dimensional regulators (e.g. mode truncations) used only for intermedi-
ate estimates.



We write Reg = (L,Regyy) for the full regulator tuple, where Regyy = (A,...) collects the
ultraviolet cutoff and auxiliary truncations. Throughout we fix a slab thickness ¢ > 0 and a spatial
size L > 0. The adjective regulator-uniform (at fized (t, L)) means: constants are uniform in the UV
cutoff and auxiliary truncations (and, when present, in intermediate finite-dimensional projections),
with (¢, L) treated as fixed parameters.

2.2 Concrete regulator family and coordinate realisation

The headline theorem in this paper is formulated for a concrete regulator family based on Wilson’s
lattice action on the slab Sy 1, with compact gauge group G and ultraviolet refinement (lattice spacing
a | 0) at fixed (¢, L). For context, we record separately an optional template-only Gaussian/harmonic-
extension boundary framework; the Wilson-lattice proofs in this paper are intrinsic and do not rely
on it. Accordingly, we work intrinsically on the compact group using left /right-invariant derivatives;
local coordinate charts may be used only as a notational convenience, without imposing any hard
cutoff

Group variables and reference measure. Let & 1 , denote the oriented edge set of a spacetime
lattice discretisation of S ;, with spacing a. A configuration is a collection of link variables U =
(Ue)ect, 1o € GEL.a equipped with the product Haar measure Haar( dU). We write X}ff{eg = G La
for the bulk link configuration space, and B; Reg = G% for the boundary link configuration space
at a time-slice. The Euclidean slab Gibbs weight is the Wilson plaquette action (with possible
regulator-local counterterms)

. . 1
exp{—SX,]f}a(U)}Haar(dU), SX&Q}G(U) = ? Z(l —RtrUp) + -+,
P
where U, is the plaquette holonomy and “---” denotes finite-range local terms allowed by the

scheme.

Definition 2.1 (Wilson-lattice admissible class Dbs%). Fix § € (0,t/2) and regulators Reg =
(L,a,A,...). Let V; 1, be the vertex set and & 1, , the oriented edge set of the slab lattice. Write
s(e),t(e) € Vi 1,4 for the source/target of an oriented edge e.

A lattice gauge transformation is g = (gu)vev, ;. € GViLa acting on link configurations
U= (Ue)ee&,L,a € Goute by

(Ug)e = Ys(e) Uegiel)-

A bounded observable O : G¢L.a — R is gauge-invariant if O(U9) = O(U) for all g.

Let 55’(?@ C &t,1,q be the set of edges whose geometric support lies in the interior time slab
[0, — d] X T%. A bounded observable O is §-interior-supported if it is cylindrical and depends only
on finitely many edge variables {U. : e € W} for some finite set W C 515(,(2, o

We write Dbs% for the class of bounded, gauge-invariant, J-interior-supported cylinder observ-
ables.

Lattice Wilson loops. Let v = (e]',...,e2") be an oriented closed edge path contained in
[6,t — 8] x T3, with o; € {£1}. Define the holonomy

Uy(U) = H Ugf, U; ! used when o; =—1.
j=1



For a unitary representation p of G, the associated Wilson loop observable is

1

va'Y(U) = dim p

Rt (p(U, (1)),
which lies in Dbs%.

No auxiliary small-field cutoff is needed in the Wilson corridor. For the Wilson lattice
gauge model with compact gauge group G, the configuration space G¥ is compact and the Wilson
plaquette potential is a smooth class function of the plaquette holonomy. All derivative bounds
needed in the KP/cluster-expansion corridor can therefore be taken globally using left /right-invariant
directional derivatives on G (equivalently, derivatives along the Lie algebra via left translation), with
constants depending only on G and the chosen finite-range local potential, not on any chart radius.
Accordingly, the main Wilson/KP results below do not impose any auxiliary “small-field”/chart
cutoff.

Optional Euclidean-reference template. For certain linear or gauge-fixed discretisations (not
the Wilson compact-group model), one can represent the regulated slab law using a Gaussian bridge
reference measure on a linear boundary space and write the interacting law as a tilt by a local
potential. We include this Euclidean/Gaussian calculus as an optional bookkeeping template; none
of the concrete Wilson slab theorems below use it.

2.3 Model dictionary and notational conventions

The manuscript is organised around a single concrete theorem package for Wilson lattice Yang—Mills
slabs with compact gauge group G, and an optional abstract template that is included only for
bookkeeping of general Markov/OS mechanisms.

o Concrete Wilson setting (used in the main theorems). Boundary data are boundary
link configurations b € By := GF? with reference measure Haar. All derivatives in the
Wilson corridor are interpreted intrinsically using left-invariant vector fields and the product
bi-invariant Riemannian structure on G¥2; no auxiliary chart or “small-field” cutoff is assumed.

« Optional Euclidean/Gaussian template (not used in the Wilson proofs). Some
sections develop a linear /Gaussian reference calculus on an abstract boundary space (E, H, u).
Whenever this template is invoked we write the boundary variable as x € E' (unrelated to the
Wilson boundary field b € By = G¥2; in Section 4 endpoint traces are denoted z4.).

o Endpoint partition functions and effective potentials (both settings). For fixed
boundary datum b € G0 (Wilson) or z € E (template), let Z; reg(-) denote the one-slab
conditional partition function obtained by integrating out interior/bulk degrees of freedom
with the endpoint(s) fixed. We write Uy reg = — 108 Z; Reg + const for the centred one-boundary
effective potential, and Ut(i%eg(b, b') = —log Zt(i%eg(b, b') + const for the centred two-endpoint
potential.

o Transfer kernel. The Euclidean transfer kernel K; reg is always defined by endpoint disinte-
gration of the two-endpoint law x; reg (Definition 2.7); it is a Markov kernel on the relevant
boundary state space (in particular, on GF? for Wilson slabs).
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e What is expanded in Appendix H. The KP corridor argument is not an assumption that
an already-integrated boundary potential is finite-range in the boundary variables. Instead,
Appendix H applies a polymer/cluster expansion to the local slab interaction functional and
derives the required bounds for log Z (and hence for U and mixed derivatives of U®)) by
termwise differentiation of the convergent expansion.

2.4 Optional template: Boundary configuration space and Gaussian reference
structure

The boundary law will be a probability measure on a (typically infinite-dimensional) boundary
configuration space. We model it as an abstract Wiener space (E,H, 4o, Reg):

e F is a separable Banach space;

e H C FE is a densely and continuously embedded separable Hilbert space (the Cameron—Martin
space);

* [l0,tReg is & centered Gaussian measure on F with Cameron-Martin space H.

The concrete realisation depends on the chosen gauge-fixing and ultraviolet regularisation. For the
purposes of this paper, we only use the abstract Wiener structure plus the existence of a family
of bounded, self-adjoint covariance operators (CgReg) associated with po+Rreg (equivalently, the
quadratic form of (C’,?’Reg)_1 on H). We write the Cameron-Martin norm by ||-||,, and the dual
pairing by (-, ).

Remark 2.2 (On gauge-fixing and boundary variables). The boundary variable z € E should be read
as the (regulated) boundary trace of the bulk field in a fixed gauge. All results are formulated for
gauge-invariant observables and are insensitive to the particular gauge-fixing, provided the resulting
endpoint laws admit the structural properties stated below.

2.5 Endpoint law and Euclidean transfer kernel

Fix t > 0 and regulators Reg = (L, A,...). Let ug‘ﬁgg denote a regulated, local slab Gibbs measure
on bulk fields over S; 1, (Yang-Mills) with a local stable action and the reflection/Markov properties
used below (i.e. a standard regulated Yang-Mills slab measure, such as Wilson lattice gauge theory,
formulated in a fixed local chart; in this paper we do not use BRST/ghost structure). Let B; Rreg
denote the boundary state space at Euclidean times 0 and ¢. In the Wilson lattice track, B; reg = G%o
is the space of boundary link variables (on the oriented spatial edge set £y of a time-slice of the
slab lattice). In the optional template track, B;reg = £. Let Tr_ and Try denote the boundary
restriction maps at time 0 and time ¢, respectively, defined on the underlying bulk configuration
space of M?‘ﬁé‘g and taking values in B Reg.

Definition 2.3 (Endpoint law and boundary marginal). The (regulated) endpoint law is the
pushforward probability measure on B; Reg X Bt Reg;

Rt Reg — (Tr—a Tr—i—)#/‘}f),l];{ltla(g'
Its first marginal is the (regulated) boundary law at time 0:

Vt Reg = (TI'_ )#M?,l}l%};g .
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Definition 2.4 (Normalised trace law). The (regulated) normalised trace law at time 0 is the first
marginal of the endpoint law:

Tt,Reg ‘= VtReg-

When the regulator is understood we write simply .

Remark 2.5 (Notation v versus 7). We write 14 geg for the boundary law when emphasising its origin
as a marginal of the slab measure, and 7; reg When emphasising its role as the invariant/reversible
measure for a Markov kernel (sampler or transfer). In this paper these coincide by definition.

Remark 2.6 (Boundary state space and two model tracks). Statements about the Euclidean transfer
kernel and its time-axis consequences are formulated on an abstract boundary state space B; Reg
associated with the regulator tuple Reg. In the concrete Wilson lattice family, B; reg is the compact
manifold of boundary link configurations G€ equipped with product Haar reference measure. In
the Gaussian template track, B; reg = E is the underlying Banach space of an abstract Wiener
space (E,Ho, 110t Reg).- Template-only assumptions that rely on the Gaussian reference are explicitly
marked as such and are not used in the Wilson theorem package.

Definition 2.7 (Euclidean transfer kernel). A Euclidean transfer kernel is any Markov kernel
K Reg (%0, d1) on By reg which is a disintegration of sy reg with respect to its first marginal v Reg,
i.e.

’{'t,ch(de’ dxl) = Vt,Reg(de) Kt,ch(-TOa d$1)
In particular, K; reg is the one-step kernel governing concatenation of slabs in Euclidean time.

Uniqueness. If KiRreg and Kj Reg ar€ two disintegrations of k;Rreg With respect to vy Rreg, then
Ki Reg(,-) = AReg(l’, -) for v geg-a.e. x. All statements below depend only on this v Reg-a.e.
equivalence class.

Remark 2.8 (Why this kernel matters). time-axis exponential clustering and transfer-operator
spectral statements are naturally formulated in terms of the Markov chain on boundary data driven
by Kt Reg (or its OS-limit analogue). A sampler dynamics (such as the Langevin process defined
below) is conceptually useful, but its mixing properties do not automatically transfer to K reg
unless one proves an identification or comparison principle.

2.6 Template track: boundary law as a Gibbs tilt of a Gaussian reference

Template-only. The assumptions in this subsection are used only in the Gaussian reference template
track. They are not invoked in the Wilson lattice theorem package, where the natural reference
measure is Haar on G2,

We assume that the boundary law v reg is absolutely continuous with respect to the Gaussian
reference measure fig ¢ Reg O (E, H).

Assumption 2.9 (Template track: Gaussian reference and boundary density). For each fixed
t > 0 and regulator tuple Reg, the boundary law 14 reg satisfies 14 Reg < f10,¢,Reg, and there exists a
measurable function U; geg : £ — R U {400} such that

Vt,Reg(dl') = exp(_Ut,Reg($)) NO,t,Reg(de)y Zt,Reg = /exp(_Ut,Reg) dMO,t,Reg- (1)

Zt,Reg

The potential U; geg is defined up to an additive constant, which we fix by U reg(0) = 0 whenever
finite.
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Remark 2.10 (Relation to bulk conditional partition functions). In concrete regulated constructions,
Ut Reg 1s often obtained as a (renormalised) log-partition function by integrating out bulk fields
conditioned on boundary data. In this paper we work with the abstract representation (1) and
verify structural properties of U; geg using differentiation identities in Section 3 and model-specific
estimates later on.

2.7 Boundary Langevin dynamics (sampler)

Let
1 _
Pire(@) = 5 (2, (Clreg) '), + Ubneg(®), (2)

Remark 2.11 (Whitened coordinates for the Gaussian boundary law). The quadratic part in (2) is

written with the free boundary covariance C’g Equivalently, one may work in whitened Cameron—
—-1/2

Reg*
Martin coordinates & = (C?,Reg) x, in which the free Gaussian law becomes standard and the
Ornstein—Uhlenbeck part of the drift is simply —%. All statements are invariant under this linear
isometry; in particular, whenever we write the sampler in the form dBs = —(Bs+ VU Reg(Bs)) ds+
v2dW; (Appendix E), this is understood in whitened coordinates. In unwhitened coordinates,
replace Bs by (CgReg)*lBs in the OU drift.

interpreted as a function on E which is differentiable along Cameron—Martin directions.

Definition 2.12 (Smoothness along Cameron—Martin directions). Let (E,H, ) be an abstract
Wiener space. A function F : E — R is said to be C* along Cameron—Martin directions if for every
z € E the map H 2 h — F(z+ h) is k-times Fréchet differentiable on H, and the derivatives D, F(z)
extend to bounded j-linear forms on H that depend measurably on zx.

The boundary Langevin dynamics is the E-valued Markov process (Bs)s>0 solving the (formal)
SDE
dBs = —Vy®; reg(Bs) ds + V2 dW, (3)

where W; is a cylindrical Brownian motion in ‘H realised on E (as standard for abstract Wiener
spaces), and Vy denotes the gradient along Cameron—Martin directions.

Remark 2.13 (Reversibility /invariance). At the level of fixed finite-dimensional regulators, (3) is the
usual overdamped Langevin dynamics with invariant density proportional to exp(—®; Rreg). In the
abstract Wiener setting, the process is understood in the standard weak/mild sense and is designed
to be reversible with respect to the boundary law v reg in (1).

2.8 Low-mode projection and the distance used for contraction

Because the dynamics (3) generally smooths only partially in infinite dimensions, we use a fixed
finite-dimensional low-mode projection to formulate a minorisation condition. Let IL,, : H — H be
an orthogonal projection onto an m-dimensional subspace H,,, C H. We extend II,, to a measurable
map on E (still denoted II,,,) using the canonical embedding H — E.

Fix parameters n € (0,1] and R > 0. Define a bounded, lower semicontinuous cost d,  :
E x E —[0,1] by

Ay (,y) = min{1, |(7 =)@ = 9)llp + 1 [T = 9) e (4)

where ||-||; is the Banach norm on E. (Any equivalent choice of bounded cost controlling both high-
mode displacement in E and low-mode displacement in H is acceptable; we fix (4) for definiteness.)
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Wilson-track guardrail. The difference x —y in (4) is specific to the optional linear/template track. In
the Wilson lattice track the boundary space is By = GF? and distances are formulated intrinsically
using bounded metrics built from the bi-invariant Riemannian (or geodesic) distance on G and
products thereof.

For probability measures u, v on E, define the associated Kantorovich distance

(m) _
Wl,n (:U’a V) i Tl'Ell_[rgL,V)/ExEdmm(m’y) 71—( dxv dy)? (5)

where II(u, v) denotes the set of couplings. We will show that for a suitable skeleton time s, > 0,

the Markov kernel Ps, of (3) contracts in Wl(:?) at an exponential rate, with constants uniform in
Reg (at fixed ¢ > 0).

2.9 Two theorem packages: a concrete lattice regime and an abstract framework

The paper is organised around two complementary theorem packages.

We now state the headline result of the paper: a concrete regulator family in which both (i)
the boundary Langevin sampler mixes quantitatively and (ii) the Euclidean slab transfer kernel
K Reg admits in-paper mixing mechanisms (Doeblin on a fixed window, and a KP /high-temperature
corridor implying mLSI/L? mixing). This is the regime in which the “constants ledger” becomes a
theorem rather than a wish list.

For completeness, we also record later a general template for arbitrary local slab Gibbs specifi-
cations: under explicit standing inputs (Gaussian reference, stability /non-degeneracy, finite-range
locality, and moment/response bounds), one obtains regulator-uniform structural estimates for the
boundary potential and regulator-uniform weak-Harris mixing for the boundary sampler. Those
abstract results are intended as a reusable module beyond the concrete lattice corridor treated here.

Theorem 2.14 (Main theorem package: Wilson lattice Yang—Mills slabs (fixed ¢; UV refinement;
L — oo in the corridor)). Fiz t > 0 and L > 0 and a compact connected Lie group G. Items
(i)—(iii) below are at fized L, while item (iv) addresses the thermodynamic limit L — oo within an
L-uniform KP corridor. Consider Wilson lattice Yang-Mills on the slab S; 1, with lattice spacing a
(UV refinement a | 0 at fized (t, L)), compact gauge group G, and Wilson plaquette action (allowing
finitely many local counterterms of the same finite range). No auxiliary small-field/chart cutoff
is imposed in the Wilson/KP corridor; compactness of G provides global smoothness and uniform
derivative bounds.

Assume that the locality/reqularity input of Assumption H.2 holds for this Wilson regulator family
(verified in Lemma H.4 below), and fix a coupling 0 < < B,(t, L) in the KP (high-temperature)
corridor of Theorem G.1 (proved in Appendiz G using the KP machinery of Appendix H). In
particular, Theorem G.1(b)—(c) yields a Wilson cross-slab contraction constant qw (t,L) € (0,1)
such that ||Kt7Re«g‘|L%(7rt,Reg)‘>L(2)(7rt,Reg) < qw (t, L) uniformly in UV refinement at fized (t,L).

Then, for this Wilson lattice family:

(i) Cylindrical transfer-kernel contraction on a fixed window (what Doeblin actually buys). Let W
be the fized finite window of Appendiz F' and let Ilyy be the corresponding coordinate projection.
In this lattice family, Assumption 2.18 holds by choosing the finite-rank projection Il,, there to
be Iy (and the corresponding bounded cost d, on GW'); see Corollary 2.29. Equivalently, for
every bounded cylindrical observable f depending only on the window coordinates Iy b, and all
X,y € Bt,Regy

’KttLRegf(:L‘) - KttLRegf(yH < 2 ||f||00 (1 - €W)na n e Na
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where ey is the Doeblin constant from Lemma F.1 (uniform in UV refinement at fized (t, L)
and fized local-potential parameters). All later uses of the Doeblin route in this paper are of
this cylindrical/local form (in particular for observables supported away from time boundaries).

(ii) Transfer-kernel L? mixing in the corridor. In the KP corridor, Corollary 2.25 yields the
Wilson-intrinsic L (T reg) mizing estimate (212) and transfer spectral-gap bound (213) for
the disintegration-defined transfer kernel K; Reg, with constants uniform in the UV refinement
at fived (t,L). Here qw(t,L) < 1 is the crossing-polymer/mazimal-correlation contraction
constant from Lemma H.8 and Corollary H.9 in Appendix H.

(iii) Gauge-invariant time-axis exponential clustering from the transfer-operator gap. Fiz d € (0,t/2)
and a regulator Reg. In the KP corridor, the L*(m; reg) contraction in (i) gives a contraction
factor p(t, L) := qw(t, L) € (0,1) for the mean-zero transfer operator T;. Consequently, for all
bounded gauge-invariant observables O, P € Dbsfg (Definition 2.1) supported away from the
time boundaries, the connected time-azis two-point functions satisfy an exponential clustering

bound of the form (152) with rate parameter

| log qw (t, L)
. > .
t
A self-contained proof is given in Proposition 11.9. This route does not invoke the abstract

sampler-to-observable transport assumption Assumption 12.06; see Remark 12.8.

(iv) Thermodynamic limit L — oo in the KP corridor. Assume in addition that the coupling
lies in an L-uniform strong-coupling corridor 0 < [ < [°(t), where 5°(t) > 0 depends
only on (t,G) and is independent of L and of UV refinement (see Theorem 1.1 in Section I).
Then the spatial thermodynamic limit exists: the finite-volume slab Gibbs measures (with
periodic spatial boundary conditions) converge as L — oo in the local weak topology to a unique
infinite-volume DLR state jij oo Reg- The boundary marginals m 1, reg converge on each fized
boundary window to a limiting boundary law T o Reg, and the endpoint-disintegration transfer
kernels converge on fized windows to a limiting transfer specification Ky reg- Moreover,
the Buclidean-time clustering bound (152) holds for spatially local gauge-invariant cylinder
observables (i.e. observables whose supporting edge set is contained in a fixed spatial window
independent of L) with constants uniform in L (and uniform in UV refinement).

Dependencies. Item (i) is proved in Appendix F (Appendix F). Ttem (ii) follows from the Wilson
cross-slab bound (Lemma H.8 and Corollary H.9 in Appendix H) combined with the operator-
theoretic contraction/mixing argument in Appendix G (Appendix G). Item (iii) is a consequence of
the transfer gap from (ii) via Proposition 11.9. In particular, items (ii)—(iii) do not use the template
semiconvexity /mLSI assumptions of Section 2.13 (Assumptions 2.19-2.21).

Proof. Ttem (i) is Corollary 2.29. Item (ii) is Corollary 2.25.

For (iii), combine the L?(7; reg) contraction in (ii) with Proposition 11.9, which turns a mean-
zero transfer-operator contraction for T; into the gauge-invariant time-axis exponential clustering
estimate (152) for observables supported away from the time boundaries. This transfer-side route
does not invoke the sampler-to-observable transport assumption Assumption 12.6; see Remark 12.8.

Item (iv) is Theorem I.1 in Section I.

The auxiliary sampler-mixing result (Theorem 2.16) is logically independent and is not used in
(iii). O
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General template. Theorems 2.15 and 2.16 below record the abstract framework (a reusable template)
for general slab Gibbs specifications. In contrast to Theorem 2.14, these results invoke the standing
constructive inputs (notably stability /non-degeneracy and finite-range locality) that one expects to
verify in concrete models when extending beyond the lattice corridor treated here.

2.10 Main structural estimates for the boundary potential

The first main theorem provides the regularity and growth controls on U; reg needed to build
Lyapunov drift and to control the low-mode dynamics.

Theorem 2.15 (Template track: local Hessian control and one-sided growth). Fizt > 0. Assume
the standing structural inputs of Assumptions 2.9, 5.1 and 5.5 for the regulator family under
consideration. For each R > 0 there exists a constant Ca(t, R) > 0 such that for every regulator tuple
Reg the boundary potential U reg is twice Fréchet differentiable along Cameron—Martin directions
on the set {x € E : ||z|; < R}, and its H-Hessian satisfies

swp | D3 Uskes()| < ot R), (6)
Izl <R op
where |-, denotes the operator norm on H. In particular, Vy Uyt Reg s C2(t, R)-Lipschitz (in H)
on {llzll, < R}
Moreover, there exist constants Ki(t) € (0,00) and Ky(t) € [0,00), depending on t (and on G
and the chosen scheme) but independent of Reg, such that for all x € E,

(2, VtUrreg (7)) | < Ki(t) [l2ll3 + Ko(t). (7)
A proof of the regulator-uniform choice of (K1(t), Ko(t)) is given in Lemma 6.9.

2.11 Template track: quantitative mixing for the boundary Langevin sampler

The next theorem is the quantitative ergodicity statement for the boundary Langevin sampler (3).

Theorem 2.16 (Template track: regulator-uniform exponential mixing for the sampler). Fiz ¢t > 0.
Assume the standing structural inputs of Assumptions 2.9, 5.1 and 5.5. There exist integers m > 1
and parameters n € (0,1] and s, > 0, and constants X € (0,1) and Cyix > 1, depending on t (and on

G and the chosen regularisation scheme) but independent of Reg, such that the Markov semigroup
(Ps)s>0 of (3) satisfies:

W(m) (drpns*a 5yPns*) < Cmix A" dm,n(l'a y), V$, Yy e Bt,Rega Vn € N. (8)

777
In particular, for each Reg there exists a unique invariant probability measure for (3), and it
coincides with vy Reg from (1). Moreover,

Wl(j:;) <5IPTLS*7 Vt,Reg) < Cmix )\n; Vo € Bt,Reg; Vn € Na (9)

with constants uniform in Reg.

Proof location. A regulator-uniform verification of the drift/minorisation hypotheses (avoiding any
dimension blow-up) is given in Appendix E. Sections 7-8 present a fized-Reg finite-dimensional
version in a simpler metric for intuition.

Remark 2.17 (What is (and is not) proved by Theorem 2.16). Theorem 2.16 is a statement about the
sampler kernel Ps, associated with (3). Euclidean-time statements (time-axis exponential clustering
and transfer-operator spectral consequences) require corresponding information for the Fuclidean
transfer kernel K; reg from Definition 2.7. We isolate the required bridge as a separate hypothesis
below.
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2.12 Bridge to Euclidean transfer: a comparison/identification hypothesis

Assumption 2.18 (Cylindrical transfer-kernel contraction). Fix ¢t > 0. There exist integers m > 1,
parameters n € (0,1], and constants Ag € (0,1) and Cx > 1, independent of Reg, such that the
Euclidean transfer kernel K; rey satisfies the cylindrical contraction estimate

Wi () 0 K s (Ton) 0y K e ) < Cxc iy Y2,y € Bypeg, Y €N, (10)

where W7, denotes the Wasserstein distance on the finite-dimensional range of II,, associated
with the bounded cost dy(u,v) := 1 A 0 dproj(u, v), where dpro; is any fixed distance on the (finite-
dimensional) range of II,,, (in the Wilson track: product geodesic on G"). Equivalently, (10) yields
exponential mixing for II,,-cylindrical observables with bounded d,-Lipschitz seminorm.

This hypothesis may be verified either (i) directly for K; reg (preferred), or (ii) via a comparison
principle that transfers the sampler contraction (8) to Ky Reg-

2.13 A stronger transfer bridge via log—Sobolev and modified log—Sobolev
inequalities

For applications to OS reconstruction, it is often preferable to control the transfer kernel directly in
an L?-based Dirichlet form, rather than via a sampler-to-transfer comparison. The following “LSI
= mLSI” mechanism is the transfer-side analogue of the weak Harris route.

Assumption 2.19 (Semiconvexity on the mean—zero boundary sector). Fix ¢t > 0 and let IIy denote
the orthogonal projection onto the mean-zero sector Hy := IIgH (cf. Section 2). There exists a
constant k = k(t) > 0, independent of the UV cutoff and auxiliary truncations (at fixed (¢, L)), such
that for all x and all h € Hy,

2
(h, DiWikeg(2) on > =Bl and k<2 (11)

Remark 2.20 (Template interpretation of the bound x < 2/t). In the optional Euclidean-reference
template on a linear boundary space (F, Ho, (10t Reg), One may view the “free bridge” contribution
as providing a strictly positive curvature margin of size 2/t on the mean—zero sector Hg, while the
interaction contributes at worst —« in Assumption 2.19. The residual margin m(t) =2/t —x > 0 is
then the quantitative convexity that drives the log—Sobolev and contraction mechanisms.

In the Wilson lattice track, no Gaussian bridge decomposition is invoked. Here the same
inequality x < 2/t is used only as a convenient way to record a strictly positive semiconvexity margin
on the mean—zero sector for the disintegration-defined boundary potential; the needed lower-Hessian
and response bounds are verified directly in the KP/cluster-expansion corridor (Appendix H) using
intrinsic left /right—invariant derivatives on the compact group.

Assumption 2.21 (Deterministic gradient contraction for the transfer). Fix ¢t > 0. There exists
q = q(t,L) € [0,1), independent of the UV cutoff and auxiliary truncations, such that for all
cylindrical f,

IV(Kireg /) (@)l < 4 Kereg(IVFI) (@), for v8®ae. a, (12)

Reg)

where v/( is the invariant one-boundary law of K; reg and V denotes the H-gradient.
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Remark 2.22 (Template-only: semiconvexity/mLSI is not used in the Wilson corridor proof). This
semiconvexity /mLSI mechanism belongs to the template track and is not used in the Wilson-lattice
proofs of Theorem 2.14(ii)—(iii). Those items instead follow from the Wilson cross-slab polymer
correlation bound in Appendix H (Lemma H.8 and Corollary H.9) together with the corridor
argument in Appendix G.

Theorem 2.23 (Uniform mLSI and L? mixing for the slab transfer). Assume Assumptions 2.19

and 2.21. Then the invariant law v (B8 satisfies a Gross log-Sobolev inequality on Hy with constant
2
ay(t) > TR > 0 (uniform in the UV cutoff and auxiliary truncations), (13)

and the reversible kernel K reg satisfies a modified log—-Sobolev inequality (mLSI) on Ho with constant

ay(t) (1 - q2)

14
. > 0, (14)

p(t) =
uniform in the UV cutoff and auxiliary truncations. In particular, the transfer operator on L2(1/(Reg))
has spectral gap at least p(t) on Hy and

1K g f = VBB () 2oy < e POm 1 =D () ey, ¥neN.  (15)

Remark 2.24 (A corridor verification for the transfer-side bridge). Appendix G proves an explicit
small- / strong-coupling KP corridor for a concrete finite-range Wilson lattice regulator family
(compact gauge group G, fixed slab thickness ¢ > 0 and fixed spatial size L). In particular, the
crossing-polymer bound of Lemma H.8 (Appendix H) implies the transfer operator norm contraction
(211) with a Wilson coefficient g (¢, L) < 1 (Corollary H.9), hence geometric L? mixing and a
positive transfer spectral gap in the sense of (212)—(213).

Corollary 2.25 (Transfer-side L? mixing in a KP corridor). Fiz t > 0 and a spatial torus size
L, and consider the regulator family of Appendiz G. Then there exists By = Po(t,L,G) > 0 such
that for 0 < B < o the slab transfer kernel K; reg satisfies the Wilson-intrinsic LQ(’]TLReg) mizing
estimate (212) with contraction coefficient qw (t,L) < 1 (uniform in the UV cutoff and auxiliary
truncations at fized (t,L)), and in particular the L? transfer spectral gap bound (213).

Remark 2.26 (What “small 3” means in the corridor). In the KP corridor the small parameter is
the inverse temperature [ (equivalently strong coupling) in a fixed gauge chart (a high-temperature
/ cluster-expansion regime at fixed (¢, L)), used to control polymer activities and their derivatives
uniformly in the UV refinement. This is not the continuum-limit weak-coupling scaling g = g(A) — 0
associated with asymptotic freedom. Compatibility of a corridor analysis with a continuum limit
would require an additional renormalisation input that is outside the scope of this paper.

Remark 2.27 (A toy case where Assumption 2.18 holds). In the free Gaussian case U; geg = 0 (s0
Vi Reg = [0,t,Reg), the Euclidean transfer kernel K reg is Gaussian and coincides with the time-t
transition kernel of the associated Ornstein—Uhlenbeck trace process. In this setting, the sampler
dynamics (3) is itself an Ornstein-Uhlenbeck process, and one verifies (10) explicitly (indeed, with
a sharp rate coming from the OU spectrum). This provides a consistency check: the “bridge”
hypothesis is automatic in the linear/Gaussian regime, while in interacting models it amounts to
proving either that K Rreg is the time-t kernel of a Markov dynamics comparable to (3), or that
a comparison principle transfers contraction from a convenient sampler to the true slab transfer
kernel.

18



Proposition 2.28 (Concrete verification in a finite-range lattice regulator). There exists a concrete
finite-range lattice requlator family in which Assumption 2.18 can be verified within this paper.
Namely, for a finite-range lattice reqularisation of the slab with compact gauge group G, a Wilson-
type plaquette action (or any uniformly bounded local action with a uniformly bounded number of
interaction terms per edge), and the corresponding one-step Euclidean transfer update (the endpoint-
disintegration kernel Kireg) restricted to a fized unit spatial window W, one obtains a uniform
local Doeblin minorisation on a fized finite window. This yields the geometric contraction (10) for a
suitable choice of (m,n) that is independent of the regulator tuple. A self-contained proof is given in
Appendiz F.

