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Abstract

We study regulated four-dimensional Yang–Mills theory on Euclidean slabs St,L := [0, t] × T3
L

at fixed thickness t > 0. A central theme is kernel separation: quantitative mixing of an auxiliary
boundary sampler does not, by itself, imply mixing for the Euclidean transfer kernel Kt,Reg
defined by disintegration of the slab endpoint law and governing Euclidean-time concatenation
and transfer-operator statements.

Main theorem package (Wilson lattice slabs). For a finite-range Wilson lattice regulator family
with compact gauge group G, we prove within this manuscript: (i) a fixed-window Doeblin
minorisation for the projected transfer kernel, yielding cylindrical geometric contraction for
Kt,Reg (Appendix F); (ii) in a KP (high-temperature) corridor (0<β ≤ β⋆(t, L)) we prove a
Wilson-intrinsic cross-slab maximal-correlation (polymer crossing) bound, hence L2 mixing and
a transfer spectral gap for Kt,Reg (Appendices G–H); and (iii) as a consequence, Euclidean-time
exponential clustering and a time-axis transfer-operator gap for bounded gauge-invariant interior-
supported cylinder slab observables (Definition 2.1). All constants in (i)–(iii) are uniform under
UV refinement and auxiliary truncations at fixed (t, L). Moreover, within an L-uniform KP
corridor 0 < β ≤ β∞

⋆ (t) we construct the spatial thermodynamic limit L → ∞ for the Wilson slab
family and show that the Euclidean-time clustering/gap conclusions persist for local (spatially
supported on a fixed window) observables.

General template (Gaussian-reference regulators). Separately, we record an abstract implication
scheme for slab specifications built over an abstract Wiener-space boundary reference, including
quantitative mixing for a boundary Langevin sampler and a transport mechanism from boundary
mixing to interior slab observables, under explicit stability/locality/moment inputs tracked in
the constants ledger.

No continuum limit on R4 and no long-time limit t → ∞ is constructed here; the only spatial
infinite-volume result is the corridor thermodynamic limit L → ∞ described above.
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1 Introduction

1.1 Motivation and scope

We emphasize that mixing of the auxiliary sampler kernel Pτ does not imply mixing of Kt,Reg
without additional input; the two kernels play different roles.

Quantitative mixing and clustering bounds are central in constructive approaches to Euclidean
quantum field theory [35, 34, 36], where one seeks to control correlation decay under limits in volume
and ultraviolet regularisation. For gauge theories, a useful viewpoint is to work on a Euclidean
slab St,L = [0, t] × T3

L and study the boundary law obtained by integrating out bulk degrees of
freedom. At fixed slab thickness t > 0, this boundary law is a probability measure on a (typically
infinite-dimensional) boundary configuration space.

Throughout, we fix the slab thickness t > 0. Most quantitative bounds in the paper are proved
at fixed spatial size L > 0 and are uniform only under UV refinement and auxiliary truncations at
fixed (t, L). In Section I we additionally construct the spatial thermodynamic limit L → ∞ within
an L-uniform KP corridor. No continuum limit on R4 and no long-time limit t → ∞ is constructed
here.

A standard route to decorrelation is to study a Markov dynamics that has the boundary law as
an invariant measure and to prove explicit contraction estimates for its transition kernel. In the
Gaussian-reference template part of this manuscript we introduce an auxiliary boundary Langevin
sampler and develop quantitative contraction/mixing estimates for its kernel. In the Wilson lattice
theorem package, however, the key object is instead the Euclidean transfer kernel Kt,Reg defined by
endpoint disintegration; this is the kernel used for Euclidean-time concatenation and OS/transfer
statements.
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A second, logically distinct object also plays an essential role in OS-based constructions: the
Euclidean slab transfer kernel Kt,Reg, defined by disintegration of the joint law of the two boundary
traces (Tr−,Tr+) under the slab measure. This kernel governs concatenation of slabs in Euclidean
time and is the correct input for time-axis exponential clustering and transfer-operator arguments.

Two clarifications address common misunderstandings:

• We work at fixed slab thickness t > 0. Uniformity in regulators is always at fixed t, while the
behaviour as t → ∞ is not addressed here.

• We distinguish sampler time (the Langevin parameter s) from Euclidean slab time (the thickness
parameter t). Mixing of a sampler kernel Ps does not automatically imply mixing for the Eu-
clidean transfer kernel Kt,Reg. When we use Euclidean-time conclusions (time-axis exponential
clustering, spectral gap), we do so under an explicit identification/comparison hypothesis.

• The paper is organized modularly: (boundary regularity) ⇒ (drift + projected minorisation)
⇒ (mixing for the boundary Langevin sampler), and separately (DLR/transfer structure) ⇒
(time-axis exponential clustering and spectral consequences) once transfer-kernel mixing is
available.

Remark 1.1 (Track firewall: Wilson lattice versus linear/Gaussian template). The Wilson lattice
track in this paper is the compact-group boundary theory with boundary state space B∂ := GE∂

(a compact manifold, not an additive vector space), Wilson local action, and finite-range locality.
Any appearance of Gaussian objects (abstract Wiener spaces, Cameron–Martin norms, harmonic
extension, Dirichlet-to-Neumann operators, or Fourier-mode linear contraction constants) is part
of the optional linear/template track and is included only for motivation/bookkeeping. No Wilson
proof (in particular, no proof of Theorem 2.14(ii)–(iii) and related Wilson-lattice corollaries) uses
the linear/template machinery. Whenever differential notation is used in the Wilson track (e.g. “∇”
or “Hessian”), it is understood intrinsically via left/right–invariant vector fields and the product
bi-invariant Riemannian structure on GE∂ .

1.2 Relationship to existing literature and what is new

The use of transfer kernels/transfer matrices and reflection positivity for lattice gauge theories is
classical: already Osterwalder–Seiler established reflection positivity and the existence of a positive
transfer matrix for lattice gauge theories, see e.g. [74, 76, 37], and Fröhlich’s systematic treatment
of reflection positivity for statistical-mechanical models [75].

Comparison to known results. Classical strong-coupling/cluster-expansion arguments on the
lattice yield Euclidean-time correlation decay for selected families of observables (notably Wilson
loops) at small inverse temperature β, and transfer-matrix/reflection-positivity methods provide a
spectral interpretation of time translation. The theorem package proved here is stated instead at
the operator/kernel level: it gives a quantitative contraction and spectral-gap mechanism for the
disintegration-defined Euclidean transfer kernel Kt,Reg itself, with a constants ledger that is uniform
under UV refinement at fixed (t, L) and, in an L-uniform corridor, survives the thermodynamic
limit L → ∞ (Section I). In particular, the paper isolates exactly which ingredients are needed to
pass from strong-coupling expansions to transfer-kernel mixing and time-axis clustering, without
conflating sampler time with Euclidean transfer time. A key methodological point emphasized
here—sometimes implicit but rarely stated as an explicit dependency constraint—is the separation
between: (a) auxiliary sampling dynamics designed to sample a boundary law (e.g. Langevin
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or heat-bath chains), and (b) the Euclidean transfer kernel Kt,Reg obtained by disintegration of
the slab endpoint law, which is the kernel that enters slab concatenation, time-axis reflection
positivity, and transfer-operator spectral statements. While transfer-matrix works use Kt,Reg (or
its operator) as the primary object, stochastic-quantization and Markov-chain arguments in the
physics literature sometimes blur the distinction between sampler time and Euclidean slab time. The
present paper makes this separation explicit, packages it as a dependency map, and provides two
transfer-native verification routes: a fixed-window Doeblin minorisation for the projected transfer
kernel (Appendix F) and a functional-inequality route (mLSI/L2 mixing) for Kt,Reg in a KP corridor
(Appendices G–H). On the sampler side we provide a regulator-uniform weak-Harris argument with
projected minorisation that avoids dimension blow-up (Appendix E), in the spirit of quantitative
Harris theory [11, 9].

In the constructive-QFT literature, transfer-operator methods and OS reconstruction are standard
tools [35, 34, 31, 32].

What is less explicit in much of the literature (and where misunderstandings often occur) is that
mixing of an auxiliary Markov sampler is not automatically mixing of the Euclidean transfer kernel.
Stochastic-quantisation approaches, for example, study a Langevin/SPDE dynamics whose invariant
measure is (formally) the target Euclidean measure [55, 77], but Euclidean-time concatenation and
transfer-operator statements are governed by the endpoint-disintegration transfer kernel Kt,Reg.
Our “kernel separation” emphasis makes this separation structural: transfer-kernel consequences
are stated and proved only from transfer-side inputs.