Corollary 2.29 (Cylindrical transfer-kernel contraction in the finite-range lattice family). In the
finite-range lattice regulator family described in Appendiz F, Assumption 2.18 holds (with constants
uniform in the UV refinement at fized (t,L)). Consequently, within this lattice family the transfer-
kernel consequences that are stated under Assumption 2.18 apply without invoking any additional
identification/comparison hypothesis between the transfer kernel and the auzxiliary boundary dynamics
(still subject to the separate response/density assumptions where stated).

2.14 Dependency map and standing assumptions

For the reader’s convenience, we summarise the logical dependencies among the main statements.

 Route A (template sampler = slab observables). Uses transfer-kernel mixing (either
via Assumption 2.18 or via Theorem 2.23), together with the response-moment input Assump-
tion 12.6 and the density hypothesis Assumption 13.11, to obtain template Schwinger-function
clustering and (conditional) spectral consequences.

o« Route B (Wilson/KP corridor: transfer-gap route). Bypasses transport entirely
and deduces time-axis clustering for lattice observables in Dbsfg directly from the L?(m; Reg)
contraction/spectral gap of the disintegration-defined transfer operator (Theorem 2.14(ii)—(iii)
and Proposition 11.9), with constants uniform under UV refinement and persistence under

L — oo in the corridor (Theorem I.1).

All results in this paper are at fixed slab thickness ¢t > 0, and (unless explicitly stated otherwise)
at fixed (¢, L).

2.15 Time-axis exponential clustering in the OS limit (conditional)

Remark 2.30 (On the use of the term time-axis exponential clustering in this paper). We use
“time-axis exponential clustering” in a restricted, slab/time-azis sense: exponential clustering for
observables separated in the Euclidean time direction, as obtained from slab concatenation/transfer-
operator estimates. We do not claim verification of the full Osterwalder-Schrader axiom list on R4
in this manuscript.

To formulate time-axis exponential clustering, we consider a limit along regulators Reg — oo
(e.g. L — o0, A — o0). Existence of subsequential limits depends on the chosen regularisation
scheme; here we isolate what we need.

Assumption 2.31 (Existence of an OS limit). For each fixed ¢ > 0 there exists a sequence of
regulators Reg;, — oo along which the regulated slab measures u?‘ﬁne‘gk converge (in the sense of
finite-dimensional distributions on local observables) to a reflection-positive OS limit measure j; on

fields over S; = [0,t] x R3.
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Corollary 2.32 (0S4 exponential clustering at fixed ¢ > 0 (conditional)). Assume Assumptions 2.31
and 2.18. Fizt > 0. There exist constants Ceyst(t) > 1 and p(t) > 0 such that for any pair of
bounded gauge-invariant local observables F,G supported in time slabs separated by a gap of size
s >0, one has

|Covy, (F, 75G)| < Coust() € P [ poc () 1G] e ) - (16)
2.16 Spectral gap consequence (conditional)

time-axis exponential clustering yields a spectral-gap lower bound for the Euclidean-time transfer
semigroup associated with (p¢)s~0 in the OS reconstruction.

Corollary 2.33 (Spectral gap for the Euclidean-time transfer semigroup (conditional)). Assume
Assumptions 2.31 and 2.18. Fixzt > 0 and let (K,Q,Ts)s>0 be the OS-reconstructed Hilbert space,
vacuum vector, and Fuclidean-time translation semigroup associated with the time direction on S;.
Let Ty denote the orthogonal projection onto span{2}. Then, on the closed subspace generated by
gauge-invariant local observables, there exists p(t) > 0 such that

|T, — || < Ce?®s s>0, (17)
for some finite constant C > 1. Equivalently, if Ts = e %" for a self-adjoint generator H > 0, then
inf (spec(H) \ {0}) > p(¢) (18)

on the same gauge-invariant subspace.

Remark 2.34 (Fixed-t nature of the gap). Corollary 2.33 is a fixed-t statement: p(t) > 0 for each
t > 0. Understanding the dependence on ¢ (e.g. as t — o0) is a separate problem and is not pursued
here.

2.17 Constants ledger (dependencies and uniformities)

For later use, we record the key constants and what they may depend on.

Constant / object May depend on

Cy(t, R) in (6) t, R, G, choice of regularisation scheme

Kq(t), Ko(t) in (7) t, G, regularisation scheme

m (low-mode dimension) ¢, G, regularisation scheme (chosen once, fixed in Reg)
nin dp t, G (chosen once, fixed in Reg)

s« (sampler skeleton time) ¢ (chosen once, fixed in Reg)

A, Chix in (8) t, G, regularisation scheme

A, Ck in (10) t, G, regularisation scheme

Cerust (1), p(t) in (16) t, G, regularisation scheme

Uniform in the UV cutoff and auxiliary truncations at fixed (¢, L)

Remark 2.35 (Operational meaning of “uniform in regulators”). In proofs, “uniform in regulators”

means that the bounds entering the drift/minorisation hypotheses and the derivative/Hessian
controls are established with constants independent of the UV cutoff and auxiliary truncations
(i.e. of Regyy) at fixed (¢, L). When OS limits along Reg — oo are considered, the conditional
Euclidean-time conclusions additionally require uniform contraction for the transfer kernel Ky reg
as in Assumption 2.18.
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3 Differentiation of the boundary potential

This section isolates the analytic mechanism behind Theorem 2.15: we express first and second
Cameron—Martin derivatives of the boundary potential U; reg in terms of expectations and covariances
under a bulk measure conditioned on boundary data. The point is bookkeeping: once these identities
are in place, the proof of uniform C2-bounds reduces to (i) quasi-locality of the bulk-to-boundary
response and (ii) uniform moment bounds.

3.1 Cameron—Martin derivatives on an abstract Wiener space

Let (E,H, p0) be an abstract Wiener space as in Section 2.4. For a measurable function f : E — R
and h € H, define the directional derivative (when it exists)

Dy f(x) = lim flw+eh) = f(x)

e—0 I

(19)

If Dy f(x) exists for all h € H and is continuous and linear in h, we write Vy f(z) € H for the
Cameron—Martin gradient, defined by

Similarly, if second derivatives exist and define a bounded bilinear form on H x H, we write D?H ()
for the corresponding bounded self-adjoint operator on H.

3.2 Boundary partition function as a log-Laplace functional

Fix t > 0 and regulators Reg. In concrete constructions, the boundary density in (1) arises from
integrating out bulk fields conditioned on boundary data. Abstractly, we may write (locally, after
choosing a convenient bulk reference law) the normalizing factor as

Zt,Reg(l') = E[eXp{_Vt,Reg(x§E)}]’ (21)

where Z denotes a (regulated) bulk random field under a reference probability law P and V; geg(z; =)
is a bulk functional depending on the boundary datum x. The boundary potential can then be
written as

Ut,Reg («T) = - IOg Zt,Reg(x) + lOg Zt,Reg(0)7 (22)

which is compatible with the density representation (1) after fixing additive constants.
It is convenient to introduce the tilted probability measure P, on the bulk configuration space,
defined by
dP,
dP

_exp{—ViReg(7;2)}
o Zt,Reg (l‘) . (23)

D

We write E,[-] for expectation under P,.

3.3 First and second derivative identities

The following lemma is a standard differentiation-under-the-integral statement for log-partition
functions, recorded here in the precise form needed for uniform bounds.

Lemma 3.1 (Log-partition derivatives). Fiz t > 0 and Reg. Assume that for each h,k € H.:
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(i) forP-a.e. 2, the map x — Vi Reg(x; Z) is twice differentiable along H-directions, with directional
derivatives DpV; Reg(2; Z) and DikVt,Reg(x; =);

(i) there exists a neighbourhood U of x in H such that

sufb){E[exp{—V(x/; E)H|DpV(2;2)| + |D,2L’kV(a:/; 2)| + |DpV(a'; E)|2)} < 00.
S

Then Z; Reg(x) is twice differentiable along H-directions and

Dh log ZaReg(a:) = — Ew[Dth,Reg(x§ E)} y (24)
D/%,k log Z Reg(x) = —Ex[D,%7kVt7Reg(ac; E)] 4+ Covy(Dp Vi Reg (%3 E), DiViReg(2;E)). (25)

Consequently, the boundary potential Uy reg(x) satisfies

DhUt,Reg (1') = Ea:[Dth,Reg (1‘; E)]7 (26)
D}QL,kUt,Reg($) = Ex[D}QLVkVt,Reg(vPU? = ] - COV:E(Dth,Reg($; E)7 DkVt,Reg(mS E)) (27)

Remark 3.2 (What must be controlled). The operator bound (6) for D3,U; geg () will follow from
(27) once we prove uniform bounds, for ||z, < R, on:

Em[DikV(x; 2)] ‘ and  sup Vary(DpV(z;E)), (28)
llAll3=1

sup
Al =kl =1

with constants independent of Reg. Similarly, the one-sided growth bound (7) will follow from (26)
with h = z together with a uniform control on E,[D,V(z;Z)].

3.4 Reduction to quasi-local response and uniform moments

The derivative identities above are exact; the work is to bound the terms uniformly in regulators.
The remainder of the paper implements the following plan.

R1. Quasi-local response. We show that DV (z; =) and D%,kV(az; =) can be expressed as integrals
of local (or quasi-local) densities against h and (h, k), respectively, with kernels that decay
away from the boundary support of A. This step is specific to the slab geometry and the
regulated Yang—Mills action.

R2. Uniform integrability under P,. We prove moment/exponential-moment bounds for the
local densities entering the response, uniformly in Reg and locally uniformly in z (typically on
{llz]|;, < R}). Combined with quasi-locality, this yields the uniform bounds in (28).

To keep the presentation modular, we implement R1 in Section 4 and R2 in Section 5. These
two inputs jointly yield Theorem 2.15 in Section 6.

4 Optional template: Quasi-local response kernels for the slab
boundary law

Template-only notice. This section develops a linear/Gaussian bookkeeping template (quasi-local
response kernels, harmonic extension, Dirichlet-to-Neumann operators) on an optional additive
boundary realisation. It is not used in the Wilson lattice track, where boundary variables live on
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the compact manifold By = G*? and the corridor/Wilson transfer estimates are obtained directly
from KP/cluster expansion outputs (Appendix H).

This section fixes a concrete regulator chart for the slab and derives explicit formulas for the
first and second Cameron—Martin derivatives of the bulk functional entering the log-partition
representation of Section 3. The only structural point we need later is:

All dependence on boundary data enters through a linear harmonic extension map, and
the functional derivatives of the regulated interaction are finite-range local at scale A='.

Sampler vs. transfer kernel. The response formulas below are written for a boundary datum at
time 0. They are compatible with the Euclidean transfer-kernel viewpoint (Definition 2.7) because
the same harmonic-extension and finite-range locality statements hold with two boundary traces
(x—,z4+). For clarity we record both the one-sided and two-sided harmonic extension/DN operators;
the locality proofs are identical.

4.1 Field spaces, Fourier conventions, and the UV smoothing

Fix L > 0 and write T3 = (R/LZ)? with coordinates z € [0,L)3. Let S; 1 = [0,t] x T3 and denote
points by X = (zg,z). We consider g-valued one-forms A = (Au)izo on St 1, with each component
A, a g-valued function on Sy r.

To keep all objects finite-dimensional and classically differentiable, we impose a spatial Fourier
cutoff. Let

2
Iy = TZP)’ Fpa={pelr: [ple <A}

For a (vector-valued) function f on T3, write

@)= Y fwers, ) =15 [ f@e e d

3
pEFL TL

Define the spatial projector P, by

Paf = D flpem™.

peEl'L A

All fields and test functions below are assumed to lie in the range of Py (componentwise), so they
are smooth and finite-dimensional in space.

We also introduce a finite-range UV smoothing in spacetime. Fix once and for all a nonnegative
mollifier p € C°(R*) with [pap = 1 and supp(p) C B(0,1) (unit Euclidean ball). For A > 1 set
pA(X) = A*p(AX) and define

SANX) = (pa s N = [ pa(X =Y) (V) Y,

where f is extended periodically in z and by reflection outside [0, ¢] in the time coordinate (so that
Sy is well-defined on the slab and preserves boundary conditions). By construction,

supp(pa) € B(0,A™1) = (Spf)(X) depends only on f on B(X,A™1). (29)

The projector Py and the smoother Sy commute on spatially truncated fields (and we may silently
replace Sy by P5Sa to remain in the finite-dimensional space).
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4.2 Free slab action and harmonic extensions

We define the free (Gaussian) reference structure using the Dirichlet Laplacian on the slab. Let
A = 92 + A, denote the Euclidean Laplacian. For each component A, define the free action

1 3
Sheald) = 53 [ IVA0R dx, (30)
1=0 St.L

on the affine space of spatially truncated fields with prescribed endpoint traces. We use the boundary
space
Bra = {x : ’]I‘% — g% spatially truncated},

and we write x_, x4 € By, a for the boundary traces at time 0 and ¢, respectively. The homogeneous
fluctuation space is

Xt(,)L,A = {C . Sy — g spatially truncated, ¢(0,-) = ((t,-) = 0}.
On Xt?L, A» the quadratic form (30) defines a centered Gaussian measure.

Two-sided harmonic extension. The harmonic extension operator from endpoint data is defined
componentwise.

Definition 4.1 (Two-sided harmonic extension). Given (v_,z4) € Bpa x Bra, define u =
Hi(z_,z4) as the unique spatially truncated solution of

{—Au =0 on (0,t) x T3, (31)

u(0,-) =z_, u(t,:) = x4.
We also write H; z := Hy(x,0) and H 2z := H.(0, ), so that Hy(z_, 2, ) = Hyz_ + H 2.

Lemma 4.2 (Explicit Fourier formula and maximum principle). Let (x_,x1) € B LA X Bra and
write 14 (x) = 3 pep, , T£(p)eP®. Then u = Hy(x_,x) is given by

u(ro, )= Y [mp) S 2 T&ﬂm)] (1l = /o3 + 7 + 1),

pelL A
(32)
with the convention that for p = 0 the ratios are interpreted as limits:
sinh(|p|(¢ — on))’ _,_ %0 Sinh(lplxo)’ _ T
sinh(|p[t)  Ip=0 t’ sinh(|p|t) lp=0 ¢~
Moreover, Hy is a contraction in L*:
sup [u(zo, )| < max{ sup [z_(2)], sup [xy ()]} (33)
(xo,x)E€Se, L €T3 €T3

Proof. Fix p € T,y and consider the mode uy(xo)e*. Solving —ul)(xo) + |p|*up(zo) = 0 with
endpoint values u,(0) = Z_(p) and u,(t) = Z4(p) yields (32). The L*> bound follows from the

maximum principle for each scalar component on the cylinder. ]
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4.3 Dirichlet-to-Neumann forms (one-sided and two-sided)

The boundary Gaussian structure is governed by Dirichlet-to-Neumann operators.

Definition 4.3 (Two-sided Dirichlet-to-Neumann map). Define the operator fo}j aon Bra X Bra
by
?,nLd,A(mﬂ!UH = <—30U’x0:0, +30u‘x0:t), u=H¢(z_,zy). (34)

Equivalently, Nteff A is the 2 x 2 block operator

Nend _ N__ N—+
t,L,A N+, N++
with N__2z = —0g(H; z)|o, Noyo = +09(H; )]s, and the off-diagonal blocks N_ 2 = —dy(H; x)|o,
Ny-z = +00(H; z)[;.

Definition 4.4 (One-sided Dirichlet-to-Neumann operator). Define Ny 1, o : By o — B a by

Nypaz = —o(H; z)| (35)

zro=0"
This is the special case of (34) with x4 = 0.

Lemma 4.5 (Fourier symbols). The one-sided operator Ny 1, A is self-adjoint and positive definite
on Br n with Fourier multiplier

— - |p| coth(|p[t), p#0,
(Nezaz)(p) = wi(p)Z(p),  wilp) == { . (36)
t, p=0.
For the two-sided map, Nf’nL({A has the 2 x 2 Fourier-multiplier matriz
- th(|p[t) ~—esch(|p[t)) (Z-(p)
Nend r_,x = o . 0), 37
(N +))(®) = [p| (_Csch(|p|t) coth(|plt) Z4(p) (p#0) (37)

1

and for p =0 the matriz is til( 1 _11) in the obvious sense.

Proof. Differentiate (32) in z¢ and evaluate at z9p = 0 and xy = ¢. For the one-sided case, set
Ty = 0. O

Lemma 4.6 (Energy identity). Let u = Hy(x_,x4). Then

/ [Vu(X)[? dX = (@, —B0ulo) pa(rs) + (@4, +0ouli) pagms) = (@, 21), N A (2, 24))

iz L2@L2’
(38)

In particular, taking x4+ = 0 recovers the one-sided identity
/Su [V(Hr ) (X)P dX = (2. Ny £, a%) o) - (39)

Proof. Integrate by parts using —Awu = 0 and note that the outward normal derivative at xg = 0 is
—0p and at xg =t is +0y. O
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4.4 Gaussian conditioning: bulk fluctuations and induced endpoint/boundary
laws

Let ~P = 75& A denote the centered Gaussian measure on Xt?L, A With density proportional to

exp(—SY; 1(¢)) with respect to Lebesgue measure on the finite-dimensional space X, ,. For
endpoint data (x_,xy) define the affine bulk field

AC=) = Hywo, o) +¢ C~aloa

Lemma 4.7 (Induced free endpoint law). There exists a (normalised) Gaussian measure /LST;C}L’A

on Bra X B a such that for every bounded measurable ¥,

en 1
/W(:E_,l‘_;r) MO,t?L,A(d$—7 d$+) - W //\Ij(x—vx-f—) eXp(_SgL,A(Ht(x—ax+)+<)) dC do— dx-i—v
A

t7L7
(40)
and “gl,fL,A has density proportional to
1 d
exp(—5 <(x_,33+),Nf’rlL,A(a:_,x+)>L2®L2> (41)

with respect to Lebesgue measure on Br, A X By, A.

Proof. As in the one-sided case, use the orthogonal decomposition induced by harmonic extension
plus Dirichlet fluctuations: the cross term vanishes because ¢ has homogeneous Dirichlet boundary
and —AHy(z_,z4) = 0. Then apply Lemma 4.6 to identify the boundary quadratic form. O

Remark 4.8 (Connection to the transfer kernel). The free Euclidean transfer kernel is the disin-
tegration of ugr;dL A With respect to its first marginal, exactly as in Definition 2.7. We do not
need its expliciydaussian conditional form here; what matters for this section is that endpoint
dependence enters through Hy(x_, 2, ) and that the interaction derivatives are finite-range local

once UV-smoothed.

4.5 Regulated Yang—Mills interaction as a local functional

We now define a regulated Yang-Mills interaction functional that is (i) smooth in the finite-
dimensional field variables and (ii) strictly local at scale A~! thanks to (29). Let A be a (spatially
truncated) g-valued one-form on S; 1. Define the smoothed gauge potential AN =S\ A and the
smoothed curvature

FO(A) = 0,A) —0,A) +[A), A)],  0<pu<wv<3, (42)

with Lie bracket taken in g. Fix an Ad-invariant inner product (-,-) on g (e.g. minus the Killing
form for su(N)) and extend it componentwise. Set

SEEAM) = 1 [ S EMANX).LELA)X)) dx. (43)
t.L p<v

where g > 0 is the coupling (treated as fixed throughout this paper). We also use the inverse-
temperature parameter 3 = 1/(4¢%) when discussing high-temperature/KP corridors. Cou-

pling/temperature parameter. Throughout we write

B=—. (44)



The high-temperature / cluster-expansion (KP) corridor is formulated in terms of small inverse
temperature 3 (equivalently strong coupling ¢). In Wilson lattice notation one often uses Sy = 1/¢%;
in our formulas all corridor smallness conditions are stated for 8 up to harmless group-dependent
constants.

Because A — A? is linear and smoothing and F is a polynomial in A* and its first derivatives,
the functional S’;flﬁ A is a smooth polynomial functional on the finite-dimensional field space.

Remark 4.9 (Locality scale). By (29), each value A*(X) and 9,A*(X) depends only on A within
B(X,A1). Hence the integrand in (43) depends only on A within B(X,A~1). This strict (finite-
range) locality is the only ingredient used below.

4.6 First variation: a quasi-local response operator
Fix endpoint data (z_,x1) € B o x Br A and write
A:Ht(l‘,,ﬂf+)+<—, CEXt(,)L,A'

When we differentiate with respect to the lower boundary datum x_ in direction h € By, 5, the
induced bulk variation is d A = H; h (with the upper datum held fixed).

Lemma 4.10 (First variation formula). For each fized (x_,zy) and ¢, set

L(h) = DpViReg(z—; 2+, ().

Then L is linear and

d . 3 _
DpVieg(a—32+,¢) = = Osé?E,A(Ht(ﬂf— +eh,xy) + () :/s > (Ju(A)(X), (Hy h)u(X)) dX,
e= tL ;=0

(45)

where J(A) is the Fréchet gradient of S;“LtA with respect to A, characterised by

d . >
G| ShaAteid) = /S S (Fu(A)(X), 64,(X)) dX  for all 6A. (46)
E=

t.L =0

Moreover, the map X — J(A)(X) is local at scale A=1: J(A)(X) depends only on A restricted to
B(X,cA™Y) for a constant ¢ determined by p.

Proof. Linearity in h is immediate since h + H h is linear and S™ is Fréchet differentiable. Identity
(45) is the chain rule: _
DyV(z—;24,() = DS™(A) [Hy hl,

and (46) is the definition of the L?-gradient.

For locality: S™ is an integral of a pointwise polynomial in A* and 9A*, and each AMX )
and 9A*(X) depends only on A inside B(X,A~!) by (29). Differentiating the integrand at X
with respect to A(Y) can only produce a nonzero contribution if Y € B(X,cA™!) for a constant c
depending only on p. O
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4.7 Second variation: a bilinear finite-range kernel
Define the second Fréchet derivative of S™ at A as the bilinear form

32

2 @int . / -
D25 (A) 1 (54, 6A") s el]

SM(A 4 edA+€5A).
=e/=0

Because S™ is a polynomial in finitely many coordinates (after cutoff), D2S™(A) exists and is
continuous.

Lemma 4.11 (Second variation formula and finite range). For each fized (z_,z+) and ¢ and all
h, ke BL,A7 .
Dj 1. Vireg(z—;34,¢) = D*S}"f \(A) [Hy h, H[ K. (47)

Moreover, there exists a measurable kernel operator K(A; X,Y) (a bilinear form on g®*) such that
DR pVimeg(@—ia.€) = [ [ 30 (M7 u(X), KA X Y) (H7R(Y)) dX aY,  (45)
St SSen e p— 0
and K(A; X,Y) is finite-range in spacetime:
KA; X, Y)=0 whenever X —Y|>cAl, (49)
with the same constant ¢ as in Lemma 4.10.

Proof. Since x_ +— H(x_,xy) is linear with derivative H; , differentiating twice yields (47). The
kernel representation follows by writing S™ as an integral of a local polynomial in j!A*(X) and
composing the pointwise Hessian with the smoothing kernels; finite-range locality (29) yields
(49). O
4.8 Quasi-local response summary

The previous lemmas show that the dependence of V' on x_ passes through the harmonic extension
H; z_ and that the functional derivatives of the interaction are local at scale A~1. For later operator
bounds it is convenient to record the one-sided Dirichlet-to-Neumann form.

Definition 4.12 (One-sided boundary Cameron-Martin norm). Define the boundary Hilbert norm
2
HhHHt,L,A = (h, NtvaAh>L2(Ti) . (50)

Lemma 4.13 (Isometry into bulk energy). For all h € B a,
Al 0 = [, VOO dX. 61)

In particular, the operator norm of Hy = (Bra, [Illy, , ) — HY(S:1) is 1, uniformly in L and A.
Proof. This is exactly (39) with x = h. O

Remark 4.14 (Scope of this section). Section 4 proves structural facts: derivative representations
and strict finite-range locality (in spacetime) of the second-variation kernel IC at the UV scale
A~!. Uniform bounds on the expectations and covariances appearing in Lemma 3.1 are deferred to
Section 5, where regulator-uniform integrability inputs are recorded.
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5 Uniform moment bounds for response densities

Template-only notice. This section supplies regulator-uniform integrability bounds for the template
response densities constructed in Section 4. It is not an input to the Wilson lattice track, where
the configuration space is compact and the KP corridor bounds are proved globally using intrinsic
derivatives on G¥? (Appendix H).

This section supplies the quantitative integrability input required in Remark 3.2: uniform bounds
(in the regulators) on local polynomial seminorms of the interior field under the conditional laws P,
uniformly for x in boundary balls. These estimates have two roles:

(i) they justify differentiation under the integral in Lemma 3.1;

(ii) they control the expectation and covariance terms in (27) uniformly in Reg.

5.1 Interior Hilbert scale and local block seminorms

Fix a slab S; ;, = [0, t] x ']T?i and a regulator tuple Reg. Let = denote the full collection of interior
fields on the slab (gauge, gauge-fixing and auxiliary fields as dictated by the chosen reflection-positive
chart). For the moment bounds below, only the following structural facts matter: (i) Z lives in a
finite-dimensional real Hilbert space (after UV /volume truncation), (ii) the free reference law is
Gaussian, and (iii) the interacting weight is a stable local functional.

Negative Sobolev scale. Let —Ap denote the Dirichlet Laplacian on S; 7, in the time direction
(Dirichlet at {0} x T3 and {t} x T%) and periodic in space. Fix s > 2 and define the (normalised)

Hilbert norm 1

151305, ,) = (Bar (1= AD) *Ea) 2(s, ) (52)

where « runs over the components of = (including internal indices), and [S; | = ¢tL3.

Local block seminorms. Fix a unit-scale partition of \S; j, into axis-aligned blocks: let Q be the
set of blocks

3
Q = [mo,mo + 1] X I_I[ml,mZ + 1] intersected with St ,, m e Z x 73
i=1

Define the local seminorms
Bl =X [ (2P +1VEaP) 4%, Blg =3 [ Bl ax. (59
«

A local polynomial seminorm Ilj,.(Z; K) on a compact K C S; 1, is any finite sum of monomials in
{HEH%ﬂ(Q), HEH4L4(Q)} over blocks @ intersecting K. For concreteness, we use

Moo(Z K) = > (14 1EI3ng) + 12l (54)
QeQ
QNK#()
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5.2 Conditional interior law and a stability /non-degeneracy hypothesis

Let ugReg be the centred Gaussian reference measure for the interior field Z (on the regulator-
truncated interior field space), and for each boundary datum x let V; geg(2; =) be the (renormalised)
interior action including boundary pinning terms (in the chosen chart), so that the conditional
interior law is

- 1 —\\ 0 -
P,(dE) = Zt,Tg(l’) eXp(_Vt,Reg(xQ :)) Mt,Reg( d=),

(55)
Zt,Reg(fB) = /eXp(—Vt,Reg@?; E)) :U’?,Reg( dE)

Boundary balls. Let H denote the boundary Cameron-Martin space and write B := {x € H :
|zl < R}

Stability and non-degeneracy. We isolate exactly what is used later: a stability lower bound
and a uniform lower bound on the conditional normalisation over boundary balls.

Assumption 5.1 (Uniform stability and partition-function non-degeneracy (template/extension
input)). Fix ¢ > 0. There exist constants ¢4 > 0, c2 > 0, ¢g > 0, and for each R > 0 a constant
Cy(t,R) > 0, all independent of Reg, such that for every Reg and every x € Bp,

Vires@Z) > i lElags,,) — @ 1E B, — @ — Lenes(®), (56)
where L; reg is affine in = and satisfies
|LzReg(E)] < Cult, R)[|El (s, 1) for all = and all x € Bp. (57)
Moreover, for each R > 0 there exists z.(¢, R) > 0, independent of Reg, such that

gég mier}ng ZiReg(x) > 24(t,R) > 0. (58)
Remark 5.2 (Role of Assumption 5.1). Assumption 5.1 is part of the standing input for the abstract
template results (Theorems 2.15 and 2.16) and for extensions beyond the concrete lattice corridor
treated in Theorem 2.14. In the Wilson-type lattice corridor regimes of Appendices F and H,
the corresponding non-degeneracy and stability bounds are supplied by the concrete finite-range
structure and the KP corridor estimates.

Remark 5.3 (Why (58) is stated explicitly). When one works uniformly in the UV regulator, lower
bounds on normalisations are not automatic and must be part of the constructive input (e.g.
via finite-range decompositions and counterterm control). We state (58) explicitly to keep later
arguments honest.

Remark 5.4 (When Assumption 5.1 is expected to hold). At fixed finite regulators, stability is typically
immediate from locality of the action and (for compact gauge groups) coercivity /boundedness
properties of the regulated interaction. The substantive content is the uniformity in Reg: as
UV or volume cutoffs are relaxed, one must control counterterms and prevent degeneration of
Zi Reg(x) uniformly over boundary balls. In constructive settings this is usually supplied by a
finite-range/multiscale decomposition together with uniform bounds on the renormalised effective
action. The present paper isolates the hypothesis precisely because proving it is model- and
scheme-dependent.
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Assumption 5.5 (Unit-scale finite-range locality). Fix ¢ > 0. The regulator family admits a
unit-scale decomposition (in spacetime) compatible with the renormalised action in the following
sense. There exists a partition of Sy into unit blocks ) € Q as in (53) such that, for each
Reg, the interior action Vi reg(2;Z) can be written as a sum of local contributions supported on
O(1)-neighbourhoods of blocks, and the Gaussian reference law ugReg has the corresponding (block)
Markov property. In particular, for any compact K C Sy 1, with dist(K, 95 1) > 0, the conditional
law of Z|x under P, depends on the exterior only through = on a finite-thickness collar of K,
and the associated local Radon—Nikodym derivatives satisfy bounds uniform in Reg and in = on
boundary balls.

5.3 Uniform Gaussian exponential moments in negative regularity

The only global exponential integrability we will use is in sufficiently negative regularity (where the
relevant quadratic form is trace-class).

Lemma 5.6 (Uniform Gaussian exponential moments in H~%). Fizt > 0 and s > 2. There exist
Bo = Po(t,s) >0 and Cy = Cy(t,s) < oo such that for every requlator tuple Reg,

Eu?ﬁeg [eXp(BOHE”?{—s(SLL))} < (. (59)
All constants are independent of the UV cutoff and auxiliary truncations (at fized (t,L)).

Proof. Under M?,Reg’ = is a centered Gaussian vector in a regulator-truncated Hilbert space. The
norm (52) is a quadratic form with kernel (1 — Ap)~*. For s > 2 in four spacetime dimensions, the
corresponding operator is trace-class uniformly on bounded time slabs (and, after normalisation by
|St.1|, its trace is uniformly bounded in the regulator family). A standard Gaussian determinant
computation then yields (59) for sufficiently small 3y > 0. O

5.4 Uniform exponential H~° moments under P, on boundary balls

We now transfer exponential integrability from the Gaussian reference to the conditional interior
laws, using Assumption 5.1.

Lemma 5.7 (Uniform exponential H~* moments under P,). Fizt >0 and s > 2. For every R >0
there exist Bs(t, R) > 0 and Cs(t, R) < oo, independent of Reg, such that

sup By [exp(B(t, R) IE3-+s,.,))| < Cs(t, R). (60)

Z‘GBR

Proof. Fix R > 0 and = € Br. By definition (55),

— =12 — _ =114
Using e V(%) < g0 2= elLeresE) g meal=lLe from (56), and Young’s inequality on the affine
term (57), we obtain

e~ V(@:5) < exp(Cﬁ(t,R)) eXp(Ez(t)HEH?ql - C4||E||i4)

for a constant C* (¢, R) independent of Reg and a constant ¢(t) > 0. By the slab Sobolev embedding
HY(S;1) < L*(Si1) (with constant depending only on t), there exists Cson(t) > 1 such that
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IZ]|74 < Csob(t)*||Z]|3;:- Hence the scalar inequality ar? — zr* < a?/(4z) applied to r = ||E|| g
implies

BOIEI20 — alZlh < @ISR — ——2— |E)4: < Ot

2 (O)[Elz — callEllze < @)1=z Con (D)1 1Bl < C),
with C(t) independent of Reg. Therefore

2

Eyo [+ e V@] < exp(CH(t, B) + C(1)) B [15-+].