Beyond this conceptual separation, the technical contribution of the present paper is a quantitative,
regulator-uniform bookkeeping (constants ledger) together with two in-paper transfer-side verification
mechanisms in a concrete Wilson lattice regime: a fixed-window Doeblin minorisation giving
cylindrical contraction (Appendix F), and a KP corridor mechanism yielding a Wilson cross-slab
maximal-correlation bound and hence L2 mixing (Appendices G–H). These transfer-side mechanisms
are then combined with a weak-Harris argument for the auxiliary boundary Langevin sampler
(Appendix E) and with a transparent implication chain to time-axis clustering bounds for gauge-
invariant observables at fixed regulator level.

1.3 Main contributions (informal)

The results can be summarised as follows.

C1. Boundary regularity estimates (fixed regulator) and a uniformity ledger. We derive
C2-regularity of the interacting boundary potential Ut,Reg along Cameron–Martin directions,
with local (on bounded sets) Hessian bounds and a one-sided growth estimate (at fixed regulator),
and we isolate the corresponding regulator-uniform requirements as explicit hypotheses for
⟨x,∇HUt,Reg(x)⟩H.

C2. Quantitative mixing for a boundary Langevin sampler. Using the above bounds, we
verify a Lyapunov drift condition and a projected minorisation condition for a fixed low-mode
projection. This yields exponential contraction for a skeleton chain of the boundary Langevin
sampler in a tailored Kantorovich distance W (m)

1,η , at each fixed regulator; regulator-uniform
consequences are obtained under explicit uniformity hypotheses on the constants (at fixed
t > 0).

C3. Transfer-kernel consequences (conditional). The correct kernel for Euclidean-time
concatenation is the slab transfer kernel Kt,Reg. Under an explicit identification/comparison
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hypothesis that transfers the above contraction to Kt,Reg (or provides contraction for Kt,Reg
directly), we obtain:

• time-axis exponential clustering for time-separated gauge-invariant local cylinder observ-
ables in an OS limit;

• a spectral-gap lower bound for the corresponding Euclidean-time transfer semigroup on
the gauge-invariant sector.

1.4 Structure of the paper

Section 2 introduces the slab geometry, the regulated Yang–Mills model, the endpoint (transfer)
structure, the boundary law, the boundary Langevin sampler, and states the main results precisely.
Sections 3–6 establish the required regularity and growth bounds for Ut,Reg. Section 7 verifies
Lyapunov drift and projected minorisation and applies a weak Harris theorem to obtain exponential
mixing for a skeleton chain of the sampler. Sections 9–13 formulate time-axis exponential clustering
and spectral consequences under the transfer-kernel hypothesis. Technical auxiliary estimates are
collected in appendices.

Notation snapshot. For quick reference, the following objects appear throughout (all at fixed
slab thickness t > 0 and fixed spatial size L > 0):

Symbol Meaning
µbulk

t,Reg regulated slab Gibbs measure on bulk fields
κt,Reg endpoint law (Tr−,Tr+)#µ

bulk
t,Reg

νt,Reg = πt,Reg boundary law at time 0 (first marginal of κt,Reg)
Kt,Reg Euclidean transfer kernel (disintegration of κt,Reg)
Pτ boundary Langevin sampler kernel with invariant law πt,Reg
Tt transfer operator Ttf(b) =

∫
f(b′)Kt,Reg(b, db′)

dm,η, W (m)
1,η bounded cost and associated Kantorovich distance

2 Setup and main results

2.1 Regulators, slab geometry, and observables

Fix a compact, connected Lie group G (in applications G = SU(N)) with Lie algebra g. For L > 0
let T3

L := (R/LZ)3 and for t > 0 consider the Euclidean slab

St,L := [0, t] × T3
L, ∂St,L = {0} × T3

L ∪ {t} × T3
L.

We work with a family of regulated Yang–Mills measures on bulk gauge fields on St,L. The regulators
include:

• a spatial volume regulator L < ∞;

• an ultraviolet regulator Λ < ∞ (e.g. Fourier cutoff, mollifier scale, or lattice spacing);

• optional auxiliary finite-dimensional regulators (e.g. mode truncations) used only for intermedi-
ate estimates.
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We write Reg ≡ (L,RegUV) for the full regulator tuple, where RegUV ≡ (Λ, . . .) collects the
ultraviolet cutoff and auxiliary truncations. Throughout we fix a slab thickness t > 0 and a spatial
size L > 0. The adjective regulator-uniform (at fixed (t, L)) means: constants are uniform in the UV
cutoff and auxiliary truncations (and, when present, in intermediate finite-dimensional projections),
with (t, L) treated as fixed parameters.

2.2 Concrete regulator family and coordinate realisation

The headline theorem in this paper is formulated for a concrete regulator family based on Wilson’s
lattice action on the slab St,L with compact gauge group G and ultraviolet refinement (lattice spacing
a ↓ 0) at fixed (t, L). For context, we record separately an optional template-only Gaussian/harmonic-
extension boundary framework; the Wilson-lattice proofs in this paper are intrinsic and do not rely
on it. Accordingly, we work intrinsically on the compact group using left/right-invariant derivatives;
local coordinate charts may be used only as a notational convenience, without imposing any hard
cutoff

Group variables and reference measure. Let Et,L,a denote the oriented edge set of a spacetime
lattice discretisation of St,L with spacing a. A configuration is a collection of link variables U =
(Ue)e∈Et,L,a

∈ GEt,L,a equipped with the product Haar measure Haar( dU). We write Xlat
t,Reg := GEt,L,a

for the bulk link configuration space, and Bt,Reg := GE∂ for the boundary link configuration space
at a time-slice. The Euclidean slab Gibbs weight is the Wilson plaquette action (with possible
regulator-local counterterms)

exp{−SWil
t,L,a(U)} Haar( dU), SWil

t,L,a(U) = 1
g2

∑
p

(1 − ℜ trUp) + · · · ,

where Up is the plaquette holonomy and “· · · ” denotes finite-range local terms allowed by the
scheme.

Definition 2.1 (Wilson-lattice admissible class Obslat
t,δ). Fix δ ∈ (0, t/2) and regulators Reg =

(L, a,Λ, . . .). Let Vt,L,a be the vertex set and Et,L,a the oriented edge set of the slab lattice. Write
s(e), t(e) ∈ Vt,L,a for the source/target of an oriented edge e.

A lattice gauge transformation is g = (gv)v∈Vt,L,a
∈ GVt,L,a , acting on link configurations

U = (Ue)e∈Et,L,a
∈ GEt,L,a by

(Ug)e := gs(e) Ue g
−1
t(e).

A bounded observable O : GEt,L,a → R is gauge-invariant if O(Ug) = O(U) for all g.
Let E(δ)

t,L,a ⊂ Et,L,a be the set of edges whose geometric support lies in the interior time slab
[δ, t− δ] × T3

L. A bounded observable O is δ-interior-supported if it is cylindrical and depends only
on finitely many edge variables {Ue : e ∈ W} for some finite set W ⊂ E(δ)

t,L,a.
We write Obslat

t,δ for the class of bounded, gauge-invariant, δ-interior-supported cylinder observ-
ables.

Lattice Wilson loops. Let γ = (eσ1
1 , . . . , eσn

n ) be an oriented closed edge path contained in
[δ, t− δ] × T3

L, with σj ∈ {±1}. Define the holonomy

Uγ(U) :=
n∏

j=1
U

σj
ej , U−1

e used when σj = −1.
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For a unitary representation ρ of G, the associated Wilson loop observable is

Wρ,γ(U) := 1
dim ρ

ℜ tr
(
ρ(Uγ(U))

)
,

which lies in Obslat
t,δ .

No auxiliary small-field cutoff is needed in the Wilson corridor. For the Wilson lattice
gauge model with compact gauge group G, the configuration space GE is compact and the Wilson
plaquette potential is a smooth class function of the plaquette holonomy. All derivative bounds
needed in the KP/cluster-expansion corridor can therefore be taken globally using left/right-invariant
directional derivatives on G (equivalently, derivatives along the Lie algebra via left translation), with
constants depending only on G and the chosen finite-range local potential, not on any chart radius.
Accordingly, the main Wilson/KP results below do not impose any auxiliary “small-field”/chart
cutoff.

Optional Euclidean-reference template. For certain linear or gauge-fixed discretisations (not
the Wilson compact-group model), one can represent the regulated slab law using a Gaussian bridge
reference measure on a linear boundary space and write the interacting law as a tilt by a local
potential. We include this Euclidean/Gaussian calculus as an optional bookkeeping template; none
of the concrete Wilson slab theorems below use it.

2.3 Model dictionary and notational conventions

The manuscript is organised around a single concrete theorem package for Wilson lattice Yang–Mills
slabs with compact gauge group G, and an optional abstract template that is included only for
bookkeeping of general Markov/OS mechanisms.

• Concrete Wilson setting (used in the main theorems). Boundary data are boundary
link configurations b ∈ B∂ := GE∂ with reference measure Haar. All derivatives in the
Wilson corridor are interpreted intrinsically using left-invariant vector fields and the product
bi-invariant Riemannian structure on GE∂ ; no auxiliary chart or “small-field” cutoff is assumed.

• Optional Euclidean/Gaussian template (not used in the Wilson proofs). Some
sections develop a linear/Gaussian reference calculus on an abstract boundary space (E,H, µ0).
Whenever this template is invoked we write the boundary variable as x ∈ E (unrelated to the
Wilson boundary field b ∈ B∂ = GE∂ ; in Section 4 endpoint traces are denoted x±).

• Endpoint partition functions and effective potentials (both settings). For fixed
boundary datum b ∈ GE∂ (Wilson) or x ∈ E (template), let Zt,Reg( · ) denote the one-slab
conditional partition function obtained by integrating out interior/bulk degrees of freedom
with the endpoint(s) fixed. We write Ut,Reg = − logZt,Reg +const for the centred one-boundary
effective potential, and U

(2)
t,Reg(b, b′) = − logZ(2)

t,Reg(b, b′) + const for the centred two-endpoint
potential.

• Transfer kernel. The Euclidean transfer kernel Kt,Reg is always defined by endpoint disinte-
gration of the two-endpoint law κt,Reg (Definition 2.7); it is a Markov kernel on the relevant
boundary state space (in particular, on GE∂ for Wilson slabs).
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• What is expanded in Appendix H. The KP corridor argument is not an assumption that
an already-integrated boundary potential is finite-range in the boundary variables. Instead,
Appendix H applies a polymer/cluster expansion to the local slab interaction functional and
derives the required bounds for logZ (and hence for U and mixed derivatives of U (2)) by
termwise differentiation of the convergent expansion.

2.4 Optional template: Boundary configuration space and Gaussian reference
structure

The boundary law will be a probability measure on a (typically infinite-dimensional) boundary
configuration space. We model it as an abstract Wiener space (E,H, µ0,t,Reg):

• E is a separable Banach space;

• H ⊂ E is a densely and continuously embedded separable Hilbert space (the Cameron–Martin
space);

• µ0,t,Reg is a centered Gaussian measure on E with Cameron–Martin space H.

The concrete realisation depends on the chosen gauge-fixing and ultraviolet regularisation. For the
purposes of this paper, we only use the abstract Wiener structure plus the existence of a family
of bounded, self-adjoint covariance operators (C0

t,Reg) associated with µ0,t,Reg (equivalently, the
quadratic form of (C0

t,Reg)−1 on H). We write the Cameron–Martin norm by ∥·∥H and the dual
pairing by ⟨·, ·⟩H.
Remark 2.2 (On gauge-fixing and boundary variables). The boundary variable x ∈ E should be read
as the (regulated) boundary trace of the bulk field in a fixed gauge. All results are formulated for
gauge-invariant observables and are insensitive to the particular gauge-fixing, provided the resulting
endpoint laws admit the structural properties stated below.

2.5 Endpoint law and Euclidean transfer kernel

Fix t > 0 and regulators Reg = (L,Λ, . . .). Let µbulk
t,Reg denote a regulated, local slab Gibbs measure

on bulk fields over St,L (Yang–Mills) with a local stable action and the reflection/Markov properties
used below (i.e. a standard regulated Yang–Mills slab measure, such as Wilson lattice gauge theory,
formulated in a fixed local chart; in this paper we do not use BRST/ghost structure). Let Bt,Reg
denote the boundary state space at Euclidean times 0 and t. In the Wilson lattice track, Bt,Reg = GE∂

is the space of boundary link variables (on the oriented spatial edge set E∂ of a time-slice of the
slab lattice). In the optional template track, Bt,Reg = E. Let Tr− and Tr+ denote the boundary
restriction maps at time 0 and time t, respectively, defined on the underlying bulk configuration
space of µbulk

t,Reg and taking values in Bt,Reg.

Definition 2.3 (Endpoint law and boundary marginal). The (regulated) endpoint law is the
pushforward probability measure on Bt,Reg × Bt,Reg,

κt,Reg := (Tr−,Tr+)#µ
bulk
t,Reg.

Its first marginal is the (regulated) boundary law at time 0:

νt,Reg := (Tr−)#µ
bulk
t,Reg.
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Definition 2.4 (Normalised trace law). The (regulated) normalised trace law at time 0 is the first
marginal of the endpoint law:

πt,Reg := νt,Reg.

When the regulator is understood we write simply π.

Remark 2.5 (Notation ν versus π). We write νt,Reg for the boundary law when emphasising its origin
as a marginal of the slab measure, and πt,Reg when emphasising its role as the invariant/reversible
measure for a Markov kernel (sampler or transfer). In this paper these coincide by definition.
Remark 2.6 (Boundary state space and two model tracks). Statements about the Euclidean transfer
kernel and its time-axis consequences are formulated on an abstract boundary state space Bt,Reg
associated with the regulator tuple Reg. In the concrete Wilson lattice family, Bt,Reg is the compact
manifold of boundary link configurations GE∂ equipped with product Haar reference measure. In
the Gaussian template track, Bt,Reg = E is the underlying Banach space of an abstract Wiener
space (E,H0, µ0,t,Reg). Template-only assumptions that rely on the Gaussian reference are explicitly
marked as such and are not used in the Wilson theorem package.

Definition 2.7 (Euclidean transfer kernel). A Euclidean transfer kernel is any Markov kernel
Kt,Reg(x0, dx1) on Bt,Reg which is a disintegration of κt,Reg with respect to its first marginal νt,Reg,
i.e.

κt,Reg( dx0, dx1) = νt,Reg( dx0)Kt,Reg(x0, dx1).

In particular, Kt,Reg is the one-step kernel governing concatenation of slabs in Euclidean time.

Uniqueness. If Kt,Reg and K ′
t,Reg are two disintegrations of κt,Reg with respect to νt,Reg, then

Kt,Reg(x, ·) = K ′
t,Reg(x, ·) for νt,Reg-a.e. x. All statements below depend only on this νt,Reg-a.e.

equivalence class.

Remark 2.8 (Why this kernel matters). time-axis exponential clustering and transfer-operator
spectral statements are naturally formulated in terms of the Markov chain on boundary data driven
by Kt,Reg (or its OS-limit analogue). A sampler dynamics (such as the Langevin process defined
below) is conceptually useful, but its mixing properties do not automatically transfer to Kt,Reg
unless one proves an identification or comparison principle.

2.6 Template track: boundary law as a Gibbs tilt of a Gaussian reference

Template-only. The assumptions in this subsection are used only in the Gaussian reference template
track. They are not invoked in the Wilson lattice theorem package, where the natural reference
measure is Haar on GE∂ .

We assume that the boundary law νt,Reg is absolutely continuous with respect to the Gaussian
reference measure µ0,t,Reg on (E,H).

Assumption 2.9 (Template track: Gaussian reference and boundary density). For each fixed
t > 0 and regulator tuple Reg, the boundary law νt,Reg satisfies νt,Reg ≪ µ0,t,Reg, and there exists a
measurable function Ut,Reg : E → R ∪ {+∞} such that

νt,Reg( dx) = 1
Zt,Reg

exp
(
−Ut,Reg(x)

)
µ0,t,Reg( dx), Zt,Reg =

∫
exp(−Ut,Reg) dµ0,t,Reg. (1)

The potential Ut,Reg is defined up to an additive constant, which we fix by Ut,Reg(0) = 0 whenever
finite.
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Remark 2.10 (Relation to bulk conditional partition functions). In concrete regulated constructions,
Ut,Reg is often obtained as a (renormalised) log-partition function by integrating out bulk fields
conditioned on boundary data. In this paper we work with the abstract representation (1) and
verify structural properties of Ut,Reg using differentiation identities in Section 3 and model-specific
estimates later on.