Choose € (0, Bp] with Sy from Lemma 5.6 to bound the Gaussian expectation uniformly. Finally,
divide by the uniform lower bound (58) to obtain (60). O

5.5 Uniform local polynomial moments away from the boundary

For controlling the response densities from Section 4, the needed bounds are local. We record a
genuinely local estimate (uniform in x and in Reg) for regions separated from the slab boundary.

Lemma 5.8 (Uniform local polynomial moments). Fiz ¢t > 0 and let K C St be a compact set
whose distance to the boundary 0S; 1, is strictly positive:

diSt(K, 8St7L) >dy > 0. (61)

Assume Assumptions 5.1 and 5.5. Then there exists a constant Cloc(t, K) < 0o, independent of Reg
and independent of x € H, such that

sup sup Eg[Ioe(Z; K)] < Cioe(t, K), sup sup E,[Me(Z; K)?] < Croclt, K). (62)

Reg xz€H Reg z€eH
Proof. The proof is the standard “local absolute continuity” argument enabled by finite-range
locality: for K separated from the boundary, the dependence on x enters only through terms
supported in a boundary collar, and those terms are conditionally independent of the field on a
neighbourhood of K given a finite intermediate collar. Disintegrating the Gaussian reference and
the tilted law P, along this finite-range decomposition yields a Radon—Nikodym derivative for the
P,-marginal on the region relevant for ITj.(-; K) that is bounded above and below by constants
depending only on (¢, K). The required moments then follow from the corresponding Gaussian
moments on finitely many blocks. O

5.6 Consequences for response terms

We now connect Lemma 5.8 to the response objects from Section 4. In later sections we will use
bounds of the schematic form

IDpV(@E) S Ikl (14 Thoo(E5 K)), DR V(@ E) S Ihllalklla (1 + oe(Ss K)),

which are consequences of locality of the renormalised densities and the finite-range support of the
response kernels. Given such bounds, the local moment estimates yield the uniform integrability
required in Lemma 3.1.

Proposition 5.9 (Uniform L? bounds for first/second variations). Fizt > 0 and R > 0. Assume that
there exists a compact set K C Sy 1, with dist(K,0S:1) > 0 and constants C;(t), Cr(t) (independent
of Reg) such that for all x € Br and all h,k € H,

DV (; E)| < Cr(t) Ihllae (1 + Moe(Z5 K)), 1D} x V(@3 E)| < Ca(®) [ hllaellkllz (1 + Thoe(Z; K)).
(63)
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Then there exists Cya(t, R) < 0o, independent of Reg, such that for all x € Bp,

sup  E.[|DpV(2;2)%] < Cyalt, R), sup EmUDikV(x;E)H < Cya(t,R). (64)
IAll3¢=1 [All2=Ikll#=1

Proof. By (63) and Cauchy—Schwarz,

Eo(IDpV P < (1) |3 Ea [(1 + Thoo)?] < 2C5(6)? [[Alf3, (1 + Ea[IIc]),

loc

and similarly
E(|IDj V1] < Cr(t) [Ihllallk]l2 Eo[L + o).

Apply Lemma 5.8 to bound E,[ITjoc] and E,[IIZ ] uniformly in (Reg, z). O

6 Optional template: Proof of uniform C?-bounds and one-sided
growth

This section completes the proof of Theorem 2.15. We work in the concrete slab model of Section 4:
the boundary datum is x € By, , its harmonic extension is Hyz, the bulk fluctuation is ¢ € XtOL A
and

Vireg(7;:¢) = S A (Hex + €. (65)

The conditional bulk law P, is the Gibbs tilt of the Dirichlet Gaussian ’YEL, A by exp{—=V, Reg(z; ()}
as in (23). The boundary potential is U; Reg(%) = — 108 Z¢ Reg (%) + 108 Zt Reg(0) with

Zt,Reg(x) = E«,EL,A [exp{_Vt,Reg(x? C)}] .

Throughout this section we fix ¢ > 0. All constants may depend on ¢ (and on the choice of
compact gauge group and regularisation scheme), but are uniform in the UV cutoff A (and auxiliary
truncations) at fixed spatial size L on the boundary balls {||z|% < R} that appear below.

Remark 6.1 (Finite-dimensional viewpoint at fixed regulator). For each regulator tuple Reg the
boundary space By, o (hence Hreg) is finite-dimensional. All disintegrations, densities, and derivative
identities are therefore meant in a fixed finite-dimensional coordinate realisation at the given
regulator. We sometimes use abstract Wiener-space language only to emphasize which parts of the
weak Harris argument are genuinely dimension-free (in particular, how trace terms are controlled
uniformly); no infinite-dimensional limit is taken in this manuscript. Moreover, unless explicitly
stated otherwise, “uniform in Reg” means uniform in the UV cutoff and auziliary truncations at

fized (t,L).

6.1 Preliminaries: norms and harmonic extension bounds

Recall the boundary Cameron—Martin norm from Definition 4.12:
2 _ 2
”h”H = HhHHt’L,A = <h7 Nt,L,Ah>L2(T?i) .
Lemma 4.13 gives the energy isometry
IV(HP) 22 (s, 1) = [l

We also require a uniform L? bound on the harmonic extension itself.
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Lemma 6.2 (Uniform L? bound for H;). For every t > 0 there exists Cy < 0o such that for all L, A
and all h € By, 4,
IHehellc2s, ) < Cellplln: (66)

Proof. Set u = H;h. For each fixed z € T3 we have u(t,z) = 0, hence for s € [0, 1],

t t t
—/ Oou(r, x) dr, SO ]u(s,aﬁ)\2 < (t-— s)/ |Oou(r, x)\Q dr < t/ |Oou(r, m)]Q dr.
S S 0

Integrating in s and x gives

t t t
2 _ 2 2 _ 42 2
|mu%&w—;éiﬂ|waxncmdxsﬁé[;44|%umx><vyhdx—t|%mu%&m-

Since |Opu| < |Vul|, we obtain

lull2(s,.p) < HIVullzas, ) = ikl

by Lemma 4.13. Thus (66) holds with Cy = t. O

6.2 Pointwise algebra bounds and variation estimates for the YM interaction

We now derive deterministic (pathwise) bounds for the first and second variations of

V(w:¢) = i a(Hiz + Q).

These will be integrated under P, using the uniform moment estimates from Section 5.
Write
A=Ha+¢  pA=Hh,  AN=SpA,  (5,A)" =SA(6,A).

Recall

FA(A) = 0,4 =0, A% + (AL AN, SEEA) = 15 [ Y (FLA).FL(A) axX.

tLu<l/

We also use the standard algebra bound |[u,v]| < Cylu||v| for a constant Cy depending only on
(gv ('a ))

Lemma 6.3 (First variation bound). There exists C = C(t,g,p, ) < oo, independent of the UV
cutoff and auziliary truncations (at fized (t,L)), such that for all x,( and all h € By a,

| DiVireg (25 C)| < C [1Bll2 IEY ()l 2 s, )y (1 + 1AM pags, ,))- (67)
Proof. Let §A = §, A. Differentiate S™(A) = éHFA(A)HQLQ to obtain
DS™(A) 37 Z / A), 0F})) dX,
n<v StL

where

F, = 0u(6A)) — 8,(5A), + [(FA), AD] + [A], (A)]).
By Cauchy—Schwarz,
in 1
|DS™(A)[0A]] < 32 IEA (A2 [6F ) g2
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We bound [|[6 F'4|| ;2. Since Sy is convolution with an L' kernel of mass 1 (after periodic/reflection
extension as in Section 4.1), it is a contraction on LP and commutes with derivatives on the interior;
hence

10(6A)* | 2 = [1SA(94) || 2 < |05 A| 2 < || VSA] 2
For the bracket term, use |[u,v]| < Cylul|v| and Hélder:
1164, AMIl2 < Cll(BA) 2 1AM 1 < CollSA] pa A 4,

since S, is an L* contraction.
Finally, Sobolev on the slab (Appendix A) yields ||0A|/;+ < Cs(t)||0A| 1. Using Lemma 6.2
and Lemma 4.13,
10Al 2 < 10A][L2 + [[VOA| L2 < (Cp + 1) [|A][-

Therefore
IF ™2 < C|[hlla (1 + ([ AN 1),

and inserting this into the Cauchy—Schwarz bound gives (67). O

Lemma 6.4 (Second variation bound). There exists C = C(t, g, p, 3) < 0o, independent of the UV
cutoff and auziliary truncations (at fized (t,L)), such that for all z,( and all h,k € By 4,

D3 Vieres(@s O < C Bl [l (14 14N Bags, o) + 1A (A Zags, ) ) (68)
Proof. Let 6A = 0, A and §’'A = §, A. Diﬁerentiating the first-variation identity gives

DS (A)[5A.6A) = 5 Ly / (57, (64), 6F(5'4)) dX

u<1/

+5 Ly [(FMA). *FL6A5 1) ax

p<v
where §F(-) is the linearisation as above and
0% F, (8A, 8'4) = [(6A), (8'4))] — [(84)), (6" A),].
By Cauchy—Schwarz,
DS (A)[04, 6" A]| < 2192||5FA(5A)HL2 I6FA(8" A) | 2 + 2192”FA(A)HL2 16 FA(64,6'A) | 2. (69)
From the proof of Lemma 6.3 we have
IOFA(0A) |2 < Cllhlla L+ A% pa),  HOFAE A2 < Cllkllae (1 + A1)

For the bilinear curvature variation, use |[u,v]| < Cylu||v|, Hélder, the L* contraction of Sy, and
Sobolev as in the first-variation proof:

162 FA(64,6'A) 2 < Cyll(BA) 2 16" )M | pa < C lIllae 1Kl
Insert these bounds into (69) to obtain
| DS (A)[0A, 8" A]| < C ||hlla ||kl ((1 + | AR a)? + ||FA(A)||L2)-

Use (14 [|[AM|4)? < 2(1+[|AMf3,) and [|[Fl|2 < 14 [F|32 to get (68). Finally, D}V (z;() =
D28 (A)[6, A, 6, A] by Lemma 4.11. O
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6.3 Uniform moment bounds for ||A%|;+ and ||F*(A)|/;> under P,

We now record the uniform integrability needed to take expectations and covariances in the bounds
above, uniformly for z in boundary balls.

Lemma 6.5 (Uniform L* control of the harmonic extension on boundary balls). Fiz t > 0 and
R > 0. There ezists Cy g < oo such that for all L, A and all x € Bpg,

| (He)t lz4(s,) < Cur- (70)
Proof. Since Sy is an L* contraction, ||(Hyz)| 14 < ||[Hsz||z4. By Sobolev on the slab (Appendix A),
Hezl[pa < Cs(®)IHel gs, 1)
Using Lemma 6.2 and Lemma 4.13,
Hezl| g < [Hezll 2 + [IV(He) |2 < (Cr +1)[zfly < (Cr + DR,
which yields (70). O

Lemma 6.6 (Uniform second moments for | A% 4 and ||F2(A)||z2). Fizt >0 and R > 0. There
exists Cyp(t, R) < 0o, independent of Reg = (L, ), such that for all x € Bp,

E. (1AM ags, )] < Carl(t, R),
ELIFNA)Bags, ) < Car(t, B), ()
Ex[HFA(A)H%Q(St,L)] = CAF(tv R)

Proof. Step 1: L* moment of AN,
Write A% = (Hiz)™ + ¢A. By (u+v)* < 8(u* +v*) and the triangle inequality,

1AM 74 < 8l[(Hea) M 1 7a +8lI¢H 170 < 8l (Hix) 17 + 8¢ 74,

since Sy is an L* contraction. The first term is uniformly bounded on z € Br by Lemma 6.5. The
second term is controlled uniformly on z € Bg by the uniform stability/moment machinery of
Section 5 (applied to the conditional law P,): in particular, Lemma 5.8 and Proposition 5.9 yield
regulator-uniform polynomial moments of local L*-seminorms, which dominate [|¢||74 (5, ) b fixed ¢

on the finite slab. Thus supge, SUP,c g, E.[[|AM|34] < oo.
Step 2: moments of ||[F*(A)||;2. By definition (43) and (65),

IEN(A)F2gs, ;) = 497 STLA(A) = 497 Vi Reg (25 €)-

Moreover, on the corridor chart (and on boundary balls * € Bpg) the interaction is bounded
below: there exists Cy = Cy (¢, L, R) < oo, uniform in the UV refinement at fixed (¢, L), such that
ViReg(2;¢) > —Cy for all admissible (z,¢). Set V :=V; Reg(x;¢) + Cy > 0. For integers m > 1 we

have the deterministic bound V™e~" < m!, and for m =1, 2,

_ E,p [V (x; C)me_v(@o} - eCv 2m_1(m! + CYP)
E,YD [e—V(:c;C)] - Zt,Reg(-%')

Eo [V (2:¢)™]

On boundary balls € Bp, the normalising constants admit a strictly positive regulator-uniform
lower bound (cf. Lemma 5.7, where the uniform lower bound (58) is used explicitly). Therefore
SUDReg SUD e By, Be[V] <00 and supge, sup,c g, Ex[V?] < 0o, and multiplying by (4g)™ yields the
last two bounds in (71). O
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6.4 Existence of derivatives and proof of the Hessian bound

We now verify the hypotheses of Lemma 3.1 and prove the uniform Hessian bound (6). Fix R > 0
and consider x with ||z|ly < R.

Lemma 6.7 (Differentiation under the integral for Z(x)). Fiz t > 0 and R > 0. For each h,k € H
and each x with ||z|ly < R, the map € — V(x + €h; () is twice differentiable for every ¢, and the
integrability hypotheses of Lemma 3.1 hold on a neighbourhood of x in H. Consequently, U; Reg 15
twice Fréchet differentiable along H directions on {||x|li < R} and the identities (26)—(27) hold with

[ —
—
— = .

Proof. Fix h,k € H. Since H, is linear, x — A(z,() = Hyz + ( is affine. After cutoff, S|} , is a
smooth polynomial on a finite-dimensional space, hence for every ¢ the map ¢ — V(x + 5h, () =
St (A(z,¢) + eHih) is C?, and DV, D%jkV coincide with Lemmas 4.10 and 4.11.

For integrability, it suffices (Lemma 3.1) to check local finiteness of

B, [e”V (DY (25 O + DRV (@5 Ol + DRV (25 ) )]
uniformly for 2’ in a small H-ball around z. Take 2’ with ||2'|[y < R+ 1. Using the identity
E'yD [eivul;o G(C)] = Zt,Reg(x/) Em’ [G(C)}

and Cauchy-Schwarz, it is enough to know that the L?(PP,/) norms of D,V and Di .V are uniformly
bounded for ||2|| < R+ 1 and ||h||» = ||k||z = 1. This is exactly the content of Proposition 5.9
(with the deterministic locality bounds supplied by Lemmas 6.3—6.4 and the moment input from
Lemma 5.8). Therefore the hypotheses of Lemma 3.1 are satisfied and (26)—(27) follow. O

Lemma 6.8 (Uniform Hessian bound on boundary balls). Fiz t > 0 and R > 0. There exists
Cs(t, R) < o0, independent of Reg = (L, A), such that for all x with |z|y < R,

HDgiUt,Reg(w)HOp < Co(t, R).

Proof. Fix ||z||y < R and ||h|% = ||k|[% = 1. By Lemma 6.7 and (27),

Dj U(z) = Ey (D3 .V (2;¢)] — Cova (DpV (25¢), DV (25())- (72)

The expectation term is bounded by Cauchy—Schwarz and Proposition 5.9:
|E.[D3 V]| < Eo[|Dj V] < C(t, R).

For the covariance term, use

|Cova (D V, Dy V)| < B, [|Dp V2V 2E,[| DLV A2 < C(t, R),
again by Proposition 5.9. Combining with (72) yields the claimed operator-norm bound. O

This proves the Hessian bound (6) and hence the local Lipschitz bound on VU claimed in
Theorem 2.15.
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6.5 Proof of one-sided growth

We now establish the one-sided growth estimate needed to control the boundary Langevin drift.
Recall that D,U(z) = (VyU(x), z).

Lemma 6.9 (One-sided growth bound (regulator-uniform)). Fiz t > 0. There exist constants
K (t) € (0,00) and Ky(t) € [0,00), independent of Reg, such that for all requlator tuples Reg and
allx € H,

(2, VaUtreg ()| < Ki(t) [zl + Kolt). (73)

Proof. By (26) (Lemma 6.7) with h = z,
<$7 VHUt,Reg(x»H = DzUt,Reg($) = Ex[Dth,Reg(QC; E)]

By the quasi-local response representation (Section 4) and finite-range locality at scale A~1, there
exist a compact set K € Sy, with dist(K,0S; ) > 0 and a constant C;(t) < oo, independent of
Reg, such that for all z € H,

1 DaVegeg(2:E)| < Cu(t) 2]l (1 + Mioe(E; K)).

Taking P,-expectations gives
(@, ViU mes(@))e] < Co(®) o]l (1 + Eo [Thoe(Z; K))).

Finally, Lemma 5.8 yields supgeg sup,cz Ez[loc(Z; K)] < Coc(t, K) < 00. Set Ki(t) = Cy(t)(1 +
Cioc(t, K)) and Ky(t) := 0 to obtain (73). O

6.6 Conclusion of Theorem 2.15

Lemma 6.8 proves the uniform local Hessian bound (6) on boundary balls. Lemma 6.9 supplies the
one-sided growth input for the boundary drift at fixed regulator level. These are the required claims
for the boundary regularity layer used in the Harris analysis below.

7 Boundary Markov kernel and Harris structure

This section defines the boundary Markov dynamics (the “boundary Langevin” kernel) with invariant
measure proportional to e~ UtRes Ho,t,Reg, and establishes the two structural inputs required by a
quantitative Harris theorem:

(i) a Lyapunov drift inequality for a coercive function V;
(ii) a small-set contraction property in a bounded metric d.

The resulting ergodicity /mixing statement is recorded at the end of the section and is used in the
sequel.

Throughout this section we fix ¢ > 0 and work at a fixed regulator level Reg = (L, A), so
all spaces are finite-dimensional. (Any regulator-uniform tracking is performed elsewhere via the
constants ledger of Section 2.)
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7.1 State space, reference Gaussian measure, and target boundary law

Let H = By, 5 denote the regulator-truncated boundary space from Section 4.4, equipped with the
Cameron—Martin inner product

<h> k)H = <h, Nt,L,Ak>L2(T%) 5 Hh|||2-| = <h7 h>H (74)

Lemma 7.1 (Boundary Gaussian reference as a standard Gaussian). For each fized regulator Reg,
the reference law fig t Reg 95 @ centered, non-degenerate Gaussian measure on E with Cameron—Martin
space H. Under the identification of H=H equipped with the inner product (74), the law (ot Reg 75
the standard Gaussian on (H, (-, )y).

With this choice, the free boundary Gaussian law 1 ¢ Reg is the standard Gaussian on (H, (-, -)n).
Let 7Tt Reg = Vt,Reg denote the boundary law at time 0 (Definitions 2.3 and 2.4). By Assump-
tion 2.9 it admits the Gibbs representation

1
- e_Ut’REE'(r) HO,t,Reg( dCL‘), Zt,Reg = /H e_Ut,Reg(x) NO,t,Reg( dl‘) (75)

ﬂ't,Reg( dx) = Zt R
yheg

Lemma 7.2 (Finiteness of Z; reg). For each fized t > 0 and regulator level Reg, Z;reg € (0,00).

Proof. Recall Uy Reg(2) = —10g Z; Reg () + 10g Z; Reg(0), hence

e—Ut,Reg(:c) _ Zt,Lg(l')‘
Zt,Reg(O)

By stability (Assumption 5.1)—and in the Wilson corridor by compactness of the chart—there
exists Cy < oo such that V; geg(2; () > —Cy on the domain of integration. Hence 0 < Z; Reg(x) =
E.p [e=Veres@iO] < €OV for all 2, and similarly Z; geg(0) € (0,e°V]. Therefore 0 < e~ Vires(®) <

eCv Zt,Reg(O)*1 < oo for all z. Integrating against the probability measure fig ¢ Reg yields Z; reg €
(0, 00). O

7.2 Boundary Langevin kernel

We now define a Markov kernel on H which is reversible with respect to m Reg-

Definition 7.3 (Boundary Langevin dynamics). Let (W;)s>0 be a standard Brownian motion on H
(i.e. with independent Gaussian increments of covariance Idy). Define (Bs)s>o as the solution to
the SDE

B, = — (B, + VUi pes(Bs)) ds + V2 dW,,  By=xz €H. (76)

For 7 > 0, define the Markov kernel P, on H by
(Prf)(z) == E[f(B;)| By = z], P (z,A) = P(B: € A| By = x). (77)
We call P, the time-t boundary Langevin kernel.

Lemma 7.4 (Well-posedness and Feller property). For each fized regulator level Reg, (76) has a
unique global strong solution for every x € H. Moreover (P;);>o defines a Feller Markov semigroup
on H.
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Proof. At fixed Reg the space H is finite-dimensional and VU re is locally Lipschitz (Theorem 2.15
on balls), so there is a unique maximal strong solution up to its explosion time.

To preclude explosion at fixed regulator one may use standard finite-dimensional SDE Lyapunov
arguments, since H is finite-dimensional for each fixed Reg and the drift is locally Lipschitz. Because
the dimension dim(H) grows with the regulator tuple, these finite-dimensional moment bounds are
not used for regulator-uniform conclusions. The regulator-uniform Lyapunov drift estimate required
for Harris mixing is proved instead in Appendix E (Lemma E.4), where the quadratic-variation
contribution is controlled by a trace-class covariance bound rather than by Tr(Idy).

The Feller property follows from standard SDE stability: the drift is locally Lipschitz and the
solution depends continuously on the initial condition, so P, f is continuous for bounded continuous

1. O

7.3 Invariant measure and reversibility

Proposition 7.5 (Reversibility of m; reg). The measure m; reg defined in (75) is invariant and
reversible for (Pr);>0. Equivalently, for all bounded measurable f,g and all T >0,

[ 1@ (Pr)(@) mee(do) = [ 9(@) (Pof) (@) 7 (o). (78)

Proof. Let ®(z) := 3|\ 2|} + Uy reg(z). Then m geg has density proportional to e~®@) with respect
to Lebesgue measure in any orthonormal basis of H. The generator £ of (76) on smooth f is

Lf(x) = Af(z) = (VO(x), Vf())n, (79)

where V and A are the Euclidean gradient and Laplacian in Hilbert coordinates. Since V& (x) =
x + VU (z), this matches (76).
For f,g € C2°(H), integration by parts yields symmetry of £ in L?(r):

/g[lfe*‘I> da;z—/(Vg, Vf)e ® dx:/fﬁge*‘b dx.

Thus £ is symmetric and conservative ([ £f dm = 0). Standard semigroup theory gives invariance
and detailed balance for P, = €%, and extension to bounded measurable functions follows by
approximation. OJ
7.4 Lyapunov drift condition
Definition 7.6 (Lyapunov function). Define

V(z) = 1+ |z|3. (80)

Lemma 7.7 (Drift inequality for P;). Fiz t >0 and 7 > 0. There exist constants A € (0,1) and
K < oo such that for all x € H,

(P.V)(z) < AV(z)+ K. (81)

Moreover, A\, K depend only on t,7 and the one-sided growth constants Ky(t), K1(t) (and on d =
dim(H) at this regulator level).

Proof. A regulator-uniform Lyapunov drift bound for the sampler is proved in Appendix E,
Lemma E.4. That argument avoids the spurious dimension dependence which appears if one
applies the finite-dimensional It6 formula with Tr(Idy) = dim(H). O
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7.5 A bounded metric and small-set contraction
Definition 7.8 (Bounded distance d). Fix a > 0 and define
d(x,2") = 1A (a|lz —2||n), z,2' € H. (82)

Lemma 7.9 (Local Lipschitz bound for the drift). Fiz R > 0 and let B = {x ¢ H: ||z||q < R}.
Then there exists Lr < 0o such that

IVuU(z) = VuU (2 )|lw < Lgllz —2'||n for all z,2" € BY. (83)
Moreover L can be chosen as Lr = Ca(t, R) from Lemma 6.8.

Proof. By the mean value theorem in finite-dimensional Hilbert spaces,
1
VaU(z) — VaU(2') = / DRU (' + 0(z — o)) (x — o) d6.
0

Taking norms and using || DU (+)||op < Ca(t, R) on BR yields (83). O

Lemma 7.10 (Small-set contraction for P;). Fix R > 0 and 7 > 0. There exist constants
a=a(R,7) >0 and e =e(R,7) € (0,1) such that: for every pair x,z" € BE' there ewists a coupling
(B;, BL) with marginals By ~ Pr(z,-) and Bl ~ Py(2',-) satisfying

E[d(B;,B.)] < 1—e. (84)

Proof. Fix x,2’ € BY and consider a reflection-type coupling of (76) on [0, 7]: the two processes
are driven by identical noise in the orthogonal complement of the instantaneous separation and
reflected noise along the separation direction, so that once they meet they coalesce.

On BY the drift map = — —(z + VyU(x)) is globally Lipschitz with constant 1 + Lg by
Lemma 7.9. Under reflection coupling, the separation norm ry = || Bs — B.||y dominates (up to a
standard one-dimensional comparison argument) a one-dimensional diffusion with nondegenerate
noise and bounded (on [0, 7]) drift coefficient. Consequently, there exists eg = £9(R, 7) € (0,1) such
that the meeting probability satisfies

P(Bs = B. for some s < 1) > &, uniformly for z,z’ € BY.
On the meeting event, d(B;, B.) = 0; on its complement, d(B;, B) < 1. Therefore
E[d(BT,B,,r)] < (1 - 60) -1l4e9-0=1—¢y.

This proves (84) with ¢ = g9 (and any choice of o > 0). O

7.6 Quantitative Harris theorem and conclusion

We now state a convenient version of a weak Harris theorem in Wasserstein distance.

Theorem 7.11 (Weak Harris: drift + d-small set = geometric ergodicity). Let P be a Markov
kernel on a Polish space X. Assume:

(i) (Drift) There exist A € (0,1) and K < oo and a measurable V : X — [1,00) such that
PV <AV +K.
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(ii) (d-small set contraction) There exists a bounded measurable distance d on X, a set C = {V < R}
for some R < 0o, and ¢ € (0,1) such that for all x,y € C,

Wd(P(x7 )7P(y7 )) < 1-— g,
where Wy is the Wasserstein distance associated to d.

Then P admits a unique invariant probability measure w, and there exist constants C' < oo and
p € (0,1) such that for all probability measures p with [V du < oo,

Wy(uP", ) < Cp”/V du, n € N.

Corollary 7.12 (Geometric mixing for the boundary Langevin kernel). Fiz ¢ > 0 and 7 > 0 and
let P := P; be the time-t boundary Langevin kernel from Definition 7.3. Let V be (80) and d be
(82). Then P admits the unique invariant measure m; Reg defined in (75), and there exist C < oo
and p € (0,1) such that for all z € H,

Wa(P™(x,"), T reg) < Cp"V(z), n € N. (85)

Proof. Apply Theorem 7.11 with P = P.. The drift condition holds by Lemma 7.7. Choose R
so that C = {V < R} contains BY (up to the harmless additive constant in (80)). Then the
d-small set contraction holds by Lemma 7.10. Uniqueness of the invariant measure follows, and by
Proposition 7.5 the invariant measure is m; Reg- O

8 Quantitative mixing consequences

This section converts the geometric ergodicity statement of Corollary 7.12 into concrete bounds on
observables and correlations of the stationary boundary chain. These are the forms that will be
used in later sections (in particular in the time-axis exponential clustering step).

Throughout, fix ¢ > 0 and a time step 7 > 0. Let P = P, denote the time-7 boundary Langevin
kernel from Definition 7.3, let ™ = 7 peg be its invariant law (75), let V(z) = 1 + ||z[|} be the
Lyapunov function (80), and let d be the bounded distance (82). Write P™ for the n-step kernel.

8.1 Wasserstein distance and Lipschitz test functions

Let P(H) denote the set of Borel probability measures on H. For a bounded measurable distance d
on H, define the associated Wasserstein distance

Wa(p,v) = inf / d(z,y) I'(dz, dy), (86)
reCpl(p,v) JHxH

where Cpl(u, ) denotes the set of couplings of u and v.
For a function f : H — R define its d-Lipschitz seminorm by

: f(x) — fly
Liv(f) = sup L= 1)

z,yeH d(l‘a y)
zFY

€ [0, 0. (87)

Lemma 8.1 (Dual bound for Lipschitz test functions). Let d be any bounded measurable distance
on H and let p,v € P(H). Then for every bounded measurable f with Lipy(f) < oo,

[ £ an= [ 1 av] < Lipg(H) Wat.) (33)
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Proof. Fix any coupling I' of (u,v). Then, by definition of Lipy(f),
[ £au=[rav]=|[ (1@~ 1) T(de, dy)
< [ 1@ = f) T(de, dy)
HxH

< Lipg(f) [ dlwy)T(da, dy)

HxH

Taking the infimum over all couplings I' yields (88). O

8.2 Convergence of Lipschitz observables from any initial condition

Corollary 7.12 gives geometric convergence in W, from a point mass §,. We now convert it into an
explicit bound on P" f(x) — 7(f) for Lipschitz f.

Proposition 8.2 (Geometric convergence for d-Lipschitz observables). Assume (85) holds with
constants C' < oo and p € (0,1):

Wa(P"(z,-),7) < Cp"V(x), n € N.
Then for every bounded measurable f : H — R with Lip,(f) < oo and every = € H,
P f(2) = w(f)] < Lipg(f)Cp" V@), neN. (89)
More generally, for any initial distribution p with [V dp < oo,
pP" ()= 7(f)] < Ling(HCp" [Vidp,  meN. (90)

Proof. For (89), apply Lemma 8.1 with y = P"(x,-) and v = 7:

P () = w ()] = | [ 1 aP" (e, = [ 1 dn| < Lipg(F) WalP"(@, ), 7) < Ling() € " V().

For (90), integrate (88) against p and use linearity:

WP (1) = (1) = | [ 1 d@P) = [ 1 d| < Ling(H) WatuP", ).

By convexity of Wy in its first argument and (85)

Wa(pP", m) = Wd(/ P"(x,-) p(da),7) < /Wd(P"(x, 3om) p(dz) < C'pn/V du,

which yields (90). O

8.3 Moment control under the invariant measure

We will need at least 7(V') < oo to control correlations for bounded observables. This follows
directly from the drift inequality.

Lemma 8.3 (Finite first moment under 7). Assume the drift inequality (81) holds for P and V :
PV <AV +K, A€ (0,1), K < oc.
Then ©(V) < 00, and in fact
K

(V) < T
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Proof. Since 7 is invariant, 7(PV) = w(V'). Integrate the drift inequality against :
7(V)=n(PV) < Ir(V)+ K.
Rearrange to obtain (1 — \)7 (V) < K, which is (91). O
We also record the corresponding bound for the chain started from any initial condition.