2.7 Boundary Langevin dynamics (sampler)

Let
Φt,Reg(x) := 1

2
〈
x, (C0

t,Reg)−1x
〉

H
+ Ut,Reg(x), (2)

Remark 2.11 (Whitened coordinates for the Gaussian boundary law). The quadratic part in (2) is
written with the free boundary covariance C0

t,Reg. Equivalently, one may work in whitened Cameron–
Martin coordinates x̃ = (C0

t,Reg)−1/2x, in which the free Gaussian law becomes standard and the
Ornstein–Uhlenbeck part of the drift is simply −x̃. All statements are invariant under this linear
isometry; in particular, whenever we write the sampler in the form dBs = −(Bs +∇HUt,Reg(Bs)) ds+√

2 dWs (Appendix E), this is understood in whitened coordinates. In unwhitened coordinates,
replace Bs by (C0

t,Reg)−1Bs in the OU drift.
interpreted as a function on E which is differentiable along Cameron–Martin directions.

Definition 2.12 (Smoothness along Cameron–Martin directions). Let (E,H, µ) be an abstract
Wiener space. A function F : E → R is said to be Ck along Cameron–Martin directions if for every
x ∈ E the map H ∋ h 7→ F (x+h) is k-times Fréchet differentiable on H, and the derivatives Dj

HF (x)
extend to bounded j-linear forms on H that depend measurably on x.

The boundary Langevin dynamics is the E-valued Markov process (Bs)s≥0 solving the (formal)
SDE

dBs = −∇HΦt,Reg(Bs) ds+
√

2 dWs, (3)

where Ws is a cylindrical Brownian motion in H realised on E (as standard for abstract Wiener
spaces), and ∇H denotes the gradient along Cameron–Martin directions.
Remark 2.13 (Reversibility/invariance). At the level of fixed finite-dimensional regulators, (3) is the
usual overdamped Langevin dynamics with invariant density proportional to exp(−Φt,Reg). In the
abstract Wiener setting, the process is understood in the standard weak/mild sense and is designed
to be reversible with respect to the boundary law νt,Reg in (1).

2.8 Low-mode projection and the distance used for contraction

Because the dynamics (3) generally smooths only partially in infinite dimensions, we use a fixed
finite-dimensional low-mode projection to formulate a minorisation condition. Let Πm : H → H be
an orthogonal projection onto an m-dimensional subspace Hm ⊂ H. We extend Πm to a measurable
map on E (still denoted Πm) using the canonical embedding H ↪→ E.

Fix parameters η ∈ (0, 1] and R > 0. Define a bounded, lower semicontinuous cost dm,η :
E × E → [0, 1] by

dm,η(x, y) := min
{

1, ∥(I − Πm)(x− y)∥E + η ∥Πm(x− y)∥H

}
, (4)

where ∥·∥E is the Banach norm on E. (Any equivalent choice of bounded cost controlling both high-
mode displacement in E and low-mode displacement in H is acceptable; we fix (4) for definiteness.)
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Wilson-track guardrail. The difference x−y in (4) is specific to the optional linear/template track. In
the Wilson lattice track the boundary space is B∂ = GE∂ and distances are formulated intrinsically
using bounded metrics built from the bi-invariant Riemannian (or geodesic) distance on G and
products thereof.

For probability measures µ, ν on E, define the associated Kantorovich distance

W
(m)
1,η (µ, ν) := inf

π∈Π(µ,ν)

∫
E×E

dm,η(x, y)π( dx, dy), (5)

where Π(µ, ν) denotes the set of couplings. We will show that for a suitable skeleton time s⋆ > 0,
the Markov kernel Ps⋆ of (3) contracts in W

(m)
1,η at an exponential rate, with constants uniform in

Reg (at fixed t > 0).

2.9 Two theorem packages: a concrete lattice regime and an abstract framework

The paper is organised around two complementary theorem packages.
We now state the headline result of the paper: a concrete regulator family in which both (i)

the boundary Langevin sampler mixes quantitatively and (ii) the Euclidean slab transfer kernel
Kt,Reg admits in-paper mixing mechanisms (Doeblin on a fixed window, and a KP/high-temperature
corridor implying mLSI/L2 mixing). This is the regime in which the “constants ledger” becomes a
theorem rather than a wish list.

For completeness, we also record later a general template for arbitrary local slab Gibbs specifi-
cations: under explicit standing inputs (Gaussian reference, stability/non-degeneracy, finite-range
locality, and moment/response bounds), one obtains regulator-uniform structural estimates for the
boundary potential and regulator-uniform weak-Harris mixing for the boundary sampler. Those
abstract results are intended as a reusable module beyond the concrete lattice corridor treated here.

Theorem 2.14 (Main theorem package: Wilson lattice Yang–Mills slabs (fixed t; UV refinement;
L → ∞ in the corridor)). Fix t > 0 and L > 0 and a compact connected Lie group G. Items
(i)–(iii) below are at fixed L, while item (iv) addresses the thermodynamic limit L → ∞ within an
L-uniform KP corridor. Consider Wilson lattice Yang–Mills on the slab St,L with lattice spacing a
(UV refinement a ↓ 0 at fixed (t, L)), compact gauge group G, and Wilson plaquette action (allowing
finitely many local counterterms of the same finite range). No auxiliary small-field/chart cutoff
is imposed in the Wilson/KP corridor; compactness of G provides global smoothness and uniform
derivative bounds.

Assume that the locality/regularity input of Assumption H.2 holds for this Wilson regulator family
(verified in Lemma H.4 below), and fix a coupling 0 < β ≤ β⋆(t, L) in the KP (high-temperature)
corridor of Theorem G.1 (proved in Appendix G using the KP machinery of Appendix H). In
particular, Theorem G.1(b)–(c) yields a Wilson cross-slab contraction constant qW (t, L) ∈ (0, 1)
such that ∥Kt,Reg∥L2

0(πt,Reg)→L2
0(πt,Reg) ≤ qW (t, L) uniformly in UV refinement at fixed (t, L).

Then, for this Wilson lattice family:

(i) Cylindrical transfer-kernel contraction on a fixed window (what Doeblin actually buys). Let W
be the fixed finite window of Appendix F and let ΠW be the corresponding coordinate projection.
In this lattice family, Assumption 2.18 holds by choosing the finite-rank projection Πm there to
be ΠW (and the corresponding bounded cost dη on GW ); see Corollary 2.29. Equivalently, for
every bounded cylindrical observable f depending only on the window coordinates ΠW b, and all
x, y ∈ Bt,Reg, ∣∣K n

t,Regf(x) −K n
t,Regf(y)

∣∣ ≤ 2 ∥f∥∞ (1 − εW )n, n ∈ N,
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where εW is the Doeblin constant from Lemma F.1 (uniform in UV refinement at fixed (t, L)
and fixed local-potential parameters). All later uses of the Doeblin route in this paper are of
this cylindrical/local form (in particular for observables supported away from time boundaries).

(ii) Transfer-kernel L2 mixing in the corridor. In the KP corridor, Corollary 2.25 yields the
Wilson-intrinsic L2(πt,Reg) mixing estimate (212) and transfer spectral-gap bound (213) for
the disintegration-defined transfer kernel Kt,Reg, with constants uniform in the UV refinement
at fixed (t, L). Here qW (t, L) < 1 is the crossing-polymer/maximal-correlation contraction
constant from Lemma H.8 and Corollary H.9 in Appendix H.

(iii) Gauge-invariant time-axis exponential clustering from the transfer-operator gap. Fix δ ∈ (0, t/2)
and a regulator Reg. In the KP corridor, the L2(πt,Reg) contraction in (ii) gives a contraction
factor ρ(t, L) := qW (t, L) ∈ (0, 1) for the mean-zero transfer operator Tt. Consequently, for all
bounded gauge-invariant observables O,P ∈ Obslat

t,δ (Definition 2.1) supported away from the
time boundaries, the connected time-axis two-point functions satisfy an exponential clustering
bound of the form (152) with rate parameter

m∗ ≥ | log qW (t, L)|
t

.

A self-contained proof is given in Proposition 11.9. This route does not invoke the abstract
sampler-to-observable transport assumption Assumption 12.6; see Remark 12.8.

(iv) Thermodynamic limit L → ∞ in the KP corridor. Assume in addition that the coupling
lies in an L-uniform strong-coupling corridor 0 < β ≤ β∞

⋆ (t), where β∞
⋆ (t) > 0 depends

only on (t, G) and is independent of L and of UV refinement (see Theorem I.1 in Section I).
Then the spatial thermodynamic limit exists: the finite-volume slab Gibbs measures (with
periodic spatial boundary conditions) converge as L → ∞ in the local weak topology to a unique
infinite-volume DLR state µt,∞,Reg. The boundary marginals πt,L,Reg converge on each fixed
boundary window to a limiting boundary law πt,∞,Reg, and the endpoint-disintegration transfer
kernels converge on fixed windows to a limiting transfer specification Kt,∞,Reg. Moreover,
the Euclidean-time clustering bound (152) holds for spatially local gauge-invariant cylinder
observables (i.e. observables whose supporting edge set is contained in a fixed spatial window
independent of L) with constants uniform in L (and uniform in UV refinement).

Dependencies. Item (i) is proved in Appendix F (Appendix F). Item (ii) follows from the Wilson
cross-slab bound (Lemma H.8 and Corollary H.9 in Appendix H) combined with the operator-
theoretic contraction/mixing argument in Appendix G (Appendix G). Item (iii) is a consequence of
the transfer gap from (ii) via Proposition 11.9. In particular, items (ii)–(iii) do not use the template
semiconvexity/mLSI assumptions of Section 2.13 (Assumptions 2.19–2.21).

Proof. Item (i) is Corollary 2.29. Item (ii) is Corollary 2.25.
For (iii), combine the L2(πt,Reg) contraction in (ii) with Proposition 11.9, which turns a mean-

zero transfer-operator contraction for Tt into the gauge-invariant time-axis exponential clustering
estimate (152) for observables supported away from the time boundaries. This transfer-side route
does not invoke the sampler-to-observable transport assumption Assumption 12.6; see Remark 12.8.

Item (iv) is Theorem I.1 in Section I.
The auxiliary sampler-mixing result (Theorem 2.16) is logically independent and is not used in

(iii).
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General template. Theorems 2.15 and 2.16 below record the abstract framework (a reusable template)
for general slab Gibbs specifications. In contrast to Theorem 2.14, these results invoke the standing
constructive inputs (notably stability/non-degeneracy and finite-range locality) that one expects to
verify in concrete models when extending beyond the lattice corridor treated here.

2.10 Main structural estimates for the boundary potential

The first main theorem provides the regularity and growth controls on Ut,Reg needed to build
Lyapunov drift and to control the low-mode dynamics.
Theorem 2.15 (Template track: local Hessian control and one-sided growth). Fix t > 0. Assume
the standing structural inputs of Assumptions 2.9, 5.1 and 5.5 for the regulator family under
consideration. For each R > 0 there exists a constant C2(t, R) > 0 such that for every regulator tuple
Reg the boundary potential Ut,Reg is twice Fréchet differentiable along Cameron–Martin directions
on the set {x ∈ E : ∥x∥H ≤ R}, and its H-Hessian satisfies

sup
∥x∥H≤R

∥∥∥D2
HUt,Reg(x)

∥∥∥
op

≤ C2(t, R), (6)

where ∥·∥op denotes the operator norm on H. In particular, ∇HUt,Reg is C2(t, R)-Lipschitz (in H)
on {∥x∥H ≤ R}.

Moreover, there exist constants K1(t) ∈ (0,∞) and K0(t) ∈ [0,∞), depending on t (and on G
and the chosen scheme) but independent of Reg, such that for all x ∈ E,∣∣⟨x,∇HUt,Reg(x)⟩H

∣∣ ≤ K1(t) ∥x∥H +K0(t). (7)
A proof of the regulator-uniform choice of (K1(t),K0(t)) is given in Lemma 6.9.

2.11 Template track: quantitative mixing for the boundary Langevin sampler

The next theorem is the quantitative ergodicity statement for the boundary Langevin sampler (3).
Theorem 2.16 (Template track: regulator-uniform exponential mixing for the sampler). Fix t > 0.
Assume the standing structural inputs of Assumptions 2.9, 5.1 and 5.5. There exist integers m ≥ 1
and parameters η ∈ (0, 1] and s⋆ > 0, and constants λ ∈ (0, 1) and Cmix ≥ 1, depending on t (and on
G and the chosen regularisation scheme) but independent of Reg, such that the Markov semigroup
(Ps)s≥0 of (3) satisfies:

W
(m)
1,η

(
δxPns⋆ , δyPns⋆

)
≤ Cmix λ

n dm,η(x, y), ∀x, y ∈ Bt,Reg, ∀n ∈ N. (8)
In particular, for each Reg there exists a unique invariant probability measure for (3), and it
coincides with νt,Reg from (1). Moreover,

W
(m)
1,η

(
δxPns⋆ , νt,Reg

)
≤ Cmix λ

n, ∀x ∈ Bt,Reg, ∀n ∈ N, (9)
with constants uniform in Reg.
Proof location. A regulator-uniform verification of the drift/minorisation hypotheses (avoiding any
dimension blow-up) is given in Appendix E. Sections 7–8 present a fixed-Reg finite-dimensional
version in a simpler metric for intuition.
Remark 2.17 (What is (and is not) proved by Theorem 2.16). Theorem 2.16 is a statement about the
sampler kernel Ps⋆ associated with (3). Euclidean-time statements (time-axis exponential clustering
and transfer-operator spectral consequences) require corresponding information for the Euclidean
transfer kernel Kt,Reg from Definition 2.7. We isolate the required bridge as a separate hypothesis
below.

16



2.12 Bridge to Euclidean transfer: a comparison/identification hypothesis

Assumption 2.18 (Cylindrical transfer-kernel contraction). Fix t > 0. There exist integers m ≥ 1,
parameters η ∈ (0, 1], and constants λK ∈ (0, 1) and CK ≥ 1, independent of Reg, such that the
Euclidean transfer kernel Kt,Reg satisfies the cylindrical contraction estimate

W1,η

(
(Πm)#δxK

n
t,Reg, (Πm)#δyK

n
t,Reg

)
≤ CK λn

K , ∀x, y ∈ Bt,Reg, ∀n ∈ N, (10)

where W1,η denotes the Wasserstein distance on the finite-dimensional range of Πm associated
with the bounded cost dη(u, v) := 1 ∧ η dproj(u, v), where dproj is any fixed distance on the (finite-
dimensional) range of Πm (in the Wilson track: product geodesic on GW ). Equivalently, (10) yields
exponential mixing for Πm-cylindrical observables with bounded dη-Lipschitz seminorm.

This hypothesis may be verified either (i) directly for Kt,Reg (preferred), or (ii) via a comparison
principle that transfers the sampler contraction (8) to Kt,Reg.

2.13 A stronger transfer bridge via log–Sobolev and modified log–Sobolev
inequalities

For applications to OS reconstruction, it is often preferable to control the transfer kernel directly in
an L2-based Dirichlet form, rather than via a sampler-to-transfer comparison. The following “LSI
⇒ mLSI” mechanism is the transfer-side analogue of the weak Harris route.

Assumption 2.19 (Semiconvexity on the mean–zero boundary sector). Fix t > 0 and let Π0 denote
the orthogonal projection onto the mean–zero sector H0 := Π0H (cf. Section 2). There exists a
constant κ = κ(t) ≥ 0, independent of the UV cutoff and auxiliary truncations (at fixed (t, L)), such
that for all x and all h ∈ H0,

⟨h, D2
HWt,Reg(x)h⟩H ≥ −κ ∥h∥2

H, and κ <
2
t
. (11)

Remark 2.20 (Template interpretation of the bound κ < 2/t). In the optional Euclidean-reference
template on a linear boundary space (E,H0, µ0,t,Reg), one may view the “free bridge” contribution
as providing a strictly positive curvature margin of size 2/t on the mean–zero sector H0, while the
interaction contributes at worst −κ in Assumption 2.19. The residual margin m(t) := 2/t− κ > 0 is
then the quantitative convexity that drives the log–Sobolev and contraction mechanisms.