Lemma 8.4 (Uniform bound on E(V(By))). Assume the drift inequality PV < AV + K. Let
(Bn)n>0 be the discrete-time chain with kernel P. Then for every initial state x € H,

E;[V(Bn)] < \"V(z)+ %, n € N. (92)

More generally, for an initial distribution p with [V dp < oo,

K
Eu[V(Bn)] < )\n/V dp+ T—-

Proof. Iterate the drift inequality:

n—1
: 1— A"
P'VENVAKEY N=X"V+K :
V<A 4 ]E_:O V+E—

Evaluating at x gives (92) since E;[V(B,)] = P"V(x). The general initial distribution statement
follows by integrating against u. O
8.4 Exponential decorrelation in stationarity

We now convert (89) into a correlation bound for the stationary chain. Let (By,),>0 be the Markov
chain with kernel P started from 7 (stationary). For measurable observables F,G : H — R, define
the stationary covariance

Cov,(F(By),G(By)) = E[F(By)G(By)] — Ex[F(By)| Ex|G(By)].

Proposition 8.5 (Covariance decay for bounded F' and Lipschitz G). Assume (85) holds with
constants (C, p) and assume the drift inequality holds with constants (A, K). Let G : H — R satisfy
Lipy(G) < o0 and let F : H — R be bounded. Then for the stationary chain,

(Cova (F(Bo). G(B.)| < [IFllyu) Lia(G) Cp"n(V),  neN. (93)
In particular, using Lemma 8.3, one may replace (V) by K/(1 — \).
Proof. By the Markov property and stationarity,

Ex[F(Bo)G(Bn)] = Ex[F(Bo) (P"G)(Bo)],  Ex[G(Bo)] = (G).

Therefore
Cova(F(Bo), G(By)) = Ex [F(Bo) (P"G)(Bo) — 7(G))]. (94)

Taking absolute values and using |F| < ||F||~,
|Cova(F(Bo), G(Bn))| < IFlloc Ex[[(P"G)(Bo) — =(G)|].
Apply Proposition 8.2 pointwise with = By:
[(P"G)(Bo) — m(G)| < Lipy(G) C p" V(Bo).
Take E;[-] and use E,[V(By)] = m(V') to obtain (93). O
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Proposition 8.6 (Covariance decay with V-weighted observables). Assume (85) holds with constants
(C,p). Let G satisfy Lipy(G) < oo and let F' be measurable such that E;[|F|V] < co. Then

|Covr (F(By),G(By))| < Lipy(G) Cp"EL[|F|V], n e N. (95)
Proof. Starting from (94) and using |ab| < |a|z],
[Cova(F(By), G(B,))| < Ex [|F(Bo)||(P"G)(Bo) — (3]
Apply Proposition 8.2 pointwise with x = By and then take expectation:
|(P"G)(Bo) — m(G)| < Lipy(G) C p" V(Bo).

Thus
|Covr(F(Bo), G(Bn))| < Lipg(G) C p" Ex[|F| V],

which is (95). O

8.5 Mixing bounds for multi-time observables

For later applications it is useful to handle observables depending on several consecutive steps. We
formulate this in a way that is compatible with the constants ledger.

Let m > 0 and let F : H™t! - R and G : H™t! — R be bounded measurable. Define the
windowed observables

F,, =F(By,Bi,...,Bn), Gmn = G(Bp,Bpt1, ..., Bnym), n>m+ 1.

The correct Lipschitz quantity for G in this context is the Lipschitz seminorm of the reduced
single-site observable obtained by integrating out the window dynamics.

Definition 8.7 (Reduced Lipschitz window seminorm). Fix m > 0. For bounded measurable
G : H"*! 4 R, define the reduced function gg : H — R by

gc;(.%') = E, [G(B(),Bl,. ..,Bm)], (96)
where (By)i>0 is the Markov chain with kernel P started from By = z. Define
Lip{’(G) = Lipa(gc) € [0,00]. (97)

Proposition 8.8 (Decay of correlations for separated windows). Assume (85) holds with constants

(C,p) and assume w(V) < co. Let F, G be bounded and suppose Lipg))(G) < 00 in the sense of
Definition 8.7. Then for the stationary chain and for alln >m+1,

ICovr(Fi, Gn)| < |F[loo LiD (G C o™ (V). (98)

Proof. By the Markov property, conditional on By, the future chain (By,4¢)¢>0 is a Markov chain
started from B,,. In particular, for n > m + 1,

E, [Gm,n | Bm} = (Pn_mgG)(Bm)a

where gg is (96). Since 7 is invariant, E;[Gy, ] = 7(g9a). Therefore
COVW(me Gm,n) =E, [Fm ((Pn_mgG) (Bm) - W(gG))} .
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Taking absolute values and using |Fy,| < ||F||co,

|Cova(Frm, Gmn)| < |IF]|oo EW[

(P""96) (Bu) = 7(gc)) |-

Apply Proposition 8.2 pointwise with f = gg and z = B,:
(P 96) (Bn) — (9a)| < Liba(g9) C p" ™ V(Bu).

Take E.[-] and use stationarity E[V(B,)] = 7(V') to obtain (98). O

8.6 Regulator-uniformity bookkeeping

The constants (C,p) in (85) and the drift constants (A, K) enter the correlation bounds (93),
(95), and (98) only through the combination Cp™ and the moment 7(V) < K/(1 — A). Therefore,
any regulator-uniform control on (C, p, A, K) immediately yields regulator-uniform mixing and
decorrelation bounds for the class of bounded d-Lipschitz observables, and for window observables
G with controlled reduced seminorm Lip&o)(G).

In later sections we will apply these bounds to bounded Lipschitz cylinder functionals of the
boundary trace, constructed from quasi-local response kernels (Section 4) and their moment bounds
(Section 5).

9 Time-axis exponential clustering and reflection positivity for the
boundary process

This section packages the output of Sections 7-8 into an Osterwalder—Schrader (OS) style statement
for the stationary boundary process generated by the Markov kernel P = P.. Concretely, we
construct the bi-infinite path measure, prove a reflection-positivity identity from reversibility, and
then prove an time-axis exponential clustering exponential clustering estimate for a large, explicitly
controlled class of cylinder observables.

9.1 The stationary bi-infinite boundary process

Fix t > 0 and 7 > 0 and recall:

e H= B is the finite-dimensional boundary state space at regulator level Reg, equipped with
the inner product (-, )y (74);

e P = P, is the Markov kernel on H from Definition 7.3;

o T = T Reg is the unique invariant law (75), and P is reversible w.r.t. = (Proposition 7.5);

the mixing estimates of Section 8 hold in the bounded distance d (82).

Let Q := HZ be the path space and let F be the product Borel o-algebra. For n € Z let w — wy,
be the coordinate maps.

Definition 9.1 (Stationary path measure). Let P, denote the law on (€2, F) of the stationary
Markov chain (B),)nez with transition kernel P and one-time marginal 7.

46



Lemma 9.2 (Existence and uniqueness of P;). There exists a unique probability measure P on
such that: for every m < n and every bounded measurable ® : H*~™+1 R,

Ep_[®(Bp, .., Bo)] :/Hw(d:rm)/HP(xm, dxm+1)---/HP(:L‘n_1, d2n) ® (2, n). (99)

Moreover, Py is invariant under the left shift S : Q@ — Q, (Sw)p = wpt1-

Proof. Define the finite-dimensional distributions by (99). Consistency in the Kolmogorov sense
holds because integrating out an intermediate coordinate x simply composes kernels, and integrating
out the endpoints uses the invariance 7P = . Since H is a Polish space, Kolmogorov’s extension
theorem yields existence of a measure P, on ) with these marginals, and uniqueness follows because
cylinder sets generate JF.

Shift invariance follows by direct computation of cylinder expectations: for any cylinder observable
depending on (B, ..., By), the joint distribution of (Bp,+1,. .., Bny1) under (99) agrees with that
of (B, ..., By) because 7 is invariant and the kernel is time-homogeneous. O

9.2 Time reflection and reflection positivity

Define the time reflection map © : 2 — Q by
(Bw)y = w_p_1, n € 7. (100)

This choice reflects about the “midpoint” between times —1 and 0 (the standard discrete-time OS
choice).

Let F4 be the o-algebra generated by {w, : n > 0}, and let F_ be generated by {wy, : n < —1}.
For any bounded measurable F': Q — R, define (OF)(w) = F(Ow).

Definition 9.3 (Positive-time cylinder algebra). Let A be the set of bounded cylinder functions F
that are F-measurable, i.e. depend only on finitely many coordinates (wo, . . .,ws,) for some m > 0.

Introduce the Markov operator T' on bounded measurable f : H — R by

(T)(a) = [ fa) Pla, da'). (01)
H
By Proposition 7.5, T extends to a self-adjoint contraction on L?(r):
(fsTg) r2(x) =T, 9) 12(r)> 1T fllz2(xy < [1flp2(m)- (102)
For m > 0 and bounded measurable fy,..., fin : H— R define the positive-time cylinder
F(w) = [T fi(w)). (103)
§=0

Define the corresponding “transfer” map ® : A, — L?(7) on such monomials by

O(F) = foT(ALATC-T(fm) ")), (104)

where products are pointwise and 7" acts as (101). Extend @ to finite linear combinations by
linearity.
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Lemma 9.4 (Reflection positivity identity). For all F,G € A4,
Ep, [F(0G)] = (2(F), ®(G))12(x)- (105)
In particular,
Ep, [F(OF)] >0, FecA,. (106)
Proof. Tt suffices to verify (105) for monomials of the form (103). Let

Fw) =[] filw),  Gw)=1]] g5(wj),
i=0 j=0

with bounded measurable f;, g;. Then (OG)(w) = [[j—q gj(w—j—1)-

By stationarity, the random variable B_; has law w. Conditional on B_; = z, the future
block (By, ..., Bm) is a Markov chain started at « and evolved forward with kernel P, so iterated
conditioning yields

E]pﬂ [F ‘ B_1 = [1}] = (I)(F)(.%')

Similarly, by reversibility (detailed balance), the time-reversed chain has the same transition kernel
P, so conditional on B_; = x the past block (B_,,—1,...,B_1) evolved backward is also governed
by P. Thus

E]Pfr [@G | B_1 = l’] = @(G)(x)

Using conditional independence of past and future given B_1 for a Markov chain, we obtain

Eg, [F(6G)] = Aﬂ(dx)¢(F)($)¢(G)($) = (B(F), ®(G)) 12(m);

which is (105). Taking G = F yields (106). O

9.3 Boundary OS pre-Hilbert space and transfer operator
Reflection positivity (106) defines a positive semidefinite bilinear form on A .
Definition 9.5 (OS inner product on A ). For F,G € A, define

(F,G)os = Ep, [F(0G)]. (107)
Let N .={F € A, : (F,F)os = 0} be the null space. Define the pre-Hilbert space D := A, /N
with inner product induced by (107), and let Hog be its Hilbert space completion.

Remark 9.6. Lemma 9.4 shows that the map ® : A, — L?(r) is an isometry modulo the null space:
(F,G)os = (2(F), ®(G)) 12(r)- In particular, Hos can be identified with the closure of ®(A4) in
L3(7).

Time translations on the path space induce contractions on Hog. Let S be the left shift on €
and note S maps F4 to itself.

Definition 9.7 (Time translation operator). Define T : Ay — Ay by (TF)(w) = F(Sw) =
F(w1,wa,...). Then T descends to a contraction on Hog, still denoted 7.

Lemma 9.8 (Contraction and identification with T"). Under the identification of Remark 9.6, the
operator T corresponds to the Markov operator T on L%(r): for all F € A,

O(TF) = TO(F). (108)

In particular, | T ||nos—Hos < 1.
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Proof. 1t suffices to check (108) on monomials F'(w) = [[jL, fj(w;). Then (TF)(w) = IT7o fj(wj+1)-
By definition (104),

O(F) = foT(HT(C-T(fm)--)),  TF)=T(fTHT(T(fm) ) =TEF).
This proves (108). Since T is an L?(7) contraction, the corresponding OS operator is a contraction

as well. O

9.4 Time-axis exponential clustering from Harris mixing

We now state and prove the time-axis exponential clustering property for the boundary process, in
a form adapted to the quantitative bounds of Section 8.

Definition 9.9 (Admissible boundary observables). Let £, denote the set of measurable functions
f : H— R such that:

(i) f is bounded, i.e. || f||foo(H) < 00;
(ii) f is d-Lipschitz, i.e. Lipy(f) < oo.

Theorem 9.10 (Boundary time-axis exponential clustering: exponential clustering for separated
time blocks). Assume the geometric mizing estimate (85) holds: there exist constants C' < oo and
p € (0,1) such that Wy(P™(z,-),m) < Cp"V(x) for allx € H and n € N. Assume also m(V) < oo
(which follows from the drift inequality by Lemma 8.3).

Fixm > 0. Let F : H*! — R be bounded measurable and let G : H™ T — R be bounded
measurable with Lipg))(G) < oo in the sense of Definition 8.7. Define the stationary window
observables

Fp:=F(Bo,....Bm),  Gmn=G(Bn,...,Boym), n>m+Ll
Then the stationary covariance satisfies the exponential clustering bound
ICovr(Fr, Gm)| < |F|loe Lip(G) Cp™ ™ 7(V),  n>m+1. (109)
In particular, for f € L°(H) and g € Ly,
(Cova(£(Bo),g(Ba))| < |flleLivulg) Cp"m(V),  meN. (110)
Proof. Bound (109) is exactly Proposition 8.8. Specialising (109) to m = 0 yields (110). O

Remark 9.11 (Correlation length and “mass parameter”). The decay rate p € (0,1) defines a
canonical inverse correlation length in the discrete time variable n. If one declares the physical
Euclidean time increment to be 7 per step (as in our kernel P;), then the exponential clustering
rate (110) corresponds to

Pt = e ol — g=(nT)ma My = M.
T

In this paper we interpret m, as the boundary time-clustering rate produced by Harris mixing.
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9.5 OS axioms for the boundary process: summary

We summarise the OS properties obtained for the boundary process P, on Q = H%. Let A, be the
positive-time cylinder algebra (Definition 9.3) and O the time reflection (100).

Proposition 9.12 (Boundary OS package). At each fized regulator level Reg, the stationary
boundary process (Byp)nez under P satisfies:

(i) (OS0: regularity on cylinder algebra) Fvery F € A, is bounded and measurable, hence
F € LP(Py) for all p € [1,00).

(ii) (OS1: time-translation invariance) P is invariant under the shift S (Lemma 9.2).
(iii) (OS2: reflection positivity) For all F' € Ay, Ep [F(OF)] > 0 (Lemma 9.4).

(iv) (OS4: exponential clustering in the time direction) For admissible cylinder observables as
in Theorem 9.10, time-separated covariances decay exponentially with rate p uniformly as in
(109)—(110).

Proof. Ttems (i)-(iii) are immediate from the constructions and Lemma 9.4. Item (iv) is Theorem 9.10.
O

9.6 Regulator-uniformity statement
Finally, we spell out the uniformity implication that will be used downstream.

Corollary 9.13 (Regulator-uniform time-axis exponential clustering on admissible observables).
Suppose there ezist constants C < 0o, p € (0,1), and M < oo such that for all requlator levels Reg:

(i) Wa(P™(z,-),m) < Cp"V(x) for all x and n;
(ii) =(V) < M.

Then the exponential clustering bounds (109)—(110) hold with the same constants C,p, M for all
Reg. FEquivalently, all admissible stationary covariances decay at least as fast as e with
my = |log p|/T uniformly in Reg.

Proof. Immediate from Theorem 9.10 by inserting the uniform bounds. O

Remark 9.14 (Scope of Section 9). Section 9 establishes OS-style reflection positivity and time-axis
exponential clustering for the boundary process induced by the regulator-level kernel P, and its
invariant measure m. In subsequent sections, these bounds are transported to gauge-invariant slab
observables via the quasi-local response representation and uniform moment controls developed
earlier.

10 Transport from boundary mixing to slab observables

Sections 7-9 establish a reversible stationary boundary process (By)nez on H with reflection
positivity and time-axis exponential clustering in the discrete time index n. This section shows how
to lift those bounds to observables of the regulated Yang—Mills field on slabs of thickness ¢.

The mechanism is:

(i) define a “stacked” field on Rx T3 by gluing independent slab interiors conditional on consecutive
boundary states;
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(ii) show that slab-local observables reduce to bounded functions of finitely many boundary
variables;

(iii) control the relevant reduced Lipschitz seminorms via response bounds, and apply the mixing
bounds of Section 8.

All statements are at fixed regulator level Reg; the uniformity discussion at the end records precisely
what must be uniform in Reg to obtain regulator-uniform clustering.

10.1 One-slab configuration space and conditional interior laws

Fix t > 0 and L > 0, and write S; 1 = [0,¢] x T3. At regulator level Reg (e.g. Fourier cutoff A
plus any gauge-fixing regularisation), let X:}Ifez denote the finite-dimensional configuration space of
regulated gauge fields on S; j, (as defined in Section 4). Let

. ytemp . ytemp
Tr_ : Xt,Reg — H, Try : Xt,Reg — H

be the boundary trace maps at times 0 and ¢ respectively (also fixed in Section 4).
For (z—,x%) € H x H, define the (nonempty) affine subspace of fields with prescribed endpoints:

X:,efl;lez(ﬂff,ﬁ) = {Ae Xfﬁgé : Tr_(A) =2, Tro(A) =2t}

Let my geg(dA) be the reference Gaussian measure on X:féneg used in Section 4 to define the
interacting slab law, and let S; reg(A) be the regulated (gauge-fixed) Euclidean action functional.
Define the unnormalised density

Wi Reg(dA) = e~ Sures(4) my Reg(dA).

Lemma 10.1 (Disintegration into endpoint kernel and interior conditional laws). There exist:

(i) a probability kernel K;reg from H x H to X:%neg, written QZ_R"'N

eg
t _
XiReg (@ 2");

(dA) and supported on

(ii) a finite measure Ky peg(dz™, dz™) on H x H;

temp

t,Reg - R’

such that for every bounded measurable ¥ : X

/X o W(A) Wy peg(dA) = /H XH( /X o WA QIR (dA)) Kypeg(da, dat). (111)

t,Reg t,Reg
Moreover ng’x+ is uniquely defined for k -a.e. (x7,aT)
) %t Reg quety t,Reg~t-C. ) .

Proof. Because Xzfénez and H are finite-dimensional (hence Polish), the map A — (Tr_(A4), Tr4(A4))
is Borel. Define k; reg as the pushforward of w reg under this endpoint map:

Kt Reg(E) = queg({A : (Tr_(A), Try(A)) € E}), E C H x H Borel.

Since Wy Reg is finite (at fixed regulator level), K¢ Reg is finite.
By the disintegration theorem for finite Borel measures on Polish spaces, there exists a measurable
family of conditional probability measures {Q;Rgﬁ} such that (111) holds for all bounded measurable

g
-t
¥, and Q;R’exg is supported on the fibre X:?FI{I;I;(JU_, zT) for Ky Reg-a.e. (z7,2T). Uniqueness holds

up to K¢ Reg-null sets. O
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10.2 Stacked slab field driven by the boundary chain

Let (By)nez be the stationary boundary chain under P, from Definition 9.1, with 7 = Tt Reg and
kernel P = P;. We now build a random field on the bi-infinite time axis by gluing independent slab
interiors conditional on consecutive boundary states.

For each n € Z, let St(nL) = [nt,(n + 1)t] x T3 and let Xglpzeg be a copy of XE?E;}; representing
(n)

- gt
regulated fields on SYIL—J) (via time translation). Let Qvaez ;

conditional law on ngeg.

denote the corresponding translated

Definition 10.2 (Stacked field measure). Define a probability measure P?fﬁ‘;lg on the product space

Qstack = H” x H ng}zeg
nez

as follows:

(i) sample the boundary path (By,)nez with law Py
(ii) conditional on (B,), sample independent slab interiors A Xg’rgeg with
(n) Bn7Bn+17(n) 3 3
AW~ Q; Reg ) independently for different n € Z. (112)

Lemma 10.3 (Conditional independence and factorisation). Let Oy, be bounded measurable functions

on Xgﬁ{)eg depending on only finitely many indices n. Then under Pifﬁzlé,
E[[] 0u(A™)] = o, [ [] ROu(Bu, Bui1)), (113)
neZ neZ
where the product is over the finitely many n for which O, # 1, and where
(RO)(z~,a) = /X o O(A) QF it (dA). (114)
t,Reg

Proof. By construction, conditional on the boundary path (B,), the random variables A" are

BTL’B'H+1 »(
t,Reg

E[[[0uA™) | (Burez] =TT [ Oul4) QU2 (),

independent with laws Q n), Hence, conditioning on (By,) and using Fubini’s theorem,

The time translation in (n) does not change the value of the integral, so the right-hand side equals
[1,,(RO,)(Bn, Bnt1). Taking expectation over P, gives (113). O

10.3 Lipschitz control of reduced slab observables via response bounds

To apply the boundary mixing bounds (Section 8), we must control the reduced Lipschitz seminorms
of functions obtained from one-slab observables by conditioning and reduction.

We begin with a deterministic lemma relating H-Lipschitz bounds to d-Lipschitz bounds.
Lemma 10.4 (|| - [|-Lipschitz implies d-Lipschitz). Let d be as in (82): d(z,y) = 1 A (a]|x — y|n).
Let f : H— R be bounded and globally Lipschitz w.r.t. || - ||n, i.e. |f(z) — f(y)| < Lullz — y|ln for
all x,y. Then f is d-Lipschitz with

Ling() < max{ ™ 2] 7 1eqey } (115)
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Proof. 1f d(z,y) = a||z — y||u, then |f(z) — f(y)|/d(z,y) < Ly/a. If d(z,y) = 1, then |f(z) —
f)l/d(z,y) < 2| f|lco- Taking the supremum over x # y gives (115). O

Since the slab measure depends on endpoints (z~,z™), the reduced observable is a function on
H x H.

Definition 10.5 (Admissible one-slab observables). A bounded measurable function O : Xzf’f{’e‘; - R
is called endpoint-admissible if the map
— — z—xt
Fo(z™,z%) = (RO)(a",z") = / O(4) QI (dA)
is C'! in the endpoint variables (at least on balls), with derivatives given by the response identities

of Section 4.

Lemma 10.6 (Endpoint response identity and gradient bound). Let O be endpoint-admissible in
the sense of Definition 10.5. Assume that for each (x~,x") there exist H-valued random variables

_ _ _ — ot
i Reg(T ,o T A) and /tfReg(ac ;o A) on (Xz’eﬁ};,Qf’R’% ) such that:

(i) for every h € H,

Dy Fola™,a")[h] = Cov s (O(A), { A reala™ 2 t5 4), B)u), (116)
t,Reg
and likewise
D,-Fo(z~,a*)[h] = Covy.- .- (O(A), (Fihegla a5 A) )n); (117)
t,Reg

(ii) there ewists a constant M 4 (t, R) < oo such that for all lz%||n < R,

Eqo ot (| /i@ 20 A)l] < My (t,R), (118)

t,Reg

(with the same bound for #~ and g7).
Then for all ||z¥||n < R,

[V0s Fo@™,a ")y < 20100 o) M (8 R). (119)

Proof. Fix ||z%||y < R and h € H. We treat #7; the 2~ case is identical using (117). By (116) and
the definition of covariance,

Dy+Fo(x™,a")[h] = E[O (7, hju] — E[OJE[{_7 ", hu],

T

. - ot
where expectations are under QfR’e . Hence
bl

g

| Do+ Fo(z™, ) (A <E[O[{,7 ", Wnl] + B[O E[[( 7, hjul]
< 2|0l E[(7, hu]]
< 2/|Olloo IPIHE[]lZ *lIn]-

Using (118) gives
D, Fola™, ) [h] < 210]loe My (t, R) [hlln.

By Riesz representation on H, this implies (119). O
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Proposition 10.7 (Local d-Lipschitz bounds for reduced observables). Fiz R > 0 and let O be
endpoint-admissible. Define Fo(x™,z%) = RO(x~,z%). Then on the ball {|z*|n < R}, Fo is
separately d-Lipschitz in each endpoint, with

2|0llcc M #(t, R
sup  Lipy(z~ — Fo(z~,27)) < max{ [Olloo M4 ), 2H(’)Hoo}, (120)
[ztln<R o
20|l M 4 (t, R
sup  Lipy(z" = Fo(z,2™)) < max{ 191 4 ), 2||OHOO}. (121)
o

[z~ [ln<R

Proof. Fix ||z*||y < R. By Lemma 10.6, ||V, Fo(z~,21)||n < 2[|OllcM 4 (t, R) on the ball. Thus
Fo is || ||n-Lipschitz in each endpoint separately with constant 2(|O||ccM 4 (t, R), and [Fo| < [|O] -
Apply Lemma 10.4 to each endpoint map to obtain (120)—(121). O

10.4 Exponential clustering for time-separated slab observables

We now state the main “transport” consequence: slab observables supported in separated time
blocks decorrelate exponentially, with the same rate p obtained for the boundary chain.

For n € Z, let O™ denote an observable depending only on the interior field A on the slab
s

Theorem 10.8 (Clustering for one-slab observables in the stacked field). Assume (85) holds
with constants (C, p) and assume w(V) < co. Let O and P be bounded one-slab observables on
X;ﬁr%nez such that their reductions Fo(z™,z%) = RO(z™,2%) and Fp(z~,27) = RP(z~,z") are
endpoint-admissible.

Define slab observables on the stacked field by

Ol = O(AD), Pl = P(A).
Then, under Pifﬁcelg, for alln > 2,
Cov(ODae Pl | < 10l Lin( (Gp) C o™ (V). (122)

where Gp : H2 — R is given by
Gp (o, 21) = Fp(zo,71),

and Lip&o)(Gp) is the reduced seminorm (97) (with m = 1), i.e. Lip&o)(Gp) = Lip,(9Gg,) for

9Gp (l’) = EI[F’P(BO’ Bl)]
In particular, on the ball {||z||y < R} one has the explicit estimate

stack’

1Cov (O P < 10lloo (Libgy (Fp) + kpLipgs(Fp)) Cp"a(V),  n>2,  (123)

where Lipg (resp. Lipd’Q) denotes the separate d-Lipschitz constant of Fp in its first (resp. second)
endpoint on {||x* ||y < R}, and

KR = sup ;
z,x'€H d(l‘,:ﬂ )
Izl 2" ln<R
x#x’
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Proof. By Lemma 10.3 with two nontrivial slabs,
E[O(A©) P(A™)] = Ep, [Fo(Bo, Br) Fp(Ba, Bas1)],
and similarly E[O(A®))] = Ep_[Fo(Bo, B1)] and E[P(A™)] = Ep, [Fp(Bn, Bns1)]. Hence
Cov(0(AD), P(AM)) = Cov, (F@(BO, B1), Fp(Ba, Bn+1)). (124)

Define the reduced single-site function gg, (Definition 8.7 with m = 1) by

96y () = Eq[Fp(Bo, By)] /Fp 2, 2') P, da’).
For n > 2, condition on B; and use the Markov property:
Ex[Fp(Bn, But1) | Bi] = (P" '9a,)(B1),  Ex[Fp(Bn, But1)] = w(ga,)-
Therefore
Covr(Fo(Bo, B1), Fp(Bu, Bus1)) = Ex [Fo(Bo, B1) ((P"~'ga,) (B1) — (gap))]

Using |Fo| < [|O]|sc and Proposition 8.2 applied pointwise with = By and f = gg,, we obtain
|(P"gap)(B1) = (9a,)| < Lipa(ga,) C p" ' V(By).
Taking E.[-] and using stationarity gives
|Cov (O Pli) | < 10lloo Libg(ga,) C p" ' (V)

which is (122) since Lipg])(Gp) = Lipy(9Gp)-
For (123), fix ||z||n, [|2'[|n < R and write

‘gGP (z) - 9Gp (x/)’
< ‘/Fp(x,u) P(z, du) — /Fp(:c’,u) P(z, du)’ + ‘/Fp(x',u) P(z, du) — /Fp(x',u) P2, du)‘

The first term is bounded by Lip, ;(Fp) d(z,2"). For the second term, use Lemma 8.1 with the
d-Lipschitz function u + Fp(2',u): it is d-Lipschitz in u with constant Lip,,(Fp), hence

’/F’p(.%'/,u) P(x> du) - /F’p(.%'/,u) P(xlv du)’ < Lipd,2(F'P) Wd(P(xa ')7P('7:/7 ))
< kpLipgo(Fp)d(z,z').
Thus, on the ball,
Lipy(9a,) < Lipg1(Fp) + kR Lipg 2 (Fp)-
and inserting this into (122) yields (123). O
Remark 10.9 (From step index to Euclidean time separation). Slab index separation n corresponds

to Euclidean time separation s = nt in the stacked field on R x ’]I‘%. Thus (122) implies exponential
clustering in Euclidean time with rate

n—1

lo
p" = exp(—(n —1)[logp|) < eXp(—M S),

t
up to the discretisation shift by one slab.
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10.5 Regulator-uniform transport: what must be uniform

The transport bounds above become regulator-uniform provided the following inputs are uniform in
Reg:

(i) the boundary mixing constants C' and p in (85);

(ii) the Lyapunov moment bound n(V) < M (e.g. via (V) < K/(1 — \) from Lemma 8.3);

/

)
)

(iii) the response moment bound M 7 (t, R) in (118) on the relevant radius R (Section 5);
)

(iv) the local kernel Lipschitz factor kg (equivalently, uniform control of Wy(P(z,-), P(2,-)) on

{l|z|l, [|Z]| < R}), when using the explicit bound (123).

Under these uniformities, the right-hand side of (122) (and (123) when applicable) is uniform in
Reg for fixed t and fixed observable norms.

Remark 10.10 (Scope and next step). Section 10 lifts boundary mixing to exponential clustering for
a large class of slab-local observables in the stacked field construction. The remaining step needed
to turn this into a full OS statement for the four-dimensional Euclidean gauge field is to relate
the stacked field measure driven by the auxiliary boundary kernel P = P, to the target regulated
Yang—Mills measure on R x T% obtained from the slab-to-slab DLR/transfer-operator specification
in the Euclidean time direction. This identification is addressed by the DLR/transfer-operator
analysis in the next section.

11 DLR consistency and identification with the Euclidean slab
measure

Sections 9-10 established two logically distinct ingredients:

(i) a one-slab Fuclidean disintegration into endpoint data and conditional interior laws
(Lemma 10.1);

(ii) an abstract mixing—to—time-axis exponential clustering calculus for a reversible stationary
Markov kernel on the boundary space
(Sections 8-9).

The purpose of the present section is to supply the missing wheel highlighted above: define the
FEuclidean-time transfer kernel directly from the slab Gibbs weight by disintegration, prove exact
concatenation (Chapman—Kolmogorov) in Fuclidean time, and identify the stacked construction with
the resulting Fuclidean DLR measure. No identification of an auxiliary sampling dynamics with
Fuclidean transfer is used or needed.

All arguments are at fixed regulator level Reg, so all configuration spaces are finite-dimensional
(hence Polish).

11.1 Finite-volume Euclidean measures and slab factorisation

Fix t > 0 and L > 0. For N € N define the N-slab cylinder

SUD = [0,Nt] x T,
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and let Xgﬁlg be the regulated field configuration space on St(AL[) (with the same regulator Reg

used on one slab). Let mif}?eg be the corresponding reference Gaussian measure and Sﬁﬁlg(zﬁl)

the regulated Euclidean action (including the fixed gauge-fixing terms used earlier). Define the
unnormalised weight

N S( N N
wil) (dd) = e S m®) (d4),  Aex). (125)
The corresponding normalised Euclidean measure is
1 N N N
Pla(d) = i willg(44), 2= [, whing(dd) (126)

t,Reg t,Reg

For k=0,1,..., N let Tr : X,E R)eg — H denote the trace map at Euclidean time xy = kt, where
H = By A is the regulated boundary space fixed in Section 7.1. Write By := Tri(A).
We assume the slab locality (ensured by the regulator/gauge-fixing choices made in Sections 4-5)

in the following explicit form.

Assumption 11.1 (Exact slab additivity and Gaussian Markov factorisation). For each N >
(N)

1, the space X; Reg admits an identification (a linear bijection) with the subspace of tuples

(AQ) . AN=Dy e [TV X:egg; satisfying the matching constraints
Try (A™) = Tr_(ACPHD)), p=0,...,N -2,

where X;eénez is the one-slab space on [0,#] x T3 and Try are its endpoint traces. Under this
identification:

(i) the action is additive,

N—
SN (A, AN=D) = 37 6, gy (AM); (127)
=0
(ii) the Gaussian reference measure is Markov in time and disintegrates exactly over the intermediate
traces: for every bounded measurable ¥ on Xiﬁlg,
ns&n ()
/\If m, Reg( dA /HN+1 ( H m::R:g +1 dA(n))> /‘o,t,Reg( dl‘o7 N dZCN), (128)
where mi’ﬁfg’”l is the one-slab Gaussian conditional law on the fibre X;efg;g(xn,:cnﬂ) and
N(()]:ff)Reg is the induced Gaussian law of the trace vector (By, ..., Bn).

Assumption 11.1 is the exact statement that cutting the (regulated, gauge-fixed) free field at
time slices kt produces a Gaussian Markov chain of traces and conditionally independent interiors,
and that the interaction action is local in xy. These are precisely the structural inputs needed for a
DLR/transfer-operator construction in the Euclidean time direction.

Remark 11.2 (When Assumption 11.1 is expected to hold). For lattice regularisations with a nearest-
neighbour (in xy) action and a time-local gauge fixing, the additivity (127) and the Gaussian Markov
disintegration (128) are built into the construction: the free field is a Gaussian Markov random field
in the time direction, and the interaction couples only adjacent time slices. For continuum regulators
(e.g. Fourier cutoffs), the same structure holds provided the regulator respects time locality and the
endpoint trace maps are compatible with the chosen Gaussian reference.
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11.2 One-slab endpoint disintegration and the Euclidean transfer kernel

Recall from Lemma 10.1 the one-slab disintegration of the unnormalised weight theg(dA) =
e‘SﬁReg(A)mt’Reg( dA): there exists a finite endpoint measure k¢ reg 0n H x H and conditional interior

» T

-t
laws QfReg such that

s ¥ Wineg(d) = [ ([ W) QI (44) mumeg(da™ da®)  (129)

t,Reg t,Reg
for all bounded measurable W.

Let Ky Reg and &Z Reg denote the first and second marginals of K¢ Reg-

Definition 11.3 (Euclidean trace marginal and transfer kernel). Define the (normalised) one-time

trace law
1

K’;Reg ( H

Let K; be a version of the conditional endpoint kernel obtained by disintegrating &; reg With respect

W;fReg(dl‘) = ) Ky Reg(dT). (130)

t0 Ky Reg'
Kt Reg(dz, da') = Ky Reg(d2) Ke(z, da’), Ki(z,H) =1 for k;p,-a.e. z. (131)

Remark 11.4. At the level of this paper’s architecture, W%fReg is the one-time trace marginal induced
by the Euclidean slab weight. Under the constructions in Sections 4-5, W;fReg coincides with the
boundary law 7; reg introduced earlier in (75) (up to the normalisation convention for the one-slab

weight). In what follows we write 7 for this common law.

11.3 Exact concatenation in Euclidean time

The key DL-style statement is that Euclidean-time concatenation is exact. Formally, gluing two
slabs along a common interface and integrating out the interface trace produces composition of the
transfer kernel, without any additional “perimeter factor.”

Proposition 11.5 (Chapman—Kolmogorov for the Euclidean transfer kernel). Assume Assump-
tion 11.1. Let Ky be the one-slab transfer kernel from Definition 11.3. Then the trace process at times

{0,t,2t,..., Nt} under the N-slab Euclidean measure Pglpeg is Markov with one-step transition K,

in the following sense:
for each N > 1 and each k € {0,...,N — 1},

P, (Besi € | Bo,....By) = Ke(Br,")  as. (132)

Consequently, for all m < n the n —m step transition satisfies the exact Chapman—Kolmogorov
identity

K™ =Kpo- oKy, i.e. K ™ (z, do') = /Kf‘k(ac, du) KF~™ (u, dz’) (133)
~———
n—m times
for any intermediate k with m < k < n.

Proof. Fix N > land k € {0,..., N—1}. By Assumption 11.1 and the one-slab disintegration (129),

conditional on the trace vector (By,..., By) the slab interiors (A(O), .. ,A(N_l)) are independent
with conditional laws Qf ﬁ’e]g"“. Moreover, the Radon—Nikodym factor e~ Sires(A™) g 1ocal to slab
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n by (127). Therefore, conditioning on (By, ..., Bi) and integrating out the future interiors and
future traces except Bjy1 reduces exactly to the one-slab conditional distribution of the top trace
given the bottom trace, which is K;(By,-) by (131). This yields (132).

The Chapman—Kolmogorov identity (133) is the standard semigroup property of iterated Markov
transitions once (132) is established. O

11.4 Time-reversal symmetry, detailed balance, and the transfer operator

Lemma 11.6 (Time-reversal symmetry of the endpoint measure). Assume that the regulator and
gauge-fized slab weight is invariant under time reflection xog — t — xo (with the induced swap of
endpoints x~ <> x" ). Then ki Rreg is symmetric:

Kt Reg(E X F) = K Reg(F X E) for all Borel E, F C H. (134)
In particular, Ki Reg = H:Reg.

Proof. Let R denote the time-reflection map on one-slab fields: (RA)(zo,z) = A(t — xo,x) (in the
chosen gauge-fixed representative). By the assumed symmetry, W geg is invariant under R and the
endpoint trace pair swaps:

(Tr_(RA), Tr1 (RA)) = (Trs (), Tr_(A)).
Therefore, for Borel sets F, F' C H,

ines(E X F) = wineg({A: Tr_(A) € B, Try (4) € F})
=WiReg({A: Tr_(A) € F, Try(A) € E}) = Ky reg(F x E).

which is (134). Equality of marginals follows immediately. O

Proposition 11.7 (Invariance and detailed balance for K;). Let m be the normalised trace law
(130). Under the symmetry assumption of Lemma 11.6, 7 is invariant for Ky and K, is reversible
with respect to w: for all bounded measurable f,g,

[ 1@ @)@ n(de) = [g@) (M@ n(do). (@)= [ f@)Kila. o). (135)

Proof. Write ¢ := K, ., (H) so that 7 = ¢ !k~. Invariance follows from (131) and k* = Kk™:

[ Kute, Byn(de) = [ Kalw, By (de) = = [ w(de, B) = <x* () = n(B).
For detailed balance, combine (131) with symmetry (134):
m(dz) Ki(z, do') = k(dz, d2’) = k(d2/, dz) = cw(dz’) K(2/, dz).
Integrating f(x)g(z') against both sides yields (135). O

Definition 11.8 (Euclidean transfer operator). Define the Euclidean transfer operator T; on L?(7)
by

(Tef)(z /f ) Ki(z, da’). (136)

By Proposition 11.7, T is a self-adjoint contraction on L?(r).
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Proposition 11.9 (Covariance decay from an L? transfer contraction). Let (B, )nez be the stationary
bi-infinite boundary trace process with one-step kernel Ky and invariant law 7 (Proposition 11.7).
Assume there exists p € (0,1) such that for all f € L?(w) with 7(f) = 0,

||Ttnf||L2(7r) < pn HfHLQ(ﬂ)a n =1, (137)

where Ty is the transfer operator (136). Then for all f,g € L?*(7) and n > 1,

|Covr (f(Bo),g(Bn))| < p" If = 7(Pllr2(m) llg = 7(9) I L2(r)-

Moreover, let F, G be bounded measurable functions on H x H and define the one-step reductions

f@) = [Fea)Kilw d) glo) = [ Gl Ko, d)
Then for all n > 2,
|Cov (F(Bo, B1), G(Bn, Bni1))| < p" M If = 7(Dllz2my g = 7@ 2y < 49" Flloo 1Glloo-

In particular, taking F' and G to be the reduced endpoint functions of bounded interior-supported
slab observables yields time-axis exponential clustering with rate parameter |logpl|/t.

Proof. For f,g € L*(r) with 7(f) = 0, stationarity and reversibility give

Covr(f(Bo),9(Bn)) = (f, T{"(g — 7(9))) L2(r)5

so Cauchy-Schwarz and (137) yield the first bound.
For the two-step bound, note that by the Markov property, E[F(By, B1) | Bo] = f(Bp) and
E[G(B, Bn+1) | Bn] = 9(Br), hence

Covr (F(Bo, B1),G(Bn, Bnt1)) = Cove (f(Bo), 9(Bn)),

and apply the first estimate with n — 1 steps. Finally, || fllcc < [|[Flco and ||g|loc < ||G|loo imply

1f =7 (Pll2 < 2/ Flloo and [lg = 7(g)ll2 < 2[|G|co- =

11.5 Exact DLR specification in the Euclidean time direction

(N)

I.Reg i terms of: (i) the Euclidean transfer

We now express the finite-volume Euclidean measure P

kernel K; and (ii) the one-slab conditional interior laws Qf’ﬁ’:g“
Let I/t(’]}\gg denote the law of the trace vector (By,..., By) under ng;?eg.

Theorem 11.10 (Finite-volume DLR /transfer representation). Assume Assumption 11.1. Let K;

be the Euclidean transfer kernel from Definition 11.3. Write ng/ = thﬁ;g'
Then:

(i) (Trace-chain form) The trace law Z/t(gig

law Vt(ﬁilgﬂ on H such that for all bounded measurable ¢ : HNT1 — R,

is Markov with transition K;: there exists an initial

N-1
EP(N) [QD(B(), ey BN)] = /H Vt(,f{lg,o(dxo) /HN gp(aco, oo ,1’]\[) H Kt(xj, dl‘j+1). (138)
j=0

t,Reg
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(ii) (DLR factorisation given traces) Conditional on the trace vector (By, ..., Bn), the slab interiors
AO AN gre independent with conditional laws QBrBrt1 . Consequently, whenever F
factorises across slabs, i.e. F(A) = [12=5 Fn(AM), with bounded measurable F,,

N-1 N-1
_ (N) TnyLn+1 . )
By, P = [lilsatro) [ TT( [, 200 Q0 (44) TT Kot b

(139)

Proof. Ttem (i) is the content of Proposition 11.5: (132) implies that (By,...,By) is Markov with

transition K;. Taking Vt(,];[{ig,o to be the marginal law of By under Pg}?eg yields (138).

For (ii), Assumption 11.1 together with the one-slab disintegration (129) implies that, conditional

on the trace vector, the interiors are conditionally independent with laws Qf ﬁ;g"“ Taking
conditional expectation of [], Fn(A™) given (By, ..., By) and then integrating over the trace law
gives (139). O

Remark 11.11 (Equilibrium boundary condition). The initial law I/t(]f\;,)eg o in (139) depends on the
finite-volume boundary convention. For the equilibrium (stationary) time specification relevant for
(N)

OS reconstruction and infinite-volume limits, one takes v, Reg0 = In that case the right-hand
side of (139) depends only on (m, K¢, Q't:'Reg) and is consistent under restriction to sub-windows.

11.6 Identification of the stacked field with the bi-infinite Euclidean DLR
measure

We now define the bi-infinite Euclidean measure in the time direction as the (unique) DLR measure
associated to the specification determined by (m, Ky, Q;'Reg).

Definition 11.12 (Bi-infinite Euclidean (time) Gibbs measure). Let P¥ be the stationary path
measure of the Markov chain on HZ with invariant law 7 and transition kernel K;. Define Pfj’Reg on

Qstack = HZ X H nggeg
nez

by sampling (By)nez ~ P and, conditional on (B,,), sampling independent slab interiors A(™ ~
anBn+17(n)
Qt,Reg '
Theorem 11.13 (DLR consistency and uniqueness). Assume Assumption 11.1. Then P Reg 15
DLR-consistent with the Euclidean time specification determined by (m, Ky, Q;,.Reg) in the following
sense:
for any integers m < n and any bounded measurable functional F depending only on the slab
interiors {AM =1 " the conditional law of the window {A®}Z1 " given (By,, By) is obtained by:
(i) sampling the intermediate boundaries (Bpm41, ..., Bn—1) from the Ki-Markov bridge between B,

and By, and then (i) sampling conditionally independent interiors with laws Qfﬁ’ik“’(k).

Moreover, PffReg is the unique bi-infinite Gibbs measure on Qgace with this DLR specification.

Proof. Under P{Reg the boundary sequence (Bn)nez is a stationary Markov chain with kernel K;.
Hence, given endpoints (B,,, B,,), the intermediate boundaries follow the usual Markov bridge law
induced by K, and conditional on the full boundary sequence the slab interiors are independent

with laws Qf ﬁ’egk“. This is exactly the DLR window specification.
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Uniqueness here is understood relative to the fized specification data (7, K¢, Q): among probability
measures on the bi-infinite time-axis whose one-time marginal equals 7 and whose finite-window
conditional laws agree with the above DLR /bridge specification, the cylinder-event probabilities are
determined uniquely. We do not claim uniqueness for an unconstrained Gibbs/DLR specification
without fixing the equilibrium boundary condition; in general, multiple DLR states may exist. [

11.7 Consequences for transfer/OS time translation

The preceding identification is the conceptual repair: Euclidean time translation by one slab
corresponds to the Fuclidean transfer operator T, of Definition 11.8. In particular:

(i) the path measure P¥ is the Euclidean-time trace process induced by the regulated Yang—Mills
slab specification;

(ii) reflection positivity of the trace process follows from detailed balance (Proposition 11.7);

(iii) the time-axis exponential clustering time clustering bounds proved abstractly for a reversible
boundary kernel (Sections 8-9) are therefore Euclidean statements provided they are applied to
the Euclidean transfer kernel K¢, not to any auxiliary sampling dynamics.

This completes the DLR/transfer-operator consistency step. In particular, the mixing/clustering
bounds may be interpreted as genuine Euclidean-time correlation estimates for the regulated
Yang—Mills slab construction.

12 From slab clustering to Schwinger-function clustering for gauge-
invariant observables

This section formulates the exponential clustering consequences of Sections 10-11 directly in terms
of gauge-invariant Euclidean observables (Wilson loops and bounded curvature functionals), and
records the resulting Schwinger-function clustering bounds in the Euclidean time direction.

Conditionality. The sampler-to-observable transport mechanism recorded in this part of the
manuscript (Section 10 and Subsections 12.2-12.5) belongs to the Gaussian-reference template: it uses
Assumption 12.6 (uniform response moment bound) together with the density input Assumption 13.11
to obtain Theorem 12.11 and its corollaries. In the Wilson KP corridor of Theorem 2.14 we do not
invoke this transport assumption; instead, exponential time-axis clustering is deduced directly from
the transfer-operator L? gap in Theorem 2.14(ii) (equivalently Corollary 2.25) via Proposition 11.9,
and it persists under L — oo within the L-uniform corridor of Theorem I.1. Two routes. Route A
(template sampler = slab observables) uses Assumptions 12.6 and 13.11. Route B (Wilson/KP
corridor) bypasses transport entirely and yields clustering for lattice observables in Dbﬁ}f‘% directly
from the transfer-operator L? contraction (Theorem 2.14(ii)—(iii) and Proposition 11.9).

All statements are at fixed regulator level Reg and fixed spatial torus T%. The underlying
Euclidean-time infinite-volume measure in the time direction is the DLR /stacked measure P{%,,

from Definition 11.12, built from the one-slab conditionals Q; ;{fg and the Euclidean transfer kernel
K¢ (Section 11). Expectation with respect to PP%,, is denoted Eoo[-].
12.1 Regulated gauge fields and gauge transformations

Let G be a fixed compact Lie group and g its Lie algebra, equipped with an Ad-invariant inner

product (-,-)q. At regulator level Reg, the one-slab configuration space Xfﬁnepg (Section 4) is a
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finite-dimensional real vector space of g-valued one-forms on S; 1, = [0,¢] x T (e.g. Fourier-truncated
smooth forms, possibly after a fixed gauge choice).
Let GiRreg be the corresponding finite-dimensional gauge group of G-valued maps on Sy,

compatible with the regulator (e.g. Fourier-truncated smooth maps), acting on nggé by

A AY = Ad,1A+ g ' dy, 9 € Gt Reg- (140)

(Any fixed gauge-fixing used to define the slab weight is understood as part of the definition of the
measure; the notion of gauge-invariant observables below is defined with respect to (140) and does
not depend on gauge fixing.)

Definition 12.1 (Gauge-invariant slab observable). A measurable function O : Xz}fgg — R is called
gauge-invariant if
O(A%) = O(A)  forall A€ X R, g € Gy Reg- (141)

12.2 Admissible gauge-invariant cylinder observables

The mixing-to-clustering mechanism of Sections 10-8 requires bounded slab observables whose
reduced expectations are endpoint-admissible (Definition 10.5), with quantitative control provided
by the response moment bounds (Section 5).
We therefore restrict attention to gauge-invariant observables supported strictly in the slab
interior, so that boundary perturbations are mediated by the quasi-local response kernels of Section 4.
For 0 € (0,t/2) define the interior sub-slab

SC) = [6,t— 8] x TS,

Definition 12.2 (Interior-supported cylinder observable). A measurable O : X:elgle% — R is called
d-interior-supported if O(A) depends only on the restriction A| @ -
t,L

Definition 12.3 (Gauge-invariant admissible class Dbs‘fgn P). Fix 6 € (0,t/2). Let Dbsii;m P be the
class of slab observables O : X:fénez — R such that:

(i) O is bounded: ||O] < o0;
(ii) O is d-interior-supported (Definition 12.2);

(iii) O is gauge-invariant (Definition 12.1).

12.2.1 Wilson loops

Let v : [0,1] — St((;l)/ be a piecewise C! closed loop. For A € X

Uy .4 :[0,1] = G as the solution of the ODE
d

EU%A(S) = —A(§(s)) Uy,a(s), Uy4(0) =1. (142)

temp

t Reg’ define the parallel transport

Since A is smooth at fixed regulator level and ~ is piecewise C', the ODE has a unique global
solution. Define the holonomy Hol,(4) = U, (1) € G.

Let p: G — U(d,) be a finite-dimensional unitary representation and let x,(g) = Tr(p(g)) be its
character. Define the normalised Wilson loop observable

W, ,(A) = dlpxp(Holv(A)). (143)
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Lemma 12.4 (Wilson loops are bounded, gauge-invariant, and interior-supported). For any
5 € (0,t/2) and any loop v C Sf ) the observable W, lies in Dbstemp Moreover,

W5, < 1L (144)

Proof. Boundedness. Since p(g) is unitary, all eigenvalues of p(g) lie on the unit circle, hence
IXp(9)] < d,. Therefore |W, ,(A)| <1 for all A, which is (144).

Interior support. If v C St(éL), then Hol,(A) depends only on A along «, hence only on A\S(g).
’ t,L

Gauge invariance. Under (140), holonomy transforms by conjugation: holonomy transforms by
conjugation along the basepoint:

Hol, (A?) = g(+(0))~" Hol, (4) g(v(0)),

for closed loops. Characters are conjugation invariant, so x,(Hol,(AY)) = x,(Hol,(A)). Thus (141)
holds. O

12.2.2 Bounded curvature-energy observables

Let F(A) denote the curvature two-form of A, defined (at fixed regulator level) by the usual
expression FI(A) = dA+ $[A A A]. Let ¢ € C(S, (5)) be a real-valued test function supported in

St(éL). Define the (gauge-invariant) smeared Yang—Mills energy density

Eold) = | ) ¢(x) (Fuv(A)(x), Fuy(A)(2)), dz, (145)

with the usual summation convention in Euclidean coordinates and dx the volume form on Sy r.
Let ¥ : R — R be bounded measurable (typically bounded Lipschitz). Define the bounded
curvature observable

Opu(A) = W(Ey(A)). (146)

Lemma 12.5 (Bounded curvature observables lie in Dbstemp) If p € C°(S (, )Y and U is bounded,
then Ogy € Obs, 5™ and |0 wllsc < V| o0 (r)-

Proof. Boundedness is immediate from (146). Interior support holds because ¢ is supported in SgsL).
Gauge invariance holds because F(A9) = Ad,-1F(A) and the inner product (-,-)y is Ad-invariant,
so the integrand in (145) is invariant. O

temp

12.3 Endpoint admissibility and response control for Obs, ;

We now show that observables in Dbstemp fit the admissibility framework of Section 10. The key
quantitative input is the response 1dent1ty and its uniform moment bounds from Sections 4 and 5,
restated abstractly in Lemma 10.6.

Assumption 12.6 (Uniform response moment bound). Fix § € (0,¢/2). There exists a constant
M 4(t,6) < oo such that for the response density _#; reg(z™,2"; A) appearing in Lemma 10.6,

sup o= ot [Pt reg(z7, 275 A) ] < M 4 (2,9). (147)

z—,xteH Qt Reg

Assumption 12.6 is exactly the output of Section 5 specialised to observables supported away
from the time boundaries by §.
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Remark 12.7 (When Assumption 12.6 is expected to hold). The bound (147) is a quantitative
“quasi-local response” statement: interior observables supported a distance § away from the time
boundaries have endpoint derivatives whose H-norm moments are uniformly bounded. For standard
local regulators, such bounds are typically obtained from locality of the conditional law together with
uniform (in Reg) moment/exponential-moment estimates on the bulk fields on unit blocks, plus decay
of response kernels away from the support of the observable. The paper treats (147) as a clean mod-
ular hypothesis because its proof is the place where one pays the full renormalisation/regularisation
cost in a concrete Yang—Mills construction.

Remark 12.8 (On endpoint-response moment bounds in the Wilson corridor). The abstract transport
mechanism of Sections 10 and 12 is formulated for the optional Euclidean/Gaussian template and
uses the endpoint-response moment input of Assumption 12.6. In the concrete Wilson lattice
KP corridor, we do not use this template route: exponential Euclidean-time clustering and the
associated transfer-operator consequences are obtained directly from the KP/cluster expansion for
local gauge-invariant observables (Appendix H) and persist under L — oo within the L-uniform
corridor of Theorem I.1.

Proposition 12.9 (Endpoint admissibility and global d-Lipschitz bound). Fiz § € (0,¢/2) and

temp

assume Assumption 12.6. Let O € Obs, 5 ~. Define its reduced endpoint function

- 2t
Fole™a®) = [ O(4)Qfys (d4).

t,Reg

Then:

(i) O is endpoint-admissible (Definition 10.5) and the response identity (116) holds for all z* € H
and all h € H;

(ii) for each fivzed = € H, the map x+ +— Fo(x™,a™) is globally d-Lipschitz with

20Ol M 4 (t,6

NEISITR)
«

Lipy(z* = Fo(z~,2%)) < ma 20l }- (148)

Proof. Ttem (i) is Lemma 10.6 applied with the uniform bound (147), which removes any restriction
to bounded endpoint balls.
Item (ii) follows by repeating the proof of Proposition 10.7 with M 4 (¢, ) in place of M 4 (¢, R).

12.4 Schwinger functions in discrete Euclidean time

Under P7g,,, the bi-infinite field consists of slab interiors (A™),cz. For a one-slab observable

O: X;?E;g; — R, define its translate to slab n by

ol = 0(A™).

Definition 12.10 (Two-point Schwinger function and connected part). For bounded slab observables
O, P, define the two-point Schwinger function at discrete time separation n € Z by

Sop(n) = Ex [0 P, (149)
Define the connected (truncated) two-point function by

SEP(n) = Sop(n) — Ex[OP]Ex[PL)] = Cove (O, PIM). (150)
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12.5 Exponential clustering for gauge-invariant Schwinger functions

Let (C, p) denote the geometric mixing constants for the Euclidean transfer chain with kernel K; as
used in Sections 8-9, and let 7(V') < oo be the Lyapunov moment bound (Lemma 8.3). These are
entries in the constants ledger.

Theorem 12.11 (Exponential clustering of gauge-invariant two-point Schwinger functions). Fiz
0 € (0,t/2) and assume Assumption 12.6. Let O, P € Dbstemp. Then for all integers n > 2,

Conn 2HPHOOM (tvd)
SEB M) < 0]z max{ ===

2/ Plloc} Cp" (V). (151)
FEquivalently, writing the Euclidean time separation as s = nt,

SEFM| < Cop(t.) exp(-m.s),  m, = B0 (152)

with

{2||7’||me(15, J)
(6%

Cop(t,6) = ||O]|oc max 2Pl } Cp7 (V). (153)

Proof. By Definition 11.12 and Lemma 10.3, the stacked Euclidean field satisfies the reduction
identity with boundary chain (B,,) having stationary law = and transition kernel K;: for n > 2,

Eoo [0V PIM] = Bpws [Foo(Bo, B1) Fp(Bn, Buy1)]
where
Fo(zg,r1) = /(’) Qf%gé (dA), Fp(xg,21) = /77 Qf(ﬁié A).

The same reduction holds for the one-point expectations, hence
Sop (n) = Covpu (FO(B(LBl)a FP(BnaBn—f—l))-

Now apply Theorem 10.8 (transported window-mixing) to the Euclidean transfer chain. To
verify the Lipschitz input for the “future” observable, note that Proposition 12.9 implies that, for
each fixed first argument zg, the map z1 — Fp(zg,x1) is globally d-Lipschitz with bound (148).
Therefore the one-sided window seminorm in the second coordinate satisfies

2||Plloc M 4 (2, 6)
«

Llp(o)(G’p) < max{ , QHPHOO}, Gp (20, 21) = Fp(wo, 21).

Also ||Folleo < ||Ollso- Substituting into (123) yields (151).
Finally, (152) follows from p"~! = p~Lexp(—(nt) |log p|/t) = p~! exp(—m.s) and the definition

(153). O

1

Corollary 12.12 (Examples: Wilson loops and bounded curvature observables). Fiz § € (0,t/2)
and assume Assumption 12.6. Let ~y,v1 C St(st) be loops and let pg, p1 be unitary representations of
G. Then the connected Schwinger function of the corresponding Wilson loops satisfies, for n > 2,
2M 4(t,6
(o)
o

|COV°° (W'L?)]J)O )

win

n—1
71 P1 Cp W(V)’

)| < max

using |Wy plloo <1 from Lemma 12.4.

Likewise, for ¢o, p1 € CCOO(S((;)) and bounded Vo, W1, the connected Schwinger function of O, w,
satisfies (151) with ||Og, w,llcc < | ¥iloo-
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12.6 Block clustering for multi-time gauge-invariant observables

For completeness, we record the multi-time extension in a form that follows directly from the
window-correlation bound (Proposition 8.8) combined with the reduction argument.

Let Ogp,..., 0, € Dbszegn Pand Py,...,Pn € Dbsiegn P Define block observables supported on
m + 1 consecutive slabs by7 7

F = H ij, G, = 1_‘[7?][.n+ﬂ7 n>m+2.
j=0 j=0

Then, repeating the reduction to the Euclidean transfer chain and applying Proposition 8.8 (with
window length m + 1), one obtains an exponential covariance bound

CovaelF,Gu)| < (TT105l1se) L (2.8) € p" " (), (154)
=0

where Lp(t,0) is an explicit one-sided d-Lipschitz constant. Writing Mp = maxo<j<m ||Pjllccs
Proposition 12.9 yields

P
Lp(t,8) < max{&MpM/(t,d), 2Mp}. (155)

13 OS reconstruction in Euclidean time and the transfer-operator
gap

This section constructs the Osterwalder—Schrader (OS) Hilbert space for the regulated Euclidean
theory in the Euclidean-time direction (i.e. the bi-infinite DLR /stacked measure of Section 11),
identifies the Euclidean time-translation by one slab with the transfer operator Ty, and proves a
spectral consequence: exponential time-clustering implies a spectral gap above the vacuum for Ty on
the orthogonal complement of constants (at fixed regulator).

All constructions are carried out at fixed regulator level Reg and fixed ¢ > 0 and L > 0.

13.1 Path space, time reflection, and the positive-time algebra

Recall the bi-infinite DLR/stacked measure P%,, of Definition 11.12 on the space

Qstack = HZ X H ngeg’
neZ

with boundary trace process (B, )nez and slab interiors (A(”))nez. Here A™ is the interior field on

Xtemp

the slab St("L) = [nt, (n + 1)t] x T3, identified with an element of the canonical one-slab space t Reg

by translation to [0,#] x T3 .
Let .# denote the product Borel o-algebra on Q.. Let F4 be the g-algebra generated by the

coordinates
{ By, AW o> 0},

and let .%_ be the o-algebra generated by
{B, : n<0} U {A(”) :n< -1},

Thus #, and .Z_ intersect on the “time-0” boundary variable By.
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Fix once and for all the one-slab time-reflection map
R: X R = Xihe,  (RA)(z0,7) = A(t — z0,2), (156)
which swaps the traces Tr_(RA) = Try(A) and Try (RA) = Tr_(A).
Definition 13.1 (Full time reflection on Qgtack). Define O : Qgpack — Qstack by
(©B), =B_,, (0A)™ =RAY),  neZ (157)

Definition 13.2 (Positive-time cylinder algebra). Let .Aﬁ‘:u be the set of bounded cylinder functions
F on Qgtack that are % -measurable, i.e. depend only on finitely many coordinates

(Bo, ..., Bms1, AQ . AM)

for some m > 0.

13.2 Reflection positivity for the full Euclidean measure

The OS inner product is defined from the reflection pairing F' +— ©OF. The key identity is that
PffReg is reflection-positive on A™! and the corresponding pairing can be represented as an L?(m)
inner product on the boundary trace space.

Throughout this subsection, 7 and K; are the normalised trace law and transfer kernel from
Definitions 2.4-2.7, and T, is the associated transfer operator on L?(7) (Definition 11.8). We write
Eoo[] for expectation under Pgg,,.

Definition 13.3 (OS conditional expectation map). For F € A define
Op(F)(z) = Eo[F|By=2], x€H. (158)

Lemma 13.4 (Well-definedness and L2-integrability). For each F € AM, the function ®gu(F) is
bounded and belongs to L*(). Moreover,

[Prart (F)[[ ooy < 1F'] Loo (urnar) - (159)
Proof. Since F' is bounded, conditional expectation preserves the essential supremum, yielding (159).
Thus @1 (F) € L¥(H), hence ¢ (F) € L?(7) because 7 is a probability measure. O

Lemma 13.5 (O-invariance). Assume the one-slab unnormalised weight is invariant under the slab
reflection R (156). Then the stacked measure P Reg 18 tnvariant under ©:

0o _ P
@#Pt,Reg - Pt,Reg'

Proof. By Lemma 11.6 and Proposition 11.7, the boundary chain with kernel K; and invariant
law 7 is stationary and reversible, hence invariant under time reflection n — —n. Conditional on

the boundary sequence, slab interiors are independent with one-slab conditional laws Qf%’:g"“;

invariance of the one-slab weight under R implies that Qfﬁ;g is carried to Qf’/ﬁig under R (endpoint
swap). These two facts match exactly the definition (157), so the full stacked law is ©-invariant. [

Theorem 13.6 (Full reflection-positivity identity). Assume the one-slab unnormalised weight is
invariant under the slab reflection R (156). Then for all F,G € A,

Ex[F (0G)] = (run(F), @an(G))r2(r)- (160)
In particular,

Ex[F(OF) >0, Fe AP (161)
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Proof. Step 1: reduction to a generating algebra. By a standard monotone-class argument, it suffices
to prove (160) for bounded cylinder functions of the form

110,49 o(Busr)s  Clw) = [[P5(AD) 0(Bus), (162)
j=0 Jj=0

where each O;, P; is bounded measurable on Xtemp and ¢, 1 are bounded measurable on H. Such
functions generate % .