In the Wilson lattice track, no Gaussian bridge decomposition is invoked. Here the same
inequality κ < 2/t is used only as a convenient way to record a strictly positive semiconvexity margin
on the mean–zero sector for the disintegration-defined boundary potential; the needed lower-Hessian
and response bounds are verified directly in the KP/cluster-expansion corridor (Appendix H) using
intrinsic left/right–invariant derivatives on the compact group.

Assumption 2.21 (Deterministic gradient contraction for the transfer). Fix t > 0. There exists
q = q(t, L) ∈ [0, 1), independent of the UV cutoff and auxiliary truncations, such that for all
cylindrical f ,

∥∇(Kt,Regf)(x)∥H ≤ q Kt,Reg
(
∥∇f∥H

)
(x), for ν(Reg)-a.e. x, (12)

where ν(Reg) is the invariant one–boundary law of Kt,Reg and ∇ denotes the H-gradient.
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Remark 2.22 (Template-only: semiconvexity/mLSI is not used in the Wilson corridor proof). This
semiconvexity/mLSI mechanism belongs to the template track and is not used in the Wilson-lattice
proofs of Theorem 2.14(ii)–(iii). Those items instead follow from the Wilson cross-slab polymer
correlation bound in Appendix H (Lemma H.8 and Corollary H.9) together with the corridor
argument in Appendix G.

Theorem 2.23 (Uniform mLSI and L2 mixing for the slab transfer). Assume Assumptions 2.19
and 2.21. Then the invariant law ν(Reg) satisfies a Gross log–Sobolev inequality on H0 with constant

αν(t) ≥ 2
t

− κ > 0 (uniform in the UV cutoff and auxiliary truncations), (13)

and the reversible kernel Kt,Reg satisfies a modified log–Sobolev inequality (mLSI) on H0 with constant

ρ(t) :=
αν(t)

(
1 − q2)
4 > 0, (14)

uniform in the UV cutoff and auxiliary truncations. In particular, the transfer operator on L2(ν(Reg))
has spectral gap at least ρ(t) on H0 and

∥K n
t,Regf − ν(Reg)(f)∥L2(ν(Reg)) ≤ e−ρ(t) n ∥f − ν(Reg)(f)∥L2(ν(Reg)), ∀n ∈ N. (15)

Remark 2.24 (A corridor verification for the transfer–side bridge). Appendix G proves an explicit
small-β / strong-coupling KP corridor for a concrete finite-range Wilson lattice regulator family
(compact gauge group G, fixed slab thickness t > 0 and fixed spatial size L). In particular, the
crossing-polymer bound of Lemma H.8 (Appendix H) implies the transfer operator norm contraction
(211) with a Wilson coefficient qW (t, L) < 1 (Corollary H.9), hence geometric L2 mixing and a
positive transfer spectral gap in the sense of (212)–(213).

Corollary 2.25 (Transfer-side L2 mixing in a KP corridor). Fix t > 0 and a spatial torus size
L, and consider the regulator family of Appendix G. Then there exists β0 = β0(t, L,G) > 0 such
that for 0 < β ≤ β0 the slab transfer kernel Kt,Reg satisfies the Wilson-intrinsic L2(πt,Reg) mixing
estimate (212) with contraction coefficient qW (t, L) < 1 (uniform in the UV cutoff and auxiliary
truncations at fixed (t, L)), and in particular the L2 transfer spectral gap bound (213).

Remark 2.26 (What “small β” means in the corridor). In the KP corridor the small parameter is
the inverse temperature β (equivalently strong coupling) in a fixed gauge chart (a high-temperature
/ cluster-expansion regime at fixed (t, L)), used to control polymer activities and their derivatives
uniformly in the UV refinement. This is not the continuum-limit weak-coupling scaling g = g(Λ) → 0
associated with asymptotic freedom. Compatibility of a corridor analysis with a continuum limit
would require an additional renormalisation input that is outside the scope of this paper.
Remark 2.27 (A toy case where Assumption 2.18 holds). In the free Gaussian case Ut,Reg ≡ 0 (so
νt,Reg = µ0,t,Reg), the Euclidean transfer kernel Kt,Reg is Gaussian and coincides with the time-t
transition kernel of the associated Ornstein–Uhlenbeck trace process. In this setting, the sampler
dynamics (3) is itself an Ornstein–Uhlenbeck process, and one verifies (10) explicitly (indeed, with
a sharp rate coming from the OU spectrum). This provides a consistency check: the “bridge”
hypothesis is automatic in the linear/Gaussian regime, while in interacting models it amounts to
proving either that Kt,Reg is the time-t kernel of a Markov dynamics comparable to (3), or that
a comparison principle transfers contraction from a convenient sampler to the true slab transfer
kernel.
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Proposition 2.28 (Concrete verification in a finite-range lattice regulator). There exists a concrete
finite-range lattice regulator family in which Assumption 2.18 can be verified within this paper.
Namely, for a finite-range lattice regularisation of the slab with compact gauge group G, a Wilson-
type plaquette action (or any uniformly bounded local action with a uniformly bounded number of
interaction terms per edge), and the corresponding one-step Euclidean transfer update (the endpoint-
disintegration kernel Kt,Reg) restricted to a fixed unit spatial window W , one obtains a uniform
local Doeblin minorisation on a fixed finite window. This yields the geometric contraction (10) for a
suitable choice of (m, η) that is independent of the regulator tuple. A self-contained proof is given in
Appendix F.

Corollary 2.29 (Cylindrical transfer-kernel contraction in the finite-range lattice family). In the
finite-range lattice regulator family described in Appendix F, Assumption 2.18 holds (with constants
uniform in the UV refinement at fixed (t, L)). Consequently, within this lattice family the transfer-
kernel consequences that are stated under Assumption 2.18 apply without invoking any additional
identification/comparison hypothesis between the transfer kernel and the auxiliary boundary dynamics
(still subject to the separate response/density assumptions where stated).

2.14 Dependency map and standing assumptions

For the reader’s convenience, we summarise the logical dependencies among the main statements.

• Route A (template sampler ⇒ slab observables). Uses transfer-kernel mixing (either
via Assumption 2.18 or via Theorem 2.23), together with the response-moment input Assump-
tion 12.6 and the density hypothesis Assumption 13.11, to obtain template Schwinger-function
clustering and (conditional) spectral consequences.

• Route B (Wilson/KP corridor: transfer-gap route). Bypasses transport entirely
and deduces time-axis clustering for lattice observables in Obslat

t,δ directly from the L2(πt,Reg)
contraction/spectral gap of the disintegration-defined transfer operator (Theorem 2.14(ii)–(iii)
and Proposition 11.9), with constants uniform under UV refinement and persistence under
L → ∞ in the corridor (Theorem I.1).

All results in this paper are at fixed slab thickness t > 0, and (unless explicitly stated otherwise)
at fixed (t, L).

2.15 Time-axis exponential clustering in the OS limit (conditional)

Remark 2.30 (On the use of the term time-axis exponential clustering in this paper). We use
“time-axis exponential clustering” in a restricted, slab/time-axis sense: exponential clustering for
observables separated in the Euclidean time direction, as obtained from slab concatenation/transfer-
operator estimates. We do not claim verification of the full Osterwalder–Schrader axiom list on R4

in this manuscript.
To formulate time-axis exponential clustering, we consider a limit along regulators Reg → ∞

(e.g. L → ∞, Λ → ∞). Existence of subsequential limits depends on the chosen regularisation
scheme; here we isolate what we need.

Assumption 2.31 (Existence of an OS limit). For each fixed t > 0 there exists a sequence of
regulators Regk → ∞ along which the regulated slab measures µbulk

t,Regk
converge (in the sense of

finite-dimensional distributions on local observables) to a reflection-positive OS limit measure µt on
fields over St = [0, t] × R3.
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Corollary 2.32 (OS4 exponential clustering at fixed t > 0 (conditional)). Assume Assumptions 2.31
and 2.18. Fix t > 0. There exist constants Cclust(t) ≥ 1 and ρ(t) > 0 such that for any pair of
bounded gauge-invariant local observables F,G supported in time slabs separated by a gap of size
s > 0, one has ∣∣Covµt(F, τsG)

∣∣ ≤ Cclust(t) e−ρ(t) s ∥F∥L∞(µt) ∥G∥L∞(µt) . (16)

2.16 Spectral gap consequence (conditional)

time-axis exponential clustering yields a spectral-gap lower bound for the Euclidean-time transfer
semigroup associated with (µt)t>0 in the OS reconstruction.