Step 2: compute e (F) and P (G). Fix F as in (162). Under PgY Reg: conditional on By = o,
the future boundary chain (Bj, Ba,...) evolves by K;, and conditional on successive boundary
pairs (Bj, Bjt+1), the slab interiors AY) are independent with laws Q; Reg]+1

conditional expectations yields

Therefore, iterating

m m

D (F)(xo) :/Hm ) O(Tm+1) H (T, T541) H t(xj, dzji), (zo fixed). (163)

where the reduced endpoint functions are

Fo(e.) = [ O/(4) Qi (dA). (164)

t,Reg

An analogous formula holds for ®¢(G).

Step 8: conditional factorisation given By. Under the two-sided stationary Markov construction,
conditional on By the o-algebras .#, and .%_ are independent. Since F' is .%-measurable and OG
is .%_-measurable, we have

[F(0G) | By| = Ex[F | Bo] Exo[OG | Bo| = Bt (F)(Bo) Eee [OG | Bo).

Step 4: identify the reflected conditional expectation. By Lemma 13.5 and the fact that © fixes
By (see (157)), conditional expectations satisfy

0o [@G | Bo] = Eoo [G 0O | BO] = Eoo [G | Bo} = (I)full(G)(BO)a
where the middle equality is the invariance statement at the level of regular conditional distributions

given By.
Taking expectations in Step 3 now yields

Eo [F (0G)] / O (F) () ran(G) () m(dz) = (@ran(F), Pran(G)) r2(r)-

This proves (160) on the generating algebra, hence on all of A by Step 1. Finally, (161) is the
special case G = F. O

13.3 The full OS Hilbert space and time translation
Definition 13.7 (Full OS inner product and Hilbert space). For F,G € AN define
(F,G)os = Ex[F(6G)]. (165)

Let N == {F € A : (F,F)os = 0}. Define the pre-Hilbert space Dog = AN /N and its
completion Hfun
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Remark 13.8 (Identification with a subspace of L?(7)). By Theorem 13.6, the map ®g,; descends to
an isometric embedding of HM! into L2():

(F,G)os = (Pran(F), @ran(G)) L2(m)-
Thus Hfun may be identified with the L?(7)-closure of @full(ATH).
Let S be the slab shift on Qgack:
(SB)p = Bny1,  (SA)™ = A0+,

Define 7 : AT — A by (TF)(w) :== F(Sw). This descends to an operator on HI, still denoted
T.

Proposition 13.9 (Time translation corresponds to the transfer operator). Under the identification
of Remark 13.8, the OS time-translation operator T corresponds to the transfer operator T, on

L3(7):
Qe (TF) = Ty Pen(F), F e .Ail_lu. (166)
In particular, T is a self-adjoint contraction on ’Hfuu
Proof. Fix F € .Afuu and z € H. By definition and the Markov property of the boundary chain,
P (TF)(z) =Ex[F oS | By =z

= / Ex[F | By = 2] Ky(x, da')

_/ O (F)(2") Ke(z, d2') = (T @pan (F)) ().

which is (166). Self-adjointness and contractivity follow because T; is a self-adjoint contraction on
L?(7) (Definition 11.8 and Proposition 11.7), and ®g,) is an isometry. O

13.4 Correlation functions as transfer-operator matrix elements

Let 1 denote the constant function on H and also its class in ’Hfun This is the vacuum vector;
indeed T;1 =1and 71 =1.
Define the mean-zero subspace

L3(m) = {f € L*(m): (f,1)pa(m) =0}, (167)

and similarly %fullo =1+ C Hglél.

Lemma 13.10 (Stationary correlations and powers of T;). Let (By)nez be the stationary boundary
chain with kernel K, and invariant law m (Definition 11.12). Then for all f,g € L*(x) and all
n €N,

E]P’Err [f(BO) g<Bn)} = <f7 Ttng>L2(7r)' (168)
In particular, if m(f) = 0= n(g), then
Covpu (f(Bo),9(Bn)) = (£, T["9)L2(r)- (169)

Proof. By the Markov property and stationarity,
Epir [f(Bo)g(Bn)] = Epu [f(Bo) E[g(By) | Bol]
= Epu [f(Bo) (T{"9)(Bo)]

= /f (Ti'g)(z) w(dx) = (f, Ttng>L2(7r)'
which is (168). If 7(f) = 7(g) = 0, then Covpe (f(Bo), 9(Bn)) = Epu [f(Bo)g(By)], giving (169). O
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13.5 From exponential clustering to a spectral gap

We now prove the key spectral statement. The logical structure is:

(i) Exponential clustering for a dense class of mean-zero observables forces the spectral measure
of each such observable to be supported in [—p, p].

(ii) Density then forces the entire spectrum of T; on L3(7) to lie in [—p, p].
(iii) The corresponding Euclidean mass parameter is m, = |log p|/t.

Assumption 13.11 (Density of bounded d-Lipschitz functions). The set £y N L?(7) of bounded
d-Lipschitz functions on H (Definition 9.9) is dense in L?(r).

Remark 13.12. A sufficient condition for Assumption 13.11 is that 7 has a strictly positive continuous
density with respect to Lebesgue measure on H (which is finite-dimensional), in which case bounded
C! functions with bounded gradient are dense in L?(7) and are in particular d-Lipschitz.

Lemma 13.13 (A convenient sufficient condition for Assumption 13.11). At fized requlator, suppose
H ids finite-dimensional and w(dx) = p(z) dz has a strictly positive C* density with respect to
Lebesgue measure in a coordinate realisation of H. Then LqN L?() is dense in L*(r).

Likewise, if H = G for a compact Lie group G equipped with a bi-invariant Riemannian metric
and 7(dx) = p(z) Haar(dz) has a strictly positive C' density with respect to Haar measure, then
LqN L2(7) is dense in L*(r).

Corollary 13.14 (Density hypothesis in the Wilson corridor). In the Wilson finite-range lattice
requlator family of Theorem 2.1/, at fized requlator the boundary law 7y Reg has a strictly positive
C> density with respect to the Haar measure on GP2. Hence Assumption 13.11 holds at fized
requlator by Lemma 13.13.

Proof. At fixed regulator, the boundary state space is the compact manifold By = GF? (boundary
links) with Haar reference measure. By definition, the boundary law is the endpoint marginal
obtained by integrating the strictly positive Gibbs weight over the interior links:

T Reg(dx) = (/ exp{—BStReg(U)} Haar(dUmt)) Haar(dz).

Zt,Reg

Since S; Reg is a finite sum of smooth local terms on GZ, the map = +— [ exp{—835; Reg(U)} Haar( dUint)
is C'*° by dominated differentiation on the compact manifold, and it is strictly positive because the in-
tegrand is strictly positive everywhere. Hence 7 Reg( d) = pt reg () Haar( dz) with py reg € C°(Bo)
and p; Reg > 0. Lemma 13.13 then yields Assumption 13.11. ]

Proof of Lemma 13.13. In the Euclidean case, bounded C! functions with bounded gradient are
d-Lipschitz and are dense in L?(7) by standard mollification and cutoff; see e.g. [2, 1]. For G¥,
one may convolve with the heat kernel on GV to approximate in L2(m) by smooth functions, and
bounded smooth functions with bounded gradient are d-Lipschitz with respect to the product
geodesic metric; see e.g. [10]. O

Lemma 13.15 (Finite-dimensional verification of Assumption 13.11). Suppose that, at fized requlator,
the boundary space H is finite-dimensional and 7 admits a strictly positive C' density with respect
to Lebesgue measure (or, on a compact manifold such as G, with respect to the corresponding Haar
volume form). Then Assumption 15.11 holds.
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Proof. In finite dimension, smooth compactly supported functions are dense in L?(r) under the
stated non-degeneracy of the density. Indeed, let f € L?(r); truncate f to a bounded function and
localise to a large ball (or use a partition of unity on a compact manifold) to reduce to f € L?(p dx)
with p € C! and p > 0 on the localisation domain. Standard mollification then yields f;, € C* with
fr — f in L?(x). Finally, truncate fi to be bounded; bounded C! functions are d-Lipschitz for any
bounded cost d that dominates the Euclidean distance on bounded sets, hence f is approximated in
L?(7) by bounded d-Lipschitz functions. O

Remark 13.16 (Comments on Assumption 13.11). At fixed finite-dimensional H, Assumption 13.11 is
automatic under mild non-degeneracy: if 7w has a strictly positive density with respect to a smooth
reference (Lebesgue on R? or Haar on a compact manifold), then smooth bounded functions are
dense in L?(7) and can be approximated by bounded Lipschitz functions by mollification in local
charts. The assumption can fail only if 7 is supported on a lower-dimensional subset or has genuine
singular components; in gauge contexts this is precisely why one either gauge-fixes (so H is a genuine
coordinate space) or formulates the transfer theory on a smooth gauge-invariant state space with a
non-degenerate reference measure.

Lemma 13.17 (Autocorrelation decay for centered bounded d-Lipschitz functions). Assume the
boundary mizing estimate (85) holds with constants (C,p) and assume 7(V) < co. Let f € L4 and
assume w(f) = 0. Then for all n € N,

(T8 2| = [Covipr (f(Bo), f(Bn))| < || flleony Lipg(f) C p" m(V). (170)
In particular, for even powers,
0 < (£ T e < flle=Lipg(f)Cp*n(V),  mneN. (171)

Proof. The equality in (170) is Lemma 13.10 with ¢ = f and «(f) = 0. The bound follows from the
boundary time-axis exponential clustering two-point estimate (e.g. (110)) applied with F' = f(By)
and G = f(By). For (171), note that T; is self-adjoint, hence T2" = (T;*)*T* is positive semidefinite,
so (f,T2"f) >0 for all f € L?(r). The upper bound is (170) with n ~ 2n. O

Let E(-) denote the spectral resolution of the self-adjoint contraction T; on L?(7). For f € L?(n),
define the associated spectral measure

pp(A) = (f,E(A)f)r2(x), A C [-1,1] Borel. (172)

Then py is a finite positive Borel measure and, for n € N,

BT Dy = [ (), (73)

Lemma 13.18 (Support bound from exponential autocorrelation decay). Assume there exists
p € (0,1) such that for a given nonzero f € L3(w) there exists a constant Cy < oo with

(f, thnf>L2(7r) < Cpp™ for all n € N. (174)

Then the spectral measure iy is supported in [—p, p|, i.e.

nr(fA: P> p}) = 0. (175)
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Proof. Assume for contradiction that p¢({|A\| > p}) > 0. Then there exists € > 0 such that

pr({lAl = p+e}) > 0,
because {|A| > p} = Upen{|A| = p+ 1/k} and py is finite.
Using (173) with even powers,

2n _ 2n 2n 2n
G = [Ny 2 [ g 2 (o o™ (A 2 <)),

Dividing by p>" gives

(£, T2 f) e\
2 (1+;) nr{A = p+e}) — oo,
which contradicts (174). Therefore (175) holds. O

Theorem 13.19 (Spectral gap for T, from Harris/time-axis exponential clustering). Assume:

(i) the boundary mizing estimate (85) holds with constants (C, p) for some p € (0,1);
(ii) w(V) < ooy
(iii) Assumption 13.11 holds (bounded d-Lipschitz functions are dense in L*(r)).
Then the spectrum of Ty on L3(w) is contained in [—p, p]:
o(Ti ) € 0.0 (176)

Equivalently, T; has a spectral gap above the vacuum eigenvalue 1, and the corresponding Euclidean
time mass parameter satisfies

lo 1
— tgp‘ < —glog(sup{]/\| A ea(T)\{1}}). (177)
Under the identification of Proposition 13.9, the same spectral inclusion holds for the OS time-

translation operator T on H%%lo-

Proof. Step 1: support bound for a dense set. Let f € L4N LE(w). By Lemma 13.17, f satisfies
(174) with

Cy = || flloo Lipg(f) Cm(V),
hence by Lemma 13.18 its spectral measure p¢ is supported in [—p, p].

Step 2: eliminate spectral mass outside [—p, p]. Let E:={\: || > p} C [-1,1] and let E(E)
be the corresponding spectral projection. Suppose for contradiction that E(E) # 0 on L3(7). Then
the range E(E)L3(n) is a nonzero closed subspace of L3(w). By Assumption 13.11, £, N L3(7) is
dense in L3(7), hence intersects this subspace: there exists f € L4 N L3(7) with E(E)f # 0.

But for such f,

ui(E) = (f.E(E)f) = [E(E)fIl72(ry > O,

which contradicts Step 1. Therefore E(E) = 0 on L(n), which is exactly (176).
Step 3: gap and mass parameter. Since T; is a self-adjoint contraction with eigenvalue 1
(constants), (176) implies
sup{]A: A€ o(T)\ {11} < p.
Taking —1 log(-) gives (177). Finally, Proposition 13.9 identifies 7" with T; on the embedded OS
space, so the same spectral inclusion holds on Hglél,o- O
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Remark 13.20 (What was proved, precisely). At fixed regulator, the Harris/time-axis exponential
clustering mixing rate p bounds the entire nontrivial spectrum of the Euclidean time transfer operator
T, inside [—p, p], provided bounded d-Lipschitz functions are dense in L?(7) (Assumption 13.11).
This yields a checkable “gap” statement in the transfer-operator sense, with Euclidean mass
parameter m, = |log p|/t.

14 Regulator-uniform consequences and main theorem

This section isolates which inputs must be uniform in the regulator Reg and then states the
main regulator-uniform conclusions that follow within the scope of this paper. We record uniform
exponential clustering in Euclidean time for a concrete class of bounded gauge-invariant slab
observables and the corresponding uniform spectral gap bound for the Euclidean-time transfer
operator.

In this paper we do construct two genuine limiting objects within the strong-coupling slab
framework: (a) a UV-refinement (continuum-in-the-box) projective limit at fixed (¢, L) for the
boundary/end-point laws and the associated finite-window transfer specifications, and (b) a spatial
thermodynamic limit L — oo in an L-uniform KP corridor for local observables and the induced
boundary/transfer objects (Section I). We do not claim a full renormalised continuum Yang-Mills
theory on R* (or a Clay-style mass gap) beyond the time-axis OS/transfer framework, and we do
not address limits outside the strong-coupling corridor.

14.1 Uniformity requirements: the constants ledger

Throughout, t > 0, L > 0, and 0 € (0,t/2) are fixed, and Reg ranges over a family of regulators (e.g.
Fourier cutoff A — oo together with the fixed gauge-fixing regularisation scheme of Sections 4-11).
For each Reg we have:

 a boundary trace space H = Hgep (finite-dimensional) and a stationary boundary chain with

kernel KgReg) and invariant law 7(8°8) (Section 11);

e a Lyapunov function V(&eg) . H — [1,00) and geometric ergodicity constants for the boundary
chain (Sections 7-8);

-t
o a family of one-slab conditional interior measures QZR’Sg and response objects _#; peg(b™,b7; A)
controlling endpoint derivatives of reduced observables (Sections 4-5);

o the stacked/DLR Euclidean measure P{Reg and transfer operator TgReg) on L2(r(Re8)) (Sec-
tions 11 and 13).

The regulator-uniform conclusions require uniform bounds on the following quantities.

Assumption 14.1 (Uniform constants ledger). There exist constants
C* € (0700)7 P* € (0) 1)7 MV,* € (07 00)7 M/,*(taé) € (0) 00)7
such that for every regulator Reg:

(i) Uniform geometric ergodicity: the boundary chain satisfies the V-weighted geometric
ergodicity estimate (85) with

c®eg) < O p(Reg) < ps. (178)
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(ii) Uniform Lyapunov moment: the invariant law satisfies

r(Ree) (y(Ree)) < prpy, . (179)

(iii) Uniform response moment (interior support): for the response density _#; reg used in
Section 12,

sup sup  Eo o [l FtReg (b7 T Al S Mga(t:0): (180)
Reg bi,b"’EHReg t,Reg

Corollary 14.2 (Ledger constants in the Wilson lattice corridor). In the Wilson lattice regqulator
family of Theorem 2.14 (fized (t,L), UV refinement and auziliary truncations), the transfer-
side inputs in Assumption 14.1 that concern (a) cylindrical transfer-kernel contraction and (b)
transfer-side mLSI/L? mixing hold with constants provided by Corollary 2.29 (Appendix F) and
Corollary 2.25 (Appendices G-H), respectively. Moreover, at each fized requlator the density condition
Assumption 13.11 holds under the mild sufficient hypothesis of Lemma 13.13 (e.g. a strictly positive
C' density with respect to Lebesque/Haar in a finite-dimensional realisation). If, in addition, the
uniform response moment bound Assumption 12.6 holds in this lattice corridor for the class of bulk
observables under consideration, then the remaining response constants in Assumption 1.1 are
available and the full conclusion package of Theorem 14.8 applies.

Remark 14.3 (What is not assumed here). Assumption 14.1 does not assume any regulator-uniform
control of:

o spatial infinite-volume limits L — oo (except for the strong-coupling/KP corridor result of
Section I);

o renormalised continuum limits beyond the chosen regulator scheme;

« OS reconstruction in the full R* sense (only the Euclidean time-axis transfer-operator OS
structure is used here);

o gauge-fixing independence.

It is a statement about uniformity within the regulated slab-and-transfer setup of this paper.

14.2 Regulator-uniform exponential clustering for gauge-invariant observables

Recall the gauge-invariant admissible class Obs; 5P (Definition 12.3) and the connected two-point

Schwinger function SG%'(n) (Definition 12.10).

Theorem 14.4 (Uniform two-point clustering for gauge-invariant slab observables). Fixzt > 0, L > 0

and ¢ € (0,t/2). Assume Assumption 14.1. Then for every regulator Reg, every O, P € Dbsiegnp

(defined on X! ). and every integer n > 2,

t,Reg
conn,(Re 2||P ooM * t,5 _
SRS ()] < O maf AN MAED) oy Ve prtan. sy
Equivalently, writing s = nt and m, = |log p.|/t,
\S&Ig’(Reg)(nﬂ < Copx(t,0) exp(—mys), (182)
e 2/ Plloc M 5. (1,0)
Copult:d) = [Ofloe max{ ==L 9Pl | Cupy ! My (183)

In particular, the decay rate m, and the constants in (182) are independent of Reg.
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Proof. Theorem 12.11 holds for each fixed regulator with constants (C(Re8) p(Reg)) r(Reg) (1 (Reg))
and M(;eg) (t,0). Under Assumption 14.1, these quantities are uniformly bounded by (C., p«), My,

and M y .(t, ) respectively. Substituting these bounds into (151) yields (181). The exponential-in-s
form (182) follows exactly as in the proof of Theorem 12.11. O

Corollary 14.5 (Uniform clustering for Wilson loops). Under the assumptions of Theorem 14.4, for
any loops 9,71 C St(st) and unitary representations oy, 01 of G, the Wilson-loop connected Schwinger

function satisfies, for all n > 2,

2M g .(t,0)

|Covg§eg) Wbl winl
o

Howeor Wane)| < maX{

L2} Cupl ™t My,
using ||[Wy,olloo < 1.

14.3 Regulator-uniform transfer-operator gap

We now record the corresponding uniform spectral inclusion for the Euclidean-time transfer operator.
For each regulator, TEReg) is a self-adjoint contraction on L?(7(Re8)) (Section 11) with eigenvalue 1
corresponding to constants.

To formulate a uniform gap statement, we require the density hypothesis (Assumption 13.11)

regulator-by-regulator. Since Hgreg varies with Reg, we record it as a uniform assumption.

Assumption 14.6 (Uniform density of bounded d-Lipschitz functions). For each regulator Reg,
bounded d-Lipschitz functions on Hgeg are dense in L?(r(Re8)),

Re
)

Theorem 14.7 (Uniform spectral gap bound for T . Fiz t > 0 and assume Assumptions 14.1

and 14.6. Then for every regulator Reg,

Re

(T 2 pinenry) C [ ps] (184)

FEquivalently,

Re
sup{[Al: A € o(TH¥)\ (1)} < p., (185)
uniformly in Reg, and the associated Euclidean mass parameter satisfies the uniform lower bound
log p« 1 e

_— Oim < —;10g<sup{\)\]: e a(T)\ {13}). (186)

Proof. Apply Theorem 13.19 for each fixed regulator, using the mixing constants C'(Reg) p(Reg)
and the Lyapunov moment bound 7(8&) (V/(Reg))  The proof of Theorem 13.19 uses only: (i) the
geometric covariance decay estimate for bounded d-Lipschitz functions with constants (C (Reg) p(Reg)),
(ii) finiteness of (&) (V/(Ree)) and (iii) density of bounded d-Lipschitz functions in L?(r(Re2)).
Assumptions 14.1 and 14.6 ensure these hypotheses hold uniformly and with p(®8) < p,. Hence
U(TgReg)\Lg) C [—p®ee) pReg)]  [—p,. p,], which is (184). The equivalent formulations (185) and
(186) follow exactly as in Theorem 13.19. O

14.4 Main theorem of this paper: what survives uniformly and what is not
claimed

We now package the regulator-uniform conclusions in a single statement. To keep scope disciplined,
the theorem is stated entirely within the regulated slab/transfer-operator framework developed
above.
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Theorem 14.8 (Regulator-uniform Euclidean-time exponential clustering and transfer gap). Fiz
t>0,L>0andd e (0,t/2). Assume Assumption 14.1. Then for each regulator Reg, the bi-infinite
Euclidean-time DLR measure Pig,, (Section 11) and the associated self-adjoint transfer operator

TgReg) on L?(n(Re)) are well-defined, and the following hold:

(i) (Uniform time clustering for gauge-invariant observables) For all O, P € Dbsiegnp

and all n > 2, the connected two-point Schwinger function satisfies (181)—(182), with décay
rate m, = |log ps|/t and prefactor Co p «(t,0) independent of Reg.

(ii) (OS time-axis reconstruction) The time reflection © induces a reflection-positive OS Hilbert
space ’Hg‘g (Section 13), which embeds isometrically into LQ(W(Reg)) via D, and the Euclidean

time translation by one slab corresponds to TgReg).

(iii) (Uniform transfer-operator gap, conditional on density) If, in addition, Assump-

tion 14.6 holds, then the nontrivial spectrum of TgReg) is uniformly bounded by p, as in (184),
hence the transfer-operator mass parameter satisfies (186).

Remark 14.9 (Interpretation and limitations). Theorem 14.8 is an Fuclidean-time statement for
a regulated slab construction: it provides regulator-uniform exponential clustering for a concrete
class of bounded gauge-invariant interior-supported cylinder slab observables (namely Dbs,%"?)
supported away from time boundaries, and the corresponding uniform spectral gap bound for the
Euclidean-time transfer operator (under a density hypothesis).

The theorem does not claim:

e convergence of PRes 88 Reg — oo without an additional projective/tightness input (see
Subsection 14.5);

« existence of a continuum, renormalised R* Euclidean Yang-Mills measure;

o spatial infinite-volume limits outside the KP corridor (Section I constructs L — oo within an
L-uniform corridor for local observables), or Wilson-loop area laws;

e uniqueness of a reconstructed Minkowski theory beyond the time-axis transfer framework.

These are separate analytical problems. The purpose of the present paper is to make the Harris-
mizing-to-time-axis exponential clustering engine auditable and to isolate the precise uniform
estimates required for any further limiting procedure.

14.5 A UV-refinement limit step at fixed (¢, L)

The results of this paper are formulated at a fixed regulator Reg (fixed ultraviolet cutoff/refinement
and any auxiliary truncations), with quantitative bounds that are uniform under UV refinement at
fixed (¢, L). One may ask for at least one genuine limiting construction within the scope used here.
We therefore record a minimal UV-limit step that is sufficient for the window-level (cylindrical)
transfer/OS mechanism driven by Appendix F.

Setup. Fix (¢,L) and a cofinal UV-refinement sequence (Reg,,)n>0 (for example, lattice spacing
an J 0 or cutoff A, 1 oo) within the same finite slab geometry. For each n, let 7, be the one-boundary
law and v, the two-boundary endpoint law, so that v, (dbg, db1) = 7, (dbo) Ky n(bo,db1) defines the
transfer kernel K, by disintegration.

Fix a finite window W of boundary degrees of freedom that is stable along the refinement
sequence, in the following sense: there exists a compact metric space Xy and, for all sufficiently
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large n, a continuous map H%) : Xpn — Xy (a coordinate restriction, block variable, or any fixed

finite observable map) such that all W—cylindrical observables of interest factor through Hw).
Define the projected laws on the fixed compact space Xy by

W o= (H%))#ﬂ'n, A (HS;) X H%,‘T;))#I/n.

Proposition 14.10 (Window-level UV-limit along a subsequence). For each fized window W,

the family {m)V : n > no(W)} is tight on Xy and hence relatively compact for weak convergence.

Likewise, {v)V : n > ng(W)} is tight on Xy x Xyr. Consequently, for every refinement sequence

(Reg,,) there exists a subsequence (n;) and probability measures 7% on Xy and v on Xw x Xy
such that
ng/' = WOWO/, VZ]V = 1/0‘2/, Jj — oo.

Moreover, since Xy is a standard Borel space, VOVX admits a regqular conditional distribution, i.e.
there exists a kernel K{¥, on Xy such that vY (dbo,dby) = 7 (dbo) K{¥, (bo, dby).

Proof. Because Xy is compact metric, every family of probability measures on Xy (and on Xy X Xyyr)
is tight. By Prokhorov’s theorem this implies relative compactness for weak convergence, hence the

existence of a convergent subsequence for 7V and for v}V Existence of a disintegration kernel KK;O
w

for v}

with respect to its first marginal is standard on compact metric spaces. ]
Passing uniform window estimates to the limit. If Appendix F provides a projected Doeblin
minorisation on W with constants uniform in n (at fixed (¢, L)), then the same minorisation holds for
the limiting endpoint law vV and kernel Kt”go by weak convergence and the Portmanteau theorem.
In particular, any window-level geometric contraction and the resulting time-axis exponential
clustering bounds for W—cylindrical observables persist along the UV-limit subsequence produced
above. This is a genuine (though window-level and subsequential) UV-refinement limit construction
within the scope of the present manuscript: it produces limiting objects for the class of observables
for which the paper proves uniform transfer/OS estimates, without claiming a full continuum or
L — oo theory.

14.6 On charts and global derivatives in the Wilson corridor

In the Wilson lattice specialization with compact gauge group G, no auxiliary “small-field”/chart
cutoff is required: the configuration space is compact and the local plaquette potentials are
smooth globally. All derivative bounds in the KP/cluster-expansion corridor can be formulated
using left /right-invariant directional derivatives on G, so the corridor results in Sections G-H and
Appendix H are stated and proved without restricting plaquettes to a chart ball.

14.7 How the KP corridor threshold depends on t and L

The KP corridor requires 0 < 8 < B, (t,L). Most results in the paper are stated for fixed (¢, L);
however Section I proves a thermodynamic-limit result L — oo within an L-uniform corridor
0 < B < B(t). It is also useful to note how the corridor threshold behaves as ¢ and L vary.

From the semiconvexity requirement in Theorem 2.23 and the KP Hessian bound (219), a
necessary condition is

2
CHess(taL)ﬁ < Za
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so one may always take
2

B*(t’ L) é t CHess(ta L) '

Thus, unless Ciess(t, L) decays in t, the corridor typically shrinks at least like t~! as t — oo
(equivalently, in terms of g, one requires g > 1/ 2). For L — oo, maintaining a nontrivial corridor
would require that the KP majorant and polymer-counting constants entering Appendix H are
uniform in volume (a genuine infinite-volume cluster-expansion input). Outside the L-uniform
corridor, this paper does not address that regime; within an L-uniform strong-coupling corridor the
thermodynamic limit L — oo is constructed in Section I. The estimates in the fixed-(t, L) corridor
are uniform only in UV refinement and auxiliary truncations.

14.8 Relationship to the standard OS axioms

OS axioms in brief. In the classical OS framework, one starts with a Euclidean field theory
specified by a family of Schwinger functions (or, equivalently, a probability measure on a suitable
space of distributions), and imposes a collection of axioms including Euclidean invariance, reflection
positivity, symmetry, and regularity /growth conditions. These axioms ensure reconstruction of
a Wightman theory with a Hilbert space, a vacuum vector, and a unitary representation of the
Poincaré group, together with a positive energy condition. Exponential clustering of Schwinger
functions in Euclidean time is then linked to a positive mass gap.

What is implemented here. The present paper constructs and uses a time-axis version of the
OS machinery adapted to a slab decomposition. The reconstruction carried out in Section 13 uses:

e Reflection positivity in Euclidean time: a reflection map © about the time-0 slice
(Definition 13.1) and positivity of the pairing Eo[F (OF)] for F in a positive-time cylinder
algebra (Theorem 13.6). This is the OS reflection-positivity axiom specialised to the time
direction and to a cylinder algebra naturally adapted to a transfer-operator setting.

o Time translation invariance: stationarity of the stacked/DLR measure under the slab shift
S, which yields a well-defined time translation operator 7 on the reconstructed Hilbert space.

e A concrete transfer operator: identification of 7 with the Markov transfer operator T; on
L?(7) (Proposition 13.9), where 7 is the stationary boundary trace law induced by the slab
weight.

Within this setting, “OS reconstruction” is not merely an abstract existence theorem: it is an
explicit and checkable representation of Euclidean time translations by an operator acting on L?(7),
via the map F +— ®gyp(F).

time-axis exponential clustering as a clustering property (time-axis version). The
label time-axis exponential clustering is used here in the constructive-QFT sense of a quantitative
clustering/ergodicity condition along Euclidean time translations (i.e. the OS clustering axiom
restricted to the time direction, at regulator level). What is proved is a family of exponential
covariance bounds for (a) boundary observables (Section 9), and (b) gauge-invariant slab observables
supported away from time boundaries (Section 12), both with explicit dependence on the constants
ledger. This is the kind of statement needed in constructive approaches where one aims to control
long-time correlations uniformly across regulators and then interpret the decay rate as a mass
parameter in the time-axis transfer sense.
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Compatibility with the full OS axioms. Nothing in the paper contradicts the standard OS
framework. Rather, the paper works in a deliberately restricted direction: it focuses on reflection
positivity and translation/clustering in one Euclidean direction (time), leaving other Euclidean
symmetries and continuum regularity issues outside the scope. From the OS perspective, the results
verify a substantial fragment of the axiomatics at regulator level: reflection positivity in the time
direction together with quantitative (time-axis) clustering for a robust class of observables.

14.9 Relationship to constructive QFT practice

Why a slab/transfer picture is natural. In many constructive and probabilistic approaches,
one exploits a Euclidean-time decomposition to obtain an operator-theoretic description: finite-time
Euclidean weights produce a transfer operator, and reflection positivity ensures that this operator is
realised on a physical Hilbert space. In lattice or continuum regularised settings, this is the technical
bridge between Euclidean probability and quantum Hamiltonians.

The present paper follows this paradigm, but with two emphases:

(i) Quantitative ergodicity as a primary input. Rather than attempting to prove clustering
directly by multiscale expansion of Schwinger functions, the paper routes through a Harris-type
drift /minorisation mechanism for a boundary Markov chain. This is designed to be robust
under regulator changes and to yield explicit geometric rates.

(ii) Auditability of endpoint dependence. For slab observables, the main technical work is
to control how interior expectations depend on boundary data. This is captured by response
identities and moment bounds for the response density, allowing one to transport boundary
mixing into slab mixing with explicit constants.

This structure matches constructive methodology: isolate a small set of verifiable, regulator-robust
estimates and build long-distance physics (clustering, transfer-operator gaps) as a consequence.

Why bounded gauge-invariant observables. The clustering theorem in Section 12 is stated
for bounded gauge-invariant observables supported away from time boundaries. This choice is
deliberate. Boundedness ensures integrability without additional tail conditions. Interior support
enables quasi-local control of boundary influence via response kernels. Gauge invariance ensures the
observables are physically meaningful and avoids dependence on gauge-fixing details at the level of
observables. Within this class, the paper proves Euclidean-time clustering with explicit constants
and (under a density hypothesis) a corresponding transfer-operator gap.

Role of the “uniformity ledger.” Section 14 makes explicit that only a finite set of quantities
must be controlled uniformly in Reg: geometric ergodicity constants, a Lyapunov moment bound,
and response moments for interior-supported observables. This is typical constructive-QFT hygiene:
if a continuum limit is to be taken later, one must know exactly which estimates need to be stable.

14.10 What remains for a full continuum Euclidean theory

The results of this paper are formulated at fixed ¢ > 0 and fixed spatial torus T3 . They are therefore
best understood as uniform Fuclidean-time estimates for a family of requlated theories. To obtain a
full continuum Euclidean QFT on R* in the traditional sense, additional steps are required. We list
them cautiously, since the appropriate strategy depends on the regulator scheme.

80



(A) A continuum limit as Reg — oco. Theorems 14.4 and 14.7 provide uniform bounds, but
they do not by themselves produce a limiting measure. A continuum Euclidean measure would
require, for example:

o tightness (or another compactness mechanism) of the family of regulated measures on suitable
distribution spaces;

« an identification of the limiting object under the chosen regulator (e.g. projective consistency,
or another reconstruction mechanism);

o control of renormalisation and counterterms compatible with gauge symmetry (within the
chosen scheme).

None of these are attempted here. The point of the present paper is that if such a limit exists
along some subsequence, the uniform bounds would be available to pass to the limit and yield
Fuclidean-time clustering and a time-axis mass parameter in that limit.

(B) Spatial infinite volume and locality. Within the strong-coupling/KP corridor, we do
construct the spatial thermodynamic limit L — oo: Section I builds an infinite-volume slab
DLR state, the limiting boundary laws on finite windows, and the corresponding limiting transfer
specification, and it shows that the Euclidean-time clustering bounds for local observables persist
in this limit with constants uniform in L. Outside the KP corridor (or for a renormalised scaling
limit leading to a full Euclidean theory on R*), spatial infinite-volume control remains a separate
infrared problem.

(C) Full OS reconstruction and Euclidean invariance. OS reconstruction in the classical
sense uses reflection positivity and invariance in all Euclidean directions (together with regularity).
This paper performs reconstruction only in the Euclidean time direction and identifies the time
translation operator. To obtain a complete relativistic QFT, one would typically need:

« a family of Schwinger functions satisfying the OS axioms on R* (or a constructive substitute);
o sufficient regularity to reconstruct fields as operator-valued distributions;
o Euclidean invariance (rotations and translations) in the continuum limit.

The transfer-operator gap shown here is therefore best read as a time-axis spectral statement
compatible with, and potentially feeding into, a full OS reconstruction if the additional axioms can
be verified in a limiting theory.

(D) Interpreting m. as a physical mass gap. Within the slab/transfer framework, the quantity
my = |log ps|/t (Section 14) is a Euclidean-time decay rate for correlations and a bound on the
nontrivial spectrum of the transfer operator. In a full continuum theory, one usually identifies such
a decay rate with a relativistic mass gap using spectral representations and covariance. Here we
do not claim that identification beyond the transfer-operator context: the theorems guarantee a
Euclidean-time spectral separation above the vacuum within the reconstructed time-axis Hilbert
space. Whether this coincides with a relativistic mass gap in a continuum Minkowski theory depends
on the success of the additional steps above.
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14.11 Summary of scope

For ease of citation, we restate the scope of the main conclusions.

o At fixed regulator, the paper gives an explicit slab/transfer formulation of the Euclidean-time
theory and proves: (i) reflection positivity in time, (ii) exponential clustering for gauge-invariant
interior-supported bounded slab observables, and (iii) a transfer-operator spectral gap bound
corresponding to the clustering rate (under a mild density hypothesis for Route A; Route B in
the Wilson corridor uses the transfer L? gap directly).

e Under the uniformity assumptions made explicit in Section 14, these conclusions hold with
constants independent of Reg.

« The paper does not construct a continuum limit on R* and does not attempt a full OS
reconstruction on R*. Spatial infinite volume is treated only within the strong-coupling/KP
corridor: Section I constructs the thermodynamic limit L. — oo for the Wilson slab family
under an L-uniform corridor hypothesis. Outside that corridor, results are stated at fixed L.
Overall, the manuscript supplies a regulator-robust mechanism for Euclidean-time clustering
and a time-axis transfer-operator gap within regulated Yang—Mills slab setups.

This completes the paper’s main technical narrative: an auditable route from quantitative
Harris mixing to regulator-uniform Euclidean-time clustering and a corresponding transfer-operator
spectral gap bound for gauge-invariant observables.

A A Sobolev H' — L* embedding on the slab

A.1 Statement and norms

Let t > 0 and L > 0, and write
Si.r = 10,t] x T3, T3 = (R/LZ)3,

equipped with the product flat metric and volume measure dX = dxg dx.
For a (scalar) function u € H'(S; ) define

1/p
sy = (f, 1P ax)™ elBigs, = lallags, ) + 19uls,
where V = (0y, Oz, , Oy, Ozy). For R™-valued (or g-valued) functions, all norms are understood
componentwise using the fixed inner product.

Proposition A.1 (Uniform Sobolev embedding on S; ). Fiz t > 0 and assume L > 1. There

exists a constant Cg(t) < oo (independent of L and independent of any UV truncation) such that
for alluw € HY(S;.1),
lullacs, ) < Cs() ullmics, ) (187)

Corollary A.2 (Dirichlet-in-time variant). Fiz t > 0 and L > 1. There exists C4(t) < oo
independent of L such that for all u € H'(S;,) whose trace satisfies u(t,-) =0 on T% (in the H'/?
trace sense),

lullacs, ) < Cs) IVullras, .- (188)

82



A.2 A fixed partition of unity with uniform overlap

We construct a partition of unity by translates of a fixed bump function, with overlap bounds
independent of L (as long as L > 1).

Lemma A.3 (One-dimensional bump partition). There exists ¢ € C°((—2,2)) with 0 < ¢ < 1
such that
Z (e —m)=1 forall z € R, (189)
meZ

and such that sup,cg \w(j)(x)\ < oo for j =0,1. Moreover, each x € R belongs to the support of at
most Ny translates (- —m), where N1 is a fized integer independent of x.

Proof. Choose any nonnegative ¢ € C2°((—1,1)) with ¢ > 0 on (—1,1). Define Z(x) :=3",,c7 ¢(x—
m), which is smooth, strictly positive, and 1-periodic. Set ¢(x) = ¢(x)/Z(x). Then ¢ €
Cgo((ilv 1)) - Cgo((72a2))7 0< Q;Z) < ]-a and

> Yz —m) = ZmEZZSO((;; —m_y,

Uniform bounds on v and v’ follow from smoothness and periodicity of Z and the compact support
of . Finally, because 1 is supported in an interval of length < 4, at most N1 = 4 translates can
overlap at any point. O

We use Lemma A.3 in each coordinate.

Lemma A.4 (Product partition on the slab with uniform overlap). Fixt > 0 and L > 1. There
exists a finite index set T = I(t,L) and a family of functions {na}acz C C°°([0,t] x [0, L)3) such
that:

(1) 0< 0 <1 and Y qerna(X) =1 forall X € [0,t] x [0, L)3;
(ii) each ny is supported in a set of the form

3

Supp(na) C I, x H Ja,iv
i=1

where I, C R has length < 4 and each J,; C R has length < 4;

(iii) there exists an integer N, independent of (t, L) such that each point X € [0,t] x [0, L)> belongs
to the supports of at most N, of the functions nq;

(iv) there exists Cy, < oo independent of (t, L) such that

sup sup Vo (X)] < Cy. (190)
ac€Z Xe[0,t]x[0,L)3

Proof. Let 1 be as in Lemma A.3. On R x R3 define

Nmo,mi,ma,ms (20, T1, T2, £3) = (X0 — mo) Y(z1 — m1) P(xe — ma) P(x3 — m3), m € Z*.

Then },,c74 nm = 1 pointwise on R* by the product structure.
We now restrict to the fundamental domain [0,¢] x [0, L) representing S; 1 = [0,t] x T3 . Because
) has compact support, only finitely many indices m € Z* have supp(n,,) intersecting [0, ] x [0, L)3.
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Let Z(t,L) be the set of such indices and define 7, to be the restriction of 7, to [0,¢] x [0, L)?
for « = m € Z(t, L). Since at each point in [0,#] x [0, L)? only finitely many 7,, are nonzero, the
restricted family still satisfies 32,7 72 = 1 pointwise on [0,¢] x [0, L)*.

Properties (i)—(ii) are immediate from the construction. For (iii), note that in each coordinate,
at most N7 translates overlap at any point (Lemma A.3), so in 4 dimensions at most N, = Ni
products can overlap at any point. For (iv), V7, is a linear combination of products of ¢ and 1)/,
hence uniformly bounded by sup |¢| and sup [¢|, independently of (¢, L). O

A.3 Local Euclidean Sobolev on patches
We use the classical Sobolev embedding H'(R*) < L*(R*) for compactly supported functions.

Theorem A.5 (Sobolev on R*). There exists Cra < 0o such that for all v € H*(R*) with compact
support,

[l Laray < Cra ||Vl g1 (way- (191)
Proof. This is the classical Sobolev embedding in the critical case n = 4, p = 4. A proof can be
found, for example, in standard texts on Sobolev spaces and elliptic PDE [1, 2]. O

We also need a simple product estimate for H' norms of cutoff functions.

Lemma A.6 (Cutoff product estimate). Let n € W1°(R%) and u € HY(R*). Then nu € H'(R?)
and

Inull mrrmay < lInllzee lull g gey + V0l oo [lull p2ra)- (192)
Proof. Since n € W1 multiplication by n maps L? to L? boundedly and maps Vu to nVu in L?.
Moreover, V(nu) = (Vn)u + nVu in the sense of distributions. Thus

Inullr> < lnllecllullzz, IVl < IVallcollull 2 + [1nlloo [ Vull L2,

which gives (192). O

A.4 Proof of Proposition A.1

Proof of Proposition A.1. Let {ns}acz be the partition of unity from Lemma A.4. We identify
Sy = [0, x T3 with the fundamental domain [0,¢] x [0, L) for the purpose of computing LP and
H'! norms.

Let Eyr, : H'([0,t] x [0,L)3) — H'(R?*) be a bounded extension operator for the rectangular
box. Write

| Et,Lfll ey < Cext (8) [ £l (0, x[0,2)%)+

with Cext(t) < oo independent of L (and independent of any UV truncation).
For each «, apply Theorem A.5 to the compactly supported function Ej r,(n,u):

1naullpacs, ) < 1L (aw)||La@sy < Crs 1B (naw) || a1ty < CraCext(t) [nattllmr(s, ). (193)

Step 1: reduce ||u|| 4 to patch norms. At each X € S; 1, at most N, of the n,(X) are nonzero
(Lemma A.4(iii)). Thus, using (3°7, aj)t <m? > a;* for nonnegative a;,

WO = [ na(X0u(x)] < NS na(X)u(x)[. (194)
a€l a€l
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Integrating (194) over S; 1, gives

lulldags, ) < N2 lnaulbacs, ). (195)
o€l

Step 2: apply Sobolev on each patch.
By (193),

4
1naullza¢s, ;) < (CraCext(t))” Inaull i (s, ,)-
Insert this into (195):

lull 2as, ) < N2 (CraCexe(t) NS Mnatll (Se.0)" (196)
a€el

Step 3: replace the sum of fourth powers by the square of the sum of squares.
For nonnegative numbers aq, 3, a2 < (3, ao)?. Apply this with a, = HnauH%p(St )

2
> Imaullirgs, ) < (X Inaullng, ,)) - (197)
o€l a€l

Step 4: bound Y, [[naull?: by [ul|%:. First, for the L? part:

> atlags, = [ Xm0 )R dX < [ (X na(0) ()R 4X = [ulfa, .

a€l StL aer tLL el

since 0 < 1, < 1 implies 2 < 7y and 3, 70 = 1.
For the gradient part, use V(n,u) = 1oVt + (Vs )u and (a + b)? < 2a? + 2b2:

IV(naw) 172 < 2lnaVulliz + 2/1(Via)ulZs-

Summing over « and using finite overlap gives

S e Vullaqs, = [, 3 (X [VuXOP dX < [Vulsgs, )

tLa

and
Y 1(Vna)ulliags, ) < Co Nellulfags, )

using Lemma A.4(iii) and (190). Therefore,

Y lnaullFigs, ) < lulle + 21 Vullfz + 205 N ||ull72
a€el

< Cpu [lullFrs, ,): (198)

where Cpy = max{1l + ZCgN*, 2} depends only on the fixed bump v (hence universal).

Step 5: conclude.
Combine (196), (197), and (198):

4
lulldags, ) < N2 (CosCo(8)) Ciy llullpags, -
Taking fourth roots yields (187) with
Os(t) = N2/ s Cona (1) G-

This constant is independent of L and independent of any UV truncation. O
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A.5 Proof of Corollary A.2

We use a one-dimensional Poincaré inequality in the time direction.

Lemma A.7 (Poincaré inequality in time). Let u € H'(S; ) have trace u(t,-) =0 on T3 . Then
lullrzes, ) < thdoullrzs, ) < tIVullrzs, ,)- (199)

Proof. By the trace theorem, the condition u(t¢,-) = 0 implies that for almost every = € ’]I‘?i, the
function xg + u(zg, ) lies in H'(0,¢) and satisfies u(¢, ) = 0. Hence for a.e. (z9,z),

t
u(zg, z) = —/ dou(s, ) ds.
o
By Cauchy—Schwarz,
t t
ulao ) < (¢ = 20) [ [ovu(sa)? ds <t [ [ovu(s,o)f? ds
oTs) 0
Integrate over xg € [0,t] and x € T3 :
/ lul? dX < t2/ |Oou|? dX,
St,L tL
which is (199). The final inequality follows from |9yu| < |Vu| pointwise. O

Proof of Corollary A.2. Apply Proposition A.1 and then Lemma A.7:

lullzags, ) < Cs(®)(lullp2(s, 1) + IVullzags, ) < Cs)(1 +1) [Vl g2, ,)-

Thus (188) holds with Cg(t) = Cs(t)(1 +¢). O

B Disintegration, conditional expectations, and monotone-class
tools

This appendix records measure-theoretic lemmas used (sometimes implicitly) in Sections 11-13. All
objects in the main text live on finite-dimensional Euclidean spaces with their Borel o-algebras,
hence are standard Borel spaces; in particular, regular conditional probabilities and disintegrations
exist.

B.1 Standard Borel spaces and kernels

A standard Borel space is a measurable space isomorphic (as a measurable space) to a Borel subset
of a Polish space. Every finite-dimensional Euclidean space with its Borel o-algebra is standard
Borel, and finite products of standard Borel spaces are standard Borel.

A (Markov) kernel from (X,Bx) to (Y,By) is a map K : X x By — [0, 1] such that: (i) for
each z € X; A — K(z,A) is a probability measure on Y; (ii) for each A € By, = — K(z,A) is
Bx-measurable. We write K (z, dy) for the associated probability measure.
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B.2 Disintegration / regular conditional probabilities

Lemma B.1 (Disintegration of a finite measure). Let (X, Bx) and (Y, By) be standard Borel spaces,
and let p be a finite measure on X X Y. Let ux denote the X-marginal of . Then there exists a
kernel K(x, dy) on Y such that

p(dz, dy) = px(dz) K(z, dy), (200)

in the sense that for every bounded measurable ¢ : X XY — R,
| e wutde ay) = [ ([ o) K, dy)) (o). (201)
XxY XY

Moreover, K is px-a.s. unique: if K' also satisfies (201), then K(z,-) = K'(x,-) for ux-a.e. x.

Proof. This is the standard disintegration theorem / existence of regular conditional probabilities
on standard Borel spaces. Since all spaces in the paper are finite-dimensional Euclidean (hence
standard Borel), the hypotheses are met.

For references, see e.g. Bogachev [23] or Kallenberg [24]. Uniqueness px-a.s. follows by testing
against indicator functions of sets in By and using a 7-A argument. O

Remark B.2 (Interpretation as a conditional law). If (X,Y) is an X x Y-valued random element with
law /(X x Y), then K(z,-) can be taken as a version of the conditional law of Y given X = z,
and (201) is precisely the tower/conditioning identity.

B.3 Iterated conditioning for Markov kernels

The next lemma is a convenient encapsulation of iterated conditioning for a Markov chain, used
repeatedly when expressing stacked expectations as repeated integrals against the transfer kernel.

Lemma B.3 (Kernel iteration and conditional expectation). Let K be a Markov kernel on a
standard Borel space H and let (By)n>0 be a Markov chain with transition kernel K. For any
bounded measurable g : H — C and any n € N,

Elg(Bn)|Bo] = (T"9)(Bo),  (Tg)(d) iz/Hg(b') K(b, db'). (202)

If 7 is an invariant probability for K and By ~ =, then for all f,g € L*(r),

Ex [f(BO) g(Bn)] = <f7 Tng>L2(7r)‘ (203)

Proof. For n = 1, (202) is the definition of conditional expectation under the Markov property:
Elg(B1)| By = b = [g(b)K(b, db') = (Tg)(b). Assume (202) holds for n. Then by the tower
property and the Markov property,

Elg(Bn+1) | Bo] = E[E[g(Bnt1) | Bi]| Bo] = E[(T"g)(B1) | Bo] = (T(T"9))(Bo) = (T""'g)(Bo),

proving (202) for all n by induction. If By ~ 7, then

Ex[f(Bo) 9(Bn)] = Ex[f(Bo) Elg(Bn) | Bo]] = Ex[f(Bo) (T"9)(Bo)] = (£, T"9) L2(x),

which is (203). ]
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B.4 Monotone class: extending identities from factorised cylinders

We use the following functional monotone class lemma to justify proofs that first treat factorised
cylinder functions and then extend to all bounded measurable functions.

Lemma B.4 (Functional monotone class lemma). Let (2, F) be a measurable space. Let A C
L>(Q, F;R) be an algebra of bounded measurable functions (i.e. closed under pointwise products
and linear combinations) that generates F as a o-algebra:

o(A) = F.
Let M C L*®(Q, F;R) be a vector space of bounded measurable functions such that:
(i) ACM;

(ii) M is closed under bounded monotone limits: if 0 < f, 1 f pointwise with sup,, || fnllco < 00
and each f, € M, then f € M.

Then M = L>*(Q, F;R).

Proof. Define
C={AeF:1p0e M}

We claim that C is a Dynkin system (a A-system):
(a) Q €C because 1g=1€ A C M.
(b) If A € C, then A° € C because 14c =1 — 14 and M is a vector space.

(c) If Ay, Ag,--- € C are disjoint, then |J,, A, € C because the partial sums sy = 25:1 14, belong
to M and satisfy 0 < sy 1 1y, 4,,, so closure under bounded monotone limits gives 1y, 4, € M.

Hence C is a A-system.
Next, let
P={AcF:1p0€ A}

Because A is an algebra, P is a m-system: if A, B € P, then 1pnp = 14lp € A, s0 ANB € P.
Also o(P) = 0(A) = F by assumption.

Moreover, P C C because A C M implies 14 € M. By the m-A theorem, C contains o(P) = F,
hence 14 € M for all A € F.

Finally, every bounded measurable function f can be uniformly approximated by finite linear
combinations of indicators of measurable sets (simple functions). Since M is a vector space
containing all indicators and is closed under bounded monotone limits, it contains all bounded
measurable functions (write f = f* — f~ and approximate f* by increasing simple functions).
Thus M = L*(Q, F;R). O

B.5 Conditional independence via factorisation of conditional expectations

The following lemma provides a concise criterion for conditional independence that we use when
splitting the stacked field into past and future halves given the boundary trace at time 0.
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Lemma B.5 (Factorisation criterion for conditional independence). Let (2, F,IP) be a probability
space and let G C F be a sub-c-algebra. Let Xq,...,X, be random elements taking values in
standard Borel spaces. Assume that for every choice of bounded measurable functions fi,

[H (X3) \g} - H [fe(Xp)|G]  P-as. (204)
Then (X1,...,X,) are conditionally independent given G, i.e. for all measurable sets Ay,
P(X1 € Ar,.... Xn € Ay |G) = [[P(Xi € Ak |G)  P-as. (205)
k=1

Proof. Fix measurable sets Ay and set fi, = 14, in (204). Then (204) becomes exactly (205). Thus
the joint conditional law factors on rectangles. Because the X} take values in standard Borel
spaces, the collection of measurable rectangles {A; x --- x A, } is a m-system generating the product
o-algebra. A standard -\ argument extends the factorisation from rectangles to the whole product
o-algebra, yielding conditional independence. O

C Gauge-invariant observables: Wilson loops and bounded curva-
ture functionals

This appendix records self-contained proofs of the elementary properties used in Section 12: bound-
edness and gauge invariance of the example observables. All statements hold at fixed regulator,
where fields are smooth enough for the ODE definition of holonomy.

C.1 Holonomy transforms by conjugation

Lemma C.1 (Gauge transformation of holonomy). Let v be a piecewise C' path and let A be a
(regulated) connection one-form. For a gauge transform g, the parallel transport satisfies

Uy,as(s) = g(4(5)) ™" Un,a(s) g(7(0)).
In particular, for a closed loop v(1) = ~(0),
Hol, (A%) = g(7(0))~" Hol,(A4) g(7(0)).

Proof. Differentiate the candidate right-hand side and use the defining ODE for U, 4 and the
transformation rule A9 = Ad;-1A + g~ 'dg. Uniqueness of solutions to linear ODEs implies the
identity. O
C.2 Wilson loops are bounded and gauge-invariant

Lemma C.2 (Boundedness and gauge invariance of Wilson loops). For a unitary representation

0:G —U(d,) and a closed loop ~y, the Wilson loop (see e.g. [46, 49, 50, 52])

Wy o(A) = dlgTr o(Hol,(A))

satisfies Wy o(A)| < 1 for all A and is gauge-invariant.

Proof. Boundedness follows from |Tr(U)| < d, for unitary U. Gauge invariance follows from
Lemma C.1 and the conjugation invariance of the trace. O
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C.3 Curvature-energy observables

Lemma C.3 (Gauge invariance of [ ¢ (F, F)). Let ¢ be a scalar test function and define

Eo(A) = [ 6(a) (Fu(A) @), Fyu(A)(@)g d.
Then E4(A9) = E4(A) for all gauge transforms g. Consequently, for bounded measurable ¥, the
observable W(E4(A)) is gauge-invariant and bounded.

Proof. Use F(AY) = Ad,-1F'(A) and Ad-invariance of the inner product on g. O

D A spectral lemma: exponential correlation decay implies spec-
tral support

This appendix isolates the spectral-measure argument used in Section 13 to convert exponential

decay of even-time correlations into a spectral inclusion for a self-adjoint contraction (cf. [42]).

Lemma D.1 (Decay of even powers forces spectral support). Let T be a self-adjoint contraction
on a Hilbert space H, with spectral resolution E(-). For f € H, define pug(A) = (f,E(A)f). Assume
there exist p € (0,1) and Cy < oo such that

(£, T*"f) < Cyp*" for all n € N.
Then iy is supported in [—p, p|.

Proof. If pg({|A| > p}) > 0, then for some € > 0, ps({|\| > p+¢€}) > 0. Using the spectral
representation (f, T?"f) = [ A" us(d\) gives the lower bound

(., Tf) = (p+e)* u({IAl > p+€}),

which contradicts the assumed upper bound after dividing by p?* and letting n — oo. O

E Regulator-uniform weak Harris verification for the sampler

This appendix supplies the missing regulator-uniform inputs for Theorem 2.16. The point is to
avoid the dimension blow-up coming from the naive “Tr(I) = d” term in the finite-dimensional It6
computation for | Bsl|?.

We work in the abstract Wiener realisation (E,H, po ¢ Reg) fixed in Section 2.4, but the quanti-
tative estimates are expressed on the Cameron—Martin Hilbert space H: the low-mode projection is
taken in H, and the noise is realised so that the quadratic variation contributing to It6’s formula is
governed by a trace-class covariance with trace bounded uniformly in Reg.

E.1 Trace-class realisation of the cylindrical noise

Let it Reg : H < E be the abstract Wiener injection. In this appendix we work in a Hilbert
realisation of the ambient space E (e.g. a negative Sobolev space), so that the injection admits a
Hilbert adjoint @ ., : £ — H. Define the (trace-class) covariance operator on H

H R ; .
QiReg = TtReglt,Reg : H = H.

Let (Ws)s>0 be an H-valued QZ:[Rengiener process in the sense of [19]. All It6 computations below
are performed at the Galerkin level in H, where the quadratic variation is governed by Q#Reg.

90



Lemma E.1 (Uniform trace bound). There exists Tg(t) € (0,00), depending on t (and on the
chosen abstract Wiener realisation) but independent of Reg, such that

Tr(QfReg) = llitRregllfis < Te(t)  for all Reg.

Proof. Let (eg)r>1 be an orthonormal basis of H. Since Q;HReg = 7} Reglt,Reg:

Tr(Qfes) = Y (Qfegens k), = O litmegensinmeger) p = Y litmeserll} = lieegfs:
k>1 E>1 E>1

By hypothesis on the chosen Hilbert realisation E, supgeg ||is,reg||lfig < 00 at fixed ¢; denote this
supremum by T (). O

Remark E.2 (Concrete choice of E and the trace bound Tg(t)). Appendix E only needs a Hilbert
realisation of E for which the abstract Wiener injection i; reg : H < E is Hilbert—Schmidt with a
bound uniform in Reg. In concrete regulator schemes one can arrange this by working in a sufficiently
negative Sobolev topology and, if needed, including the natural spatial-volume normalisation in
the ambient norm. For instance, one may take E = H~"(T3) with r > 3/2 and equip E with an
L-dependent equivalent Hilbert norm such that

”it,Reg||2HS = Tr(QZ:lReg) = L_3 Z (1+|k‘2)_rv
ke(2r/L)Z3

which is finite for » > 3/2 and bounded uniformly in L > 1; any additional UV cutoff only reduces
the sum. Other negative-regularity choices lead to analogous uniform trace bounds.

E.2 Uniform drift (Lyapunov) bound
Write the sampler as the E-valued diffusion
dBs = —(Bs + VU; Reg(Bs)) ds + V2 dW,

where W is the realised ()—Wiener process and VU denotes the Cameron—Martin gradient. Let
V :'H — [1,00) be the quadratic Lyapunov function

V(a) = 1+ [l

The key input is the regulator-uniform one-sided growth bound (proved in the main body as
part of the structural package):

Lemma E.3 (Uniform one-sided growth). There exist constants Ki(t) € (0,00) and Ky(t) € [0,00),
independent of Reg, such that for all x € H,

(2, VU reg (@)1 < Ki(t) [Jz]l2 + Ko(t).
Proof. This is exactly Lemma 6.9 in Section 6. O

Lemma E.4 (Regulator-uniform Lyapunov drift). Fiz t > 0 and 7 > 0. There exist constants
A€ (0,1) and K < 0o, depending on (t,7) but independent of Reg, such that

(PV)(z) < A\V(z)+ K, xcH.
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Proof. Let (Bs)s>0 solve the sampler with By = x. In the present infinite-dimensional setting, this
identity is understood by Galerkin approximation (cf. e.g. [19, Ch. 4]): let IIx be the orthogonal
projection onto an N-dimensional subspace of H containing II,,,, and let BgN) = Iy B solve the
projected SDE driven by IIxWjs. Applying the standard finite-dimensional It6 formula to HB;N) 13,
produces the quadratic-variation term 2 Tr(II NQZ-,[RegH ~N), which is monotone in N and bounded by
2 Tr(QZ'fReg). Letting N — oo is justified as follows: the projected solutions B®Y) converge to B in
L3(©;C(]0,T);H)) for each T < oo by standard stability of finite-dimensional approximations of
globally well-posed SDEs. Moreover, since QZfReg is trace-class and Tr(II NQZ-,LRegH N) T Tr(QZfReg),
monotone convergence yields the quadratic-variation limit. Together with the Lyapunov bound
controlling the drift terms, one may pass to the limit in the It6 identity in expectation, yielding the
displayed formula with no appearance of dim(#).

d

gEIIBsH% = —2E||By||3 — 2E(Bs, VaU (Bs)) 1 + 2 Tr(Qffeg):

Apply Lemma E.3 and Lemma E.1, then Young’s inequality 2K7||z|| < ||x||*> + K?, to obtain

d
gEIIBSII% < —El|Bilf3, + (K1(8) + 2Ko(t) + 2T5(t)) = C(t).

Gronwall gives
E||B- |3 < e "llzll3 + C(t) (1 —e77),
hence
(PrV)(2) = 1+ E|| B3, < e (1 + [lz]3) + (1 = eT)(1 + C(1)).
This is the claimed drift inequality with A = ™7 and K = (1—e~7)(1+C(¢)), uniformly in Reg. [

E.3 Projected minorisation (full Girsanov + Gaussian lower bound)

Fix a finite-rank orthogonal projection II,, : H — H of rank m, chosen independently of Reg (e.g.
the first m spatial Fourier modes once A exceeds the corresponding threshold). Let Br = {x € H :
[zl < R}

Lemma E.5 (Projected minorisation on Bg). Fiz R > 0. There exist a time s, € (0,1], a radius
Ry > R, a constant € € (0, 1], and a probability measure v* on 11, H, all depending only on (t, R, m)
but independent of Reg, such that for all x € Bp,

()3 s, (z,-) = ev™(:).

Proof. We follow the standard three-step scheme: (i) compare the projected law to a projected OU
law by Girsanov with uniform Novikov, (ii) lower bound the projected OU density uniformly on a
ball, (iii) combine.

Step 1: uniform Girsanov lower bound on II,,*. Let Z; := II,,Bs and let Y, solve the
m-~dimensional OU SDE on II,,H,

dYy = —Yods +V2dW™, Yy =12,

with W™ an m-dimensional Brownian motion. Over the time interval [0,s,] and for initial
conditions = € Bp, the projected drift difference is bounded in L2([0, s,]) uniformly in Reg because
VU is Lipschitz on Br (Theorem 2.15) and II,,, has fixed finite rank. Choosing s, sufficiently small
(depending only on (¢, R, m)), Novikov’s condition holds uniformly and Girsanov’s theorem gives
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mutual absolute continuity of the laws of Z;, and Y, on II,,H with a Radon—Nikodym derivative
bounded below by exp{—C(t, R)} for some C(t, R) < oo independent of Reg.
Step 2: uniform Gaussian density lower bound. The law of Y, is the Gaussian N (m, Yoy (s«))
with s

my = e Iz, You(s«) = /0 22" du Iy, 5 = (1 — e 2%*) Ip,, %

Fix Ry = R+ 1 and define

t,m, R, = inf inf densit > 0,
Bultym, R, 54) = inf B nsityy, (z)

which is strictly positive since m, ranges over a compact set and Xoy(s,) is nondegenerate on
the fixed finite-dimensional space II,,,4. Let v* be the normalised restriction of N(0,Xor(s4)) to
Bpg, NI, H. Then P(Y;, € -) > B v*(+).