Corollary 2.33 (Spectral gap for the Euclidean-time transfer semigroup (conditional)). Assume
Assumptions 2.31 and 2.18. Fix t > 0 and let (K,Ω, Ts)s≥0 be the OS-reconstructed Hilbert space,
vacuum vector, and Euclidean-time translation semigroup associated with the time direction on St.
Let Π0 denote the orthogonal projection onto span{Ω}. Then, on the closed subspace generated by
gauge-invariant local observables, there exists ρ(t) > 0 such that

∥Ts − Π0∥ ≤ C e−ρ(t)s, s ≥ 0, (17)

for some finite constant C ≥ 1. Equivalently, if Ts = e−sH for a self-adjoint generator H ≥ 0, then

inf
(
spec(H) \ {0}

)
≥ ρ(t) (18)

on the same gauge-invariant subspace.

Remark 2.34 (Fixed-t nature of the gap). Corollary 2.33 is a fixed-t statement: ρ(t) > 0 for each
t > 0. Understanding the dependence on t (e.g. as t → ∞) is a separate problem and is not pursued
here.

2.17 Constants ledger (dependencies and uniformities)

For later use, we record the key constants and what they may depend on.

Constant / object May depend on

C2(t, R) in (6) t, R, G, choice of regularisation scheme
K1(t),K0(t) in (7) t, G, regularisation scheme
m (low-mode dimension) t, G, regularisation scheme (chosen once, fixed in Reg)
η in dm,η t, G (chosen once, fixed in Reg)
s⋆ (sampler skeleton time) t (chosen once, fixed in Reg)
λ,Cmix in (8) t, G, regularisation scheme
λK , CK in (10) t, G, regularisation scheme
Cclust(t), ρ(t) in (16) t, G, regularisation scheme
Uniform in the UV cutoff and auxiliary truncations at fixed (t, L)

Remark 2.35 (Operational meaning of “uniform in regulators”). In proofs, “uniform in regulators”
means that the bounds entering the drift/minorisation hypotheses and the derivative/Hessian
controls are established with constants independent of the UV cutoff and auxiliary truncations
(i.e. of RegUV) at fixed (t, L). When OS limits along Reg → ∞ are considered, the conditional
Euclidean-time conclusions additionally require uniform contraction for the transfer kernel Kt,Reg
as in Assumption 2.18.

20



3 Differentiation of the boundary potential
This section isolates the analytic mechanism behind Theorem 2.15: we express first and second
Cameron–Martin derivatives of the boundary potential Ut,Reg in terms of expectations and covariances
under a bulk measure conditioned on boundary data. The point is bookkeeping: once these identities
are in place, the proof of uniform C2-bounds reduces to (i) quasi-locality of the bulk-to-boundary
response and (ii) uniform moment bounds.

3.1 Cameron–Martin derivatives on an abstract Wiener space

Let (E,H, µ0) be an abstract Wiener space as in Section 2.4. For a measurable function f : E → R
and h ∈ H, define the directional derivative (when it exists)

Dhf(x) := lim
ε→0

f(x+ εh) − f(x)
ε

. (19)

If Dhf(x) exists for all h ∈ H and is continuous and linear in h, we write ∇Hf(x) ∈ H for the
Cameron–Martin gradient, defined by

Dhf(x) = ⟨∇Hf(x), h⟩H , h ∈ H. (20)

Similarly, if second derivatives exist and define a bounded bilinear form on H × H, we write D2
Hf(x)

for the corresponding bounded self-adjoint operator on H.

3.2 Boundary partition function as a log-Laplace functional

Fix t > 0 and regulators Reg. In concrete constructions, the boundary density in (1) arises from
integrating out bulk fields conditioned on boundary data. Abstractly, we may write (locally, after
choosing a convenient bulk reference law) the normalizing factor as

Zt,Reg(x) = E
[
exp{−Vt,Reg(x; Ξ)}

]
, (21)

where Ξ denotes a (regulated) bulk random field under a reference probability law P and Vt,Reg(x; Ξ)
is a bulk functional depending on the boundary datum x. The boundary potential can then be
written as

Ut,Reg(x) = − logZt,Reg(x) + logZt,Reg(0), (22)

which is compatible with the density representation (1) after fixing additive constants.
It is convenient to introduce the tilted probability measure Px on the bulk configuration space,

defined by
dPx

dP (Ξ) := exp{−Vt,Reg(x; Ξ)}
Zt,Reg(x) . (23)

We write Ex[·] for expectation under Px.

3.3 First and second derivative identities

The following lemma is a standard differentiation-under-the-integral statement for log-partition
functions, recorded here in the precise form needed for uniform bounds.

Lemma 3.1 (Log-partition derivatives). Fix t > 0 and Reg. Assume that for each h, k ∈ H:

21



(i) for P-a.e. Ξ, the map x 7→ Vt,Reg(x; Ξ) is twice differentiable along H-directions, with directional
derivatives DhVt,Reg(x; Ξ) and D2

h,kVt,Reg(x; Ξ);

(ii) there exists a neighbourhood U of x in H such that

sup
x′∈U

E
[
exp{−V(x′; Ξ)}

(
|DhV(x′; Ξ)| + |D2

h,kV(x′; Ξ)| + |DhV(x′; Ξ)|2
)]
< ∞.

Then Zt,Reg(x) is twice differentiable along H-directions and

Dh logZt,Reg(x) = −Ex
[
DhVt,Reg(x; Ξ)

]
, (24)

D2
h,k logZt,Reg(x) = −Ex

[
D2

h,kVt,Reg(x; Ξ)
]

+ Covx
(
DhVt,Reg(x; Ξ), DkVt,Reg(x; Ξ)

)
. (25)

Consequently, the boundary potential Ut,Reg(x) satisfies

DhUt,Reg(x) = Ex
[
DhVt,Reg(x; Ξ)

]
, (26)

D2
h,kUt,Reg(x) = Ex

[
D2

h,kVt,Reg(x; Ξ)
]

− Covx
(
DhVt,Reg(x; Ξ), DkVt,Reg(x; Ξ)

)
. (27)

Remark 3.2 (What must be controlled). The operator bound (6) for D2
HUt,Reg(x) will follow from

(27) once we prove uniform bounds, for ∥x∥H ≤ R, on:

sup
∥h∥H=∥k∥H=1

∣∣∣Ex
[
D2

h,kV(x; Ξ)
]∣∣∣ and sup

∥h∥H=1
Varx

(
DhV(x; Ξ)

)
, (28)

with constants independent of Reg. Similarly, the one-sided growth bound (7) will follow from (26)
with h = x together with a uniform control on Ex[DxV(x; Ξ)].

3.4 Reduction to quasi-local response and uniform moments

The derivative identities above are exact; the work is to bound the terms uniformly in regulators.
The remainder of the paper implements the following plan.

R1. Quasi-local response. We show that DhV(x; Ξ) and D2
h,kV(x; Ξ) can be expressed as integrals

of local (or quasi-local) densities against h and (h, k), respectively, with kernels that decay
away from the boundary support of h. This step is specific to the slab geometry and the
regulated Yang–Mills action.

R2. Uniform integrability under Px. We prove moment/exponential-moment bounds for the
local densities entering the response, uniformly in Reg and locally uniformly in x (typically on
{∥x∥H ≤ R}). Combined with quasi-locality, this yields the uniform bounds in (28).

To keep the presentation modular, we implement R1 in Section 4 and R2 in Section 5. These
two inputs jointly yield Theorem 2.15 in Section 6.

4 Optional template: Quasi-local response kernels for the slab
boundary law

Template-only notice. This section develops a linear/Gaussian bookkeeping template (quasi-local
response kernels, harmonic extension, Dirichlet-to-Neumann operators) on an optional additive
boundary realisation. It is not used in the Wilson lattice track, where boundary variables live on
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the compact manifold B∂ = GE∂ and the corridor/Wilson transfer estimates are obtained directly
from KP/cluster expansion outputs (Appendix H).

This section fixes a concrete regulator chart for the slab and derives explicit formulas for the
first and second Cameron–Martin derivatives of the bulk functional entering the log-partition
representation of Section 3. The only structural point we need later is:

All dependence on boundary data enters through a linear harmonic extension map, and
the functional derivatives of the regulated interaction are finite-range local at scale Λ−1.