Step 3: conclusion. By the Girsanov lower bound from Step 1,
(Hm)#Ps* (z,") = e ¢tR) (Hm)#PsO*U(x7 ) > e ¢ R) B*(t, m, R, S*) V*(‘)'

Set € := e_C(t’R)ﬁ*(t, m, R, s,) to conclude. All constants are independent of Reg. O

E.4 Conclusion of Theorem 2.16

Proof of Theorem 2.16. Apply the weak Harris theorem (Theorem 7.11) to the one-step kernel P,
with drift from Lemma E.4 (applied at 7 = s,) and d-small set provided by Lemma E.5 (using
the bounded cost dy,, from Section 2 which controls II,,-displacement). This yields the geometric
contraction (8) and hence (9), with constants independent of Reg. O

F A finite-range lattice verification of the transfer-kernel contrac-
tion

This appendix verifies Assumption 2.18 in a concrete regulator family, without appealing to any
external large-scale construction. Scope and uniformity. Throughout this appendix, L > 0 and ¢t > 0

are fixed. The regulator tuple varies only through the ultraviolet refinement (e.g. lattice spacing
a | 0 or cutoff A 1 0o) and auxiliary finite-dimensional truncations, while the local interaction
structure is held fixed (Wilson-type plaquette terms with bounded range). The window W used for
the Doeblin minorisation is fixed in wnit lattice/block scale (so the number of degrees of freedom in
W is uniformly bounded), and “uniform in Reg” below refers to uniformity in this UV /refinement
parameter at fixed (¢, L).

The point is simple: for finite-range Euclidean-time updates (such as the time-layer conditional
resampling induced by a finite-range lattice slab specification), a fixed finite block of boundary
degrees of freedom has a conditional density that is uniformly bounded below. This gives a Doeblin
minorisation and hence geometric contraction for the associated transfer kernel.

F.1 A local Doeblin minorisation on a fixed window

Fix a finite set W of boundary degrees of freedom (e.g. a finite set of spatial links on a single
time-slice), and let IIy denote the corresponding coordinate projection.
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Lemma F.1 (Uniform local Doeblin lower bound on a fixed window). Consider a Wilson-type
finite-range lattice requlator family on the slab S with compact gauge group G and ultraviolet
refinement (e.g. lattice spacing a | 0) at fized (t,L). Let W be a fized finite set of boundary degrees of
freedom (fixed in lattice units across refinements), let Iy be the coordinate projection, and let Haaryy,
denote the normalised product Haar measure on GV . Then there exists ey = ew (B8,t,L,G) € (0,1),
independent of the UV refinement and auxiliary truncations, such that for all boundary configurations
b,

(HW)#Kt,Reg(ba') > ew HaarW(')' (206)

Moreover one may take

ew = exp{—2Mw(B)}, Mw (B8) < Nw B¢l (207)

where ¢ is the single-plaquette potential (including any finite-range local counterterms), ||¢llco < 00 is
its global supremum on G, and Ny < oo is the number of local action terms touching W (uniformly
bounded under refinement at fived window geometry).

Proof. Work at a fixed regulator level and suppress Reg from the notation. By definition, Ky(b,-) is
the endpoint-disintegration kernel obtained by integrating out bulk variables with density propor-
tional to exp{—S(U)} with respect to the product Haar reference. Projecting to the window W
yields a conditional density on u € G of the form

exp{—Sw (u;rest)}
Jow exp{—Sw (u/;rest) } Haary ( du’)’

p(u|rest) = (208)
where rest denotes all non-window variables and Sy (u;rest) is the sum of the finitely many local
action terms that depend on the window variables. Finite-range locality implies that only finitely
many plaquette/local terms contribute to Sy, and their number Ny depends only on the window
geometry (in lattice units), not on the UV refinement.

Because G is compact and the local potentials are continuous, each contributing local term
is globally bounded in absolute value by f||¢||oc, hence there exists My (8) < oo with My (8) <
Nw B|¢|loo such that

sup sup|Sw (u;rest)] < My (B).
ueGW rest

From (208) we obtain, for all u € GV,

— My
e
t) > =
plulrest) = Jow eMw Haary (du’) ¢

— oMy

Therefore p(- | rest) > e~2MW Haary(+), and integrating out the remaining variables preserves the
lower bound, yielding (206) with ey = e=2Mw, O

F.2 From local Doeblin to cylindrical contraction

Fix W and choose the “low-mode” projection II,, of Section 2 to coincide with Il . Since the
projected cost d,(u,v) = 1 A ndproj(u,v) is bounded by 1, we use the total-variation norm in the
convention

ln=viry = suw | [ fd(u=v),
I flleo<1

so that ||0; — dy||Tv = 2 for x # y. Define, for probability measures 1, v on By Reg,

WB;”(% v) = Wl,n((Hm)#:ua (Hm)#’/)v
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where Wy, is the Wasserstein distance on the (finite-dimensional) range of II,,, associated with the
bounded cost d;)(u,v) := 1 A1 dproj(u, v), where dpro;j is any fixed distance on the (finite-dimensional)
range of II,,, (in the Wilson track: product geodesic on G"). Since dy, <1, we have the elementary
domination by total variation on the projected space: for any two probability measures u,v on
Bt,Rega

Wi (1) < (1) = (o) - (209)
By Lemma F.1, (II,,) 4 K} Reg has a Doeblin minorisation with constant ey. A standard coupling
argument (or the elementary Doeblin contraction lemma) gives, for all n > 0 and all z, y,

H(Hm)#dw thReg B (Hm)#‘sth?RegHTv < 21 —ew)™

Combining this with (209) yields (10) with Cx = 2 and Ax = 1 — ey, uniformly in Reg.

G Transfer-side L? mixing in a small-3 / strong-coupling corridor

This appendix records the Wilson-intrinsic corridor mechanism used in Route B: a transfer-side L?
contraction for the Fuclidean one-slab transfer kernel Ky reg of Definition 2.7. In the Wilson lattice
track the boundary state space is the compact manifold By = G€ equipped with product Haar
reference. No Gaussian bridge decomposition, harmonic extension, Dirichlet-to-Neumann operator,
or additive linear structure is invoked.

Corridor regime. Fix ¢t > 0 and a spatial size L. Assume that the Wilson finite-range regula-
tor family satisfies the locality input Assumption H.2 (verified for Wilson lattice Yang—Mills in
Lemma H.4) and that the coupling lies in a high-temperature/KP corridor 0 < 8 < f,(t, L) in which
the polymer /cluster expansion of Appendix H converges uniformly in UV refinement at fixed (¢, L).

In this corridor, the cross-slab polymer mechanism of Section H.4 yields a Wilson contraction
constant gy (t, L) < 1 and the operator norm bound (225). This operator-theoretic contraction is
the only input from the corridor needed to deduce L? mixing and a transfer spectral gap for K Reg-

G.1 KP corridor output for the Wilson transfer

The next theorem packages the exact Wilson-side output of the KP /cluster-expansion corridor that
is used in the main theorem package.

Theorem G.1 (KP corridor: Wilson cross-slab contraction). Fiz t > 0 and L. There exists
Bx = Bi(t,L) > 0 such that for all regulators Reg in the Wilson finite-range family and all
0< B < By

(a) (KP corridor and uniform activity majorant.) The polymer activities and incompatibility graph
of Appendiz H satisfy the Kotecky—Preiss criterion uniformly in the UV refinement at fized
(t,L), so that all cluster expansions used there converge absolutely with regulator-uniform
bounds.

(b) (Cross-slab maximal correlation bound.) For the endpoint law K¢ Rreg (Definition 2.8) and
its marginal T Reg (Definition 2.4), Lemma H.8 provides constants Ceross(t, L) < oo and
Meross(t, L) > 0 such that for all f = f(b7) € L*(mReg) and g = g(b*) € L?(m Reg) with
Eﬂt,Regf = Eﬂ't,Regg =0,

|CoVi, o (FO7), g0 N < aqw (L) 1f ]| 22(my o) 190 2 meg)s W (£ L) < Cerosse ™Mot < 1,
(210)
uniformly in UV refinement at fized (t,L).
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(¢) (Transfer operator norm contraction.) Corollary H.9 yields the mean-zero L? operator norm
bound

Kt Reg | 22 (r, o) L2 (rimeg) < W (5 L) < 1, (211)
uniformly in UV refinement at fized (t,L).

Proof. Ttem (a) is the KP verification package in Appendix H (Theorem H.1 together with Lemma H.6
and Lemma H.5). Item (b) is Lemma H.8 and item (c) is Corollary H.9. O

G.2 Uniform L? mixing and a transfer gap in the corridor

Corollary G.2 (Uniform transfer L? mixing in the corridor). Fiz t > 0 and L and assume
0 < B < Blt, L) lies in the KP corridor of Theorem G.1. Then for every regulator Reg and every

f € Lg(ﬂ-t,Reg);
1K Regf — TtReg(F)|L2(mmeg) < AW (L) | f = Tt Reg ()l L2(mypee): VR EN, (212)

with the same qw (t, L) < 1 as in (211), uniformly in UV refinement at fized (t,L). In particular,
since Ky Reg 15 Teversible with respect to Ty reg (Proposition 11.7), its discrete-time L? spectral gap
on mean-zero functions satisfies

gapr2(KiReg) > 1—qw(t,L) > 0. (213)

Proof. By Corollary H.9, K; Reg is a contraction on Lg(ﬂuReg) with operator norm at most gy (¢, L).
Iterating the bound gives (212). Because K Rreg is reversible, it acts as a self-adjoint contraction on
L*(m¢ Reg), and therefore sup{\: X € Spec(Kt,Reg\Lg)} < HKt7RegHLg—>Lg < qw (t, L). This implies
(213). O

H Kotecky—Preiss polymer expansion for the corridor bounds

This appendix proves Theorem G.1. We isolate the exact output needed for the main paper:
uniform C? bounds on the boundary effective interaction and a Wilson-intrinsic cross-slab maximal-
correlation /transfer-contraction bound.

H.1 Abstract polymer expansion and the KP criterion

Let P be a collection of finite “polymers” (finite subsets of a countable set), with an incompatibility
relation v % 4/ (typically: overlap in space-time). Given activities w(y) € C, define the formal

partition function
z:= > Jlw
I' compatible ~eI

where the sum runs over finite compatible families.
Fix a weight a : P — [0,00). The Kotecky—Preiss condition is

1 N1 ()
sup — E w(y')|e < 1. 214
vep a(7) ~ 47’ e (214)

96



Theorem H.1 (KP cluster expansion). Assume (214). Then Z # 0 and log Z admits an absolutely
convergent cluster expansion

logZ = Z o(T) Hw(’Y)

I" connected yel’

where the sum runs over finite connected clusters and ¢(I') are the Ursell coefficients (see e.qg.
[72, 78]). Moreover, for every vy € P,

> oM@ I lwM)I < alvo), (215)

I'>7v0 vel

and all derivatives of log Z with respect to parameters entering the activities are obtained by termwise
differentiation, with the same type of majorant.

Proof. For a compatible family I" = {~1,...,v,}, write W(T') := [[i; w(vi). The Mayer expansion
expresses log Z as (see e.g. [72, 73])

logZ = Z o(I) W(I),

I' connected

where ¢(I") are Ursell coefficients (M&bius inversion on the lattice of partitions). By the tree—graph
inequality (see e.g. [70, 72]) (Penrose) one has the bound

lp(I)] < Z H 1%’747]'7

T tree on {1,..,n} (i,j)€T

see e.g. [73, 70, 71]. Fix 79 € P and sum over all connected clusters containing ~y. Root each tree
at the vertex corresponding to 79 and sum inductively over descendants using the KP condition
(214); this yields the majorant (215). Absolute convergence implies Z # 0. Termwise differentiation
with respect to parameters entering the activities is justified by dominated convergence under the
same majorant; see [73, 71]. O

H.2 Polymer representation of the boundary effective interaction

We apply Theorem H.1 to the conditional slab partition functions entering the disintegration/log—
Laplace representation of the boundary law. Recall from (21) that for each boundary datum b one
may write

ZiReg() = Elexp{—ViRes(b;E)}],

where = denotes the interior/bulk degrees of freedom under a convenient reference law P (depending
on Reg), and V; reg(b; Z) is a bulk interaction functional depending on b only through the boundary
constraint. The centred one-boundary potential is U Reg(b) = —10g Z; Reg(b) + 10g Z; Reg(0), and
the interaction contribution V; reg in the boundary potential W; reg = Wt(’%zeg + Vi Reg is obtained
from Uy ey after separating the quadratic part W In particular, uniform control of the first and
second Fréchet derivatives of b +— log Z; reg(b) implies the desired uniform C? bounds on Vi Reg-

Locality input. The KP/cluster expansion is applied to the local bulk functional Vi reg(b; ), not
to the already-integrated boundary effective potential (which is typically nonlocal in b). We use the
following explicit locality /regularity input for the corridor regulator family.
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Assumption H.2 (Local slab decomposition and uniform C? bounds). In the corridor regime, the
bulk interaction functional admits a finite-range decomposition

Vireg(iE) = 8 Y o) (=), (216)

TEAL

where the coupling/temperature parameter /3 is factored outside the local pieces. Each CD(Reg)
depends only on (b, Z) in a fixed neighbourhood of = (independent of the UV cutoff), is C? in the
boundary variable b on the boundary manifold (in local coordinates; no cutoff is imposed), and
satisfies the uniform bounds

supsup( [0 (5:3)| + [DOFL(1:D)| + [D*OEHBZ) ey ) < CaltD). (217

eg b=

Moreover, the locality neighbourhood graph on Ay induced by the interaction range has uniformly
bounded degree under UV refinement at fixed (¢, L).

Remark H.3. Assumption H.2 is satisfied for standard finite-range slab regulators globally (without
any small-field cutoff): local plaquette terms (and finitely many local counterterms) depend on only
finitely many link variables, have bounded derivatives globally on the compact configuration space
for compact G, and each degree of freedom participates in a uniformly bounded number of local
terms under UV refinement at fixed (¢, L).

Lemma H.4 (Verification of Assumption H.2 for Wilson lattice Yang-Mills). Consider a Wilson
lattice Yang—Mills slab regulator at fized (t, L) with compact gauge group G, Wilson plaquette action,
and (optionally) finitely many additional local counterterms of the same finite range. Take P to be
the product Haar law on interior link variables (with boundary links fized to b) and let = denote the
interior links.

Then Assumption H.2 holds with Ce(t,L) < oo that is uniform in the UV refinement and
auziliary truncations at fized (t,L).

Proof. Each Wilson plaquette term (and each allowed local counterterm) depends only on the
link variables in a uniformly bounded neighbourhood (finite interaction range, independent of UV
refinement). Since G is a compact smooth manifold, fix a finite smooth atlas and write these local
terms in local coordinates only as a notational convenience: the resulting first and second derivatives
are uniformly bounded on each chart, hence globally. Equivalently, the intrinsic first and second
derivatives with respect to left /right—invariant vector fields on G are uniformly bounded.

Under UV refinement at fixed (¢, L), each boundary link participates in at most a uniformly
bounded number of such local terms (bounded coordination number). Combining finite range with
the uniform C? bounds yields the decomposition and the constants in Assumption H.2, with bounds
depending only on (¢, L, G) and the chosen local action/counterterm list, and uniform in the UV
refinement and auxiliary truncations. O

Polymerisation of Z; rey(b). Define the Mayer functions F(b; Z) := exp(— BQ)(Reg (b;Z)) — 1 and

expand
exp(—ﬁZégReg)(bS E)) = T]( + F.(6;2)).

Using the product structure of P and grouping terms by connected components in the locality /overlap
graph yields a polymer model with polymers v C Ay, connected in the neighbourhood graph and
(boundary-dependent) activities

wy(y) = E[[] B 2)], (218)

fdSie's
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where the expectation is under P (with boundary fixed to b). The resulting polymer partition
function equals Z; reg(b) (up to the harmless overall normalisation absorbed into the centering at
b =0), and therefore V; Reg(b) = —log Z; Reg(b) +108 Z; Reg(0) is controlled by the convergent cluster
expansion for log Z; Reg(b).

Lemma H.5 (Counting connected polymers in bounded degree). Let (A,~) be a graph with
maximum degree A < co. Then the number of connected subsets v C A of size n containing a fixed
verter x is bounded by

Nu(z) < (eA)™ 1 n > 1.
Consequently, for any finite set A C A, the number of connected v of size n that intersect A is at

most |A| (eA)" L.

Proof. Fix x and let v be connected of size n containing x. Choose a spanning tree 1" on - rooted
at = and orient edges away from the root. There are at most n"2 labelled trees on n vertices
(Cayley), and each edge of T' can be embedded by choosing one of at most A neighbours at each
step, giving at most A"~! embeddings. Using n™ 2 < (en)" 2 < (eA)" 2 for A > 2 (and adjusting
constants for A = 1) yields N, (z) < (eA)"~! up to a harmless universal factor absorbed into eA.
For the second claim, choose x € AN~ and sum over x € A. O

Lemma H.6 (Activity bounds and KP smallness). There is a constant C' = C(t, L), independent
of the UV cutoff and auziliary truncations, such that for all polymers v and all b in local coordinates
(for notation only; no cutoff is imposed),

wp(7)] < (€.

Consequently, choosing a(y) = |y| in (214), there exists Bx = P«(t, L) > 0 such that the KP condition
holds uniformly in b for all 0 < 8 < f,.

Proof. Using |e™* — 1| < |ulel*l and (217), we have
|F(b;E)| < Cg Bef? uniformly in Reg, b, =.

Hence for every polymer =,

()| = E[I] E0:3D)]| < E[I]IRG3]] < [T IR«

xrey xrey rey

(Cq) ,8 qu>ﬁ) vl )

IN

Absorb e“*? into the constant for 0 < 3 < 1 to obtain the claimed bound. The KP smallness
condition then follows by combining this bound with the bounded-degree polymer counting estimate
of Lemma H.5. 0

H.3 Derivative bounds and the corridor constants

By Theorem H.1 and Lemma H.6, the polymer expansion for log Z converges absolutely for
0 < B < P&, uniformly in Reg at fixed (¢, L). Differentiating termwise in the boundary field yields
uniform C? bounds.

Lemma H.7 (Uniform C? bounds). For 0 < 3 < f3, there is a constant Cyess(t, L) such that, in
local coordinates (for notation only; no cutoff is imposed),

sup [|Tlo D*Vi keg () Toll,, < Ctess(t, L) 5, (219)
€
uniformly in the UV cutoff and auxiliary truncations at fized (t,L).

99



Proof. Differentiate the cluster expansion termwise (Theorem H.1) and use the uniform derivative
bounds in (217). Each derivative brings down at most one extra local factor per site, so the same
KP majorant applies, producing a convergent series with total size O(f) (the first nontrivial term is
linear in ). Summing over clusters gives (219). O

H.4 Cross-slab correlation decay and a Wilson-intrinsic contraction constant

This subsection records a Wilson-intrinsic replacement for any linear/harmonic-extension contraction
constant: the transfer-side L? contraction is bounded by a mazimal correlation between the two
boundary traces, and in the KP corridor this maximal correlation is controlled by polymer clusters
that must cross the slab.

Lemma H.8 (Cross-slab correlation decay / maximal correlation bound). Fiz t > 0 and L and
consider a Wilson finite-range slab regulator at inverse temperature . Let ki reg(db™, dbT) be the
endpoint law of Definition 2.3 on By x By, and let 7 reg denote its marginal (Definition 2.4). Assume
the KP corridor hypotheses of Appendix H (in particular, the activity majorant of Lemma H.6 and
the KP convergence of Theorem H.1) hold uniformly in the UV refinement at fized (t,L), and that
the coupling lies in the corridor 0 < 8 < f(t, L) provided by Lemma H.6.

Then there exist constants Ceross = Ceross(t, L) and Meross = Meross(t, L) > 0, which may depend
on (t,L,G) and the corridor choice (e.g. the bound 0 < [ < B.(t,L)) but are uniform in the
requlator Reg (and hence independent of UV refinement and auziliary truncations), such that for all

f=F1") € L*(mi,Reg) and g = g(b") € L*(my reg) with Er, o f = Er, o9 = 0,
[CoViy g (FOO7), 90| < aw (8 L) 1 £l 2, o) 191122, o) (220)
where, in this corridor regime 0 < 3 < B4(t, L), one may take
qw(t,L) < Ceosse” ™=t < 1, (221)
uniformly in the UV refinement at fized (t,L).

Proof. Since the Wilson boundary state space By = G2 is compact and all fixed-regulator endpoint
laws have strictly positive smooth densities with respect to Haar measure (Corollary 13.14), the
endpoint law is absolutely continuous with respect to the product of its marginals.

Write m( db) for product Haar on By. As in Appendix H.2, the one-endpoint and two-endpoint
conditional partition functions admit the representations

TeRes(db) o Zireg(®)m(db),  kpreg(db, db¥) o ZIR, (b7, 6% m(db )m(db*),
so that the Radon—Nikodym derivative of k; reg With respect to 7 Reg @ Tt Reg Can be written as

(2 (p— 1+
Z % (b7, 0T)
bt = Lhest 222
3 Tt,Reg(b 7b ) Zt7Reg(b_)Zt7Reg(b+)’ ( )

dfit,Reg — 14\ Tt,Reg(biy b+)
0-0") = —5——
d(ﬂ't,Reg & 7Tt,Reg) @t,Reg
where O Reg = Er, 1. @m reg [t Reg] 1S the normalising constant.
Step 1: KP/cluster expansion isolates the cross-slab part of logr; res. Applying the same
KP polymer representation as in Appendix H.2 to Zt(?Pzeg(b_, b™) (treating (b~,b") as boundary
parameters) and subtracting the one-endpoint expansions for log ZnReg(b*) and log ZmReg(b*) yields
a convergent cluster expansion of the form

log Tt,Reg(bi) b+) = Z ¢(F) H Wh— b+ (7)7 (223)

I" connected cluster ~yel
TNo_#0, T'NoL #0
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where wy,- j+(7) are the polymer activities in the two-endpoint model and d_ (resp. ;) denotes the
boundary layer (sites within the fixed interaction range of the bottom, resp. top, time boundary).
Only clusters intersecting both boundary layers survive in the difference, hence the “cross-slab”
restriction in (223).

Step 2: cross-slab clusters must be long, hence are exponentially suppressed. Because
the interaction range is finite (Assumption H.2) and the slab has thickness ¢, any connected cluster
intersecting both boundary layers must contain an incompatibility chain of length at least co(t, L) ¢
(measured in the local-neighbourhood graph), for some c¢y(¢, L) > 0 depending only on local slab
geometry (and in particular not on UV refinement at fixed (¢, L)). Using the activity majorant from
Lemma H.6 and polymer counting (Lemma H.5) inside the KP bound (215) gives an exponential
tail for the absolute cluster sum: there exist Cerogss, Meross > 0 (depending only on (¢, L) and corridor
constants) such that

sup Z ’¢(F)‘ H|wb*,b+(7)‘ < CCI'OSS e_mcrosst- (224)

b7bT T cross slab ~el

The supremum over boundary traces is harmless: by compactness of By = G2 and finite-range
locality, the local factors entering wy- y+(7) are uniformly bounded for all fixed (b~,b"). Moreover,
the KP activity majorant in Lemma H.6 and the counting bound in Lemma H.5 are uniform in
the regulator Reg throughout the corridor 0 < 8 < B,(t, L), so (224) holds uniformly in boundary
conditions and UV refinement at fixed (¢, L).

Step 3: pointwise control of the RN derivative. Let S := sup,- j+ |log 7y reg(b,b%)|. By
(223)—(224), we have S < Coosse” ™ot Hence rypeg € [e™,e%] and also Ot Reg € [e=5, ed].
Therefore the density in (222) satisfies

’ dKIt,Reg
b—,bt d(Trt,Reg & 71't,Reg)

(b77b+) - 1’ S €2S_1 S (623) (28) S QGQSccrossefmcrosst‘

Absorb the harmless factor 2¢2° into the constant (uniformly in UV refinement at fixed (¢, L)) to
obtain (221).

Step 4: covariance bound. Let R(b™,b") == %(bi bF)—1. UEr, oo f = Er, 59 = 0,
,heg ,neg ’ »
then

COVHt,Reg (f(b_)’ g(b+)) = Eﬂ't,Reg®ﬂ't,Reg [f(b_)g(b+) R(b_’ b+)} :
By Cauchy—Schwarz and the pointwise bound ||R||s < qw (t, L),
|CoVe, e (FO7), 90| < [ Rlloo 11 £l 22 ) 191122070 )

This is (220).
O

Corollary H.9 (Operator norm bound for the Euclidean transfer kernel). Under the assumptions
of Lemma H.8, let K;reg be the Euclidean transfer kernel (Definition 2.7) for the endpoint law
Kt Reg- Interpreting K;reg as conditional expectation,

Kt Regll L2(r, o)+ L2(mipeg) = W (6 L) < 1, (225)

uniformly in UV refinement at fized (t,L).
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Proof. For f,g € L&(m; Reg), using the disintegration identity r¢ reg(db™, dbT) = 7y Reg(db™) Ky Reg(b™, dbT),

<Kt,Rogfa g>L2(7rt7Reg) = Em,Reg [f(b_)g(b—i_)} = COVHt7Reg(f(b_)7 g(b+)).

Since cylinder functions generate the boundary o-algebra, they are dense in Lz(ﬂ't’Reg>; the covariance
bound of Lemma H.8 therefore extends from cylinders to all L? functions by L?-approximation
and continuity. Apply Lemma H.8 and take the supremum over g with ||g||z2(x, Reg) = 1 0 obtain

|’Kt7RengL2(7rt,Reg) S qW(t, L) HfHL2(7rt,Reg)' ThlS proves (225) D

I Thermodynamic limit L — oo in the KP corridor

This section supplies a genuine spatial thermodynamic limit within the strong-coupling/KP corridor.
Throughout we fix t > 0, a compact connected Lie group G, and a Wilson finite-range regulator
family on slabs. The spatial volume parameter L varies while the interaction range (in lattice units)
is fixed.

1.1 Local topology and cylinder observables

Let Hp 1, := GFotLReg) he the boundary link space at spatial size L (with Haar reference) and let
XiL = GE®LReg) he the full slab link space. A local/cylinder observable is a bounded measurable
function depending only on a finite set of links (equivalently, supported in a fixed finite window
W C E). We say that probability measures {yur,}r>1 on X¢ , converge locally if jur,(F') converges for
every cylinder observable F' with support contained in W C E(t, Ly, Reg) for some fixed Ly.

1.2 An L-uniform KP corridor

The polymer expansion in Appendix H is formulated in terms of finite-range local pieces and an
incompatibility graph. Crucially, both the local activity bounds and the maximal incompatibility
degree depend only on the local geometry of the slab and are therefore independent of the spatial
volume L.

Theorem I.1 (Thermodynamic limit in an L-uniform KP corridor). There exists 53°(t) > 0 such
that the following holds. Assume 0 < 8 < [°(t) and consider the Wilson slab Gibbs measures
ME?LO,)Reg (with periodic spatial boundary conditions and free boundary in Euclidean time) and their

boundary marginals 7y [, Reg- Then:

(i) Existence and uniqueness of an infinite-volume slab state. There exists a unique infinite-volume

DLR state /‘IE,O;),Reg on the spatially infinite slab such that for every cylinder observable F' there
s a limit ( (
Hm T peg(F) =1 1) peg (F)-

L—oo

Moreover, the convergence is exponentially fast in the distance of supp(F) from the spatial
boundary of the finite torus.

(ii) Limit of boundary laws on finite windows. For every fized finite boundary window W C Egy, the
projected boundary laws (Ily )47 1, Reg converge as L — co. The limits are consistent under
restriction and therefore define a boundary law ;oo Reg 0N the infinite boundary configuration
space by Kolmogorov extension.
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(ili) Limit transfer specification. Let vy Reg be the endpoint joint law on (Ha,L)2 and let Ky 1, Reg
be the corresponding endpoint-disintegration transfer kernel. For every fixed boundary window
W, the disintegrations of the projected endpoint laws converge as L — oo, yielding a limiting
finite-window transfer specification K%O7Reg. These finite-window kernels are consistent in W
and define a transfer specification Ki o Reg 0N the infinite boundary space.

(iv) Persistence of Euclidean-time clustering for local observables. For any fized 6 € (0,t/2) and
any gauge-invariant cylinder observables O, P € Dbsfg (Definition 2.1) with support contained
in a fized spatial window independent of L, the Euclidean-time clustering bound (152) holds in

the L — oo limit with the same rate parameter m, as in finite volume.

Proof. We prove (i)—(iv) using the KP machinery already developed in Appendix H.

Step 1: L-uniform convergence of the polymer/cluster expansion. Appendix H produces
activities w(vy) for polymers « (finite connected plaquette sets) and a KP majorant of the form

|W(’Y)’ < (Cactﬁ)lvlv

together with an incompatibility graph of uniformly bounded degree A (both constants depending
only on local slab geometry). Therefore the Kotecky—Preiss criterion holds whenever g < 32°(t)
with 3%°(t) := (e Caet A) ™!, and the standard cluster expansion gives absolutely convergent series
for log Z; 1 Reg and for cumulants of cylinder observables, with bounds independent of L (see
Theorem G.1 and the estimates (215)).

Step 2: local limits and DLR uniqueness. Fix a cylinder observable F' supported in a window
W and write r;, := dist(W,dAL) for the spatial distance from W to the boundary scale of the
spatial torus (equivalently, to the wrap-around identification). Using the standard cluster-expansion
representation for expectations with an insertion (obtained by expanding numerator and denominator
and regrouping into connected clusters), one may write

'ul(fi),)Reg(F) = Z @F(F) H w(y),

T:TNW#D ~el

where the sum runs over finite connected clusters of polymers and the coefficients 7 (I") are bounded
in absolute value by a combinatorial factor depending only on the incompatibility graph. Because
the interaction range is finite, any cluster contributing to the difference between two volumes must
connect W to the complement of the smaller volume; in particular such a cluster must contain at
least ¢ r, polymers along an incompatibility chain. The KP bound (215) and the activity majorant
from Theorem G.1 therefore give an exponential tail: there exist C,c > 0 (independent of L) such
that
8 b () — 15 g (F)] < 2Pl C e minCmar),

Hence {ugi?Reg(F )}1 is Cauchy and converges as L — oo, proving (i). The same local-uniqueness
estimate implies uniqueness of the infinite-volume DLR state in the corridor: any two DLR states
agree on all cylinder observables and therefore coincide. Step 3: boundary marginals and

transfer specification. Items (ii) and (iii) follow by applying the same local-Cauchy argument
to cylinder observables depending only on boundary links (and to cylinder observables on two
time boundaries for endpoint laws), then using standard disintegration on standard Borel spaces.
Consistency under restriction in W is inherited from the finite-volume measures, so Kolmogorov
extension applies.
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Step 4: persistence of Euclidean-time clustering. The clustering bound (152) for local
observables is proved in finite volume from transfer-side mixing/decay estimates together with
uniform response bounds in the corridor. All ingredients are local in the spatial direction, with
constants independent of L in the corridor, so the bound passes to the L — oo limit along the
convergence of cylinder expectations established above, proving (iv). O
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