Sampler vs. transfer kernel. The response formulas below are written for a boundary datum at
time 0. They are compatible with the Euclidean transfer-kernel viewpoint (Definition 2.7) because
the same harmonic-extension and finite-range locality statements hold with two boundary traces
(x−, x+). For clarity we record both the one-sided and two-sided harmonic extension/DN operators;
the locality proofs are identical.

4.1 Field spaces, Fourier conventions, and the UV smoothing

Fix L > 0 and write T3
L = (R/LZ)3 with coordinates x ∈ [0, L)3. Let St,L = [0, t] × T3

L and denote
points by X = (x0, x). We consider g-valued one-forms A = (Aµ)3

µ=0 on St,L, with each component
Aµ a g-valued function on St,L.

To keep all objects finite-dimensional and classically differentiable, we impose a spatial Fourier
cutoff. Let

ΓL := 2π
L

Z3, ΓL,Λ := {p ∈ ΓL : |p|∞ ≤ Λ}.

For a (vector-valued) function f on T3
L, write

f(x) =
∑

p∈ΓL

f̂(p) eip·x, f̂(p) = 1
L3

∫
T3

L

f(x) e−ip·x dx.

Define the spatial projector PΛ by

PΛf =
∑

p∈ΓL,Λ

f̂(p) eip·x.

All fields and test functions below are assumed to lie in the range of PΛ (componentwise), so they
are smooth and finite-dimensional in space.

We also introduce a finite-range UV smoothing in spacetime. Fix once and for all a nonnegative
mollifier ρ ∈ C∞

c (R4) with
∫
R4 ρ = 1 and supp(ρ) ⊂ B(0, 1) (unit Euclidean ball). For Λ ≥ 1 set

ρΛ(X) = Λ4ρ(ΛX) and define

(SΛf)(X) := (ρΛ ∗ f)(X) =
∫
R×R3

ρΛ(X − Y ) f(Y ) dY,

where f is extended periodically in x and by reflection outside [0, t] in the time coordinate (so that
SΛ is well-defined on the slab and preserves boundary conditions). By construction,

supp(ρΛ) ⊂ B(0,Λ−1) =⇒ (SΛf)(X) depends only on f on B(X,Λ−1). (29)

The projector PΛ and the smoother SΛ commute on spatially truncated fields (and we may silently
replace SΛ by PΛSΛ to remain in the finite-dimensional space).
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4.2 Free slab action and harmonic extensions

We define the free (Gaussian) reference structure using the Dirichlet Laplacian on the slab. Let
∆ = ∂2

0 + ∆x denote the Euclidean Laplacian. For each component Aµ, define the free action

S0
t,L,Λ(A) := 1

2

3∑
µ=0

∫
St,L

|∇Aµ(X)|2 dX, (30)

on the affine space of spatially truncated fields with prescribed endpoint traces. We use the boundary
space

BL,Λ :=
{
x : T3

L → g⊕4 spatially truncated
}
,

and we write x−, x+ ∈ BL,Λ for the boundary traces at time 0 and t, respectively. The homogeneous
fluctuation space is

X 0
t,L,Λ :=

{
ζ : St,L → g⊕4 spatially truncated, ζ(0, ·) = ζ(t, ·) = 0

}
.

On X 0
t,L,Λ, the quadratic form (30) defines a centered Gaussian measure.

Two-sided harmonic extension. The harmonic extension operator from endpoint data is defined
componentwise.

Definition 4.1 (Two-sided harmonic extension). Given (x−, x+) ∈ BL,Λ × BL,Λ, define u =
Ht(x−, x+) as the unique spatially truncated solution of{

−∆u = 0 on (0, t) × T3
L,

u(0, ·) = x−, u(t, ·) = x+.
(31)

We also write H−
t x := Ht(x, 0) and H+

t x := Ht(0, x), so that Ht(x−, x+) = H−
t x− + H+

t x+.

Lemma 4.2 (Explicit Fourier formula and maximum principle). Let (x−, x+) ∈ BL,Λ × BL,Λ and
write x±(x) = ∑

p∈ΓL,Λ
x̂±(p)eip·x. Then u = Ht(x−, x+) is given by

u(x0, x) =
∑

p∈ΓL,Λ

[
x̂−(p) sinh(|p|(t− x0))

sinh(|p|t) + x̂+(p) sinh(|p|x0)
sinh(|p|t)

]
eip·x, (|p| :=

√
p2

1 + p2
2 + p2

3),

(32)
with the convention that for p = 0 the ratios are interpreted as limits:

sinh(|p|(t− x0))
sinh(|p|t)

∣∣∣
p=0

= 1 − x0
t
,

sinh(|p|x0)
sinh(|p|t)

∣∣∣
p=0

= x0
t
.

Moreover, Ht is a contraction in L∞:

sup
(x0,x)∈St,L

|u(x0, x)| ≤ max
{

sup
x∈T3

L

|x−(x)|, sup
x∈T3

L

|x+(x)|
}
. (33)

Proof. Fix p ∈ ΓL,Λ and consider the mode up(x0)eip·x. Solving −u′′
p(x0) + |p|2up(x0) = 0 with

endpoint values up(0) = x̂−(p) and up(t) = x̂+(p) yields (32). The L∞ bound follows from the
maximum principle for each scalar component on the cylinder.
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4.3 Dirichlet-to-Neumann forms (one-sided and two-sided)

The boundary Gaussian structure is governed by Dirichlet-to-Neumann operators.

Definition 4.3 (Two-sided Dirichlet-to-Neumann map). Define the operator Nend
t,L,Λ on BL,Λ × BL,Λ

by
Nend

t,L,Λ(x−, x+) :=
(
−∂0u

∣∣
x0=0, +∂0u

∣∣
x0=t

)
, u = Ht(x−, x+). (34)

Equivalently, Nend
t,L,Λ is the 2 × 2 block operator

Nend
t,L,Λ =

(
N−− N−+
N+− N++

)

with N−−x = −∂0(H−
t x)|0, N++x = +∂0(H+

t x)|t, and the off-diagonal blocks N−+x = −∂0(H+
t x)|0,

N+−x = +∂0(H−
t x)|t.

Definition 4.4 (One-sided Dirichlet-to-Neumann operator). Define Nt,L,Λ : BL,Λ → BL,Λ by

Nt,L,Λx := −∂0(H−
t x)

∣∣
x0=0. (35)

This is the special case of (34) with x+ = 0.

Lemma 4.5 (Fourier symbols). The one-sided operator Nt,L,Λ is self-adjoint and positive definite
on BL,Λ with Fourier multiplier

̂(Nt,L,Λx)(p) = ωt(p) x̂(p), ωt(p) :=

|p| coth(|p|t), p ̸= 0,
t−1, p = 0.

(36)

For the two-sided map, Nend
t,L,Λ has the 2 × 2 Fourier-multiplier matrix

̂(
Nend

t,L,Λ(x−, x+)
)
(p) = |p|

(
coth(|p|t) −csch(|p|t)

−csch(|p|t) coth(|p|t)

)(
x̂−(p)
x̂+(p)

)
(p ̸= 0), (37)

and for p = 0 the matrix is t−1
(

1 −1
−1 1

)
in the obvious sense.

Proof. Differentiate (32) in x0 and evaluate at x0 = 0 and x0 = t. For the one-sided case, set
x+ = 0.

Lemma 4.6 (Energy identity). Let u = Ht(x−, x+). Then∫
St,L

|∇u(X)|2 dX = ⟨x−,−∂0u|0⟩L2(T3
L) + ⟨x+,+∂0u|t⟩L2(T3

L) =
〈
(x−, x+),Nend

t,L,Λ(x−, x+)
〉

L2⊕L2
.

(38)
In particular, taking x+ = 0 recovers the one-sided identity∫

St,L

|∇(H−
t x)(X)|2 dX =

〈
x,Nt,L,Λx

〉
L2(T3

L) . (39)

Proof. Integrate by parts using −∆u = 0 and note that the outward normal derivative at x0 = 0 is
−∂0 and at x0 = t is +∂0.
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4.4 Gaussian conditioning: bulk fluctuations and induced endpoint/boundary
laws

Let γD := γD
t,L,Λ denote the centered Gaussian measure on X 0

t,L,Λ with density proportional to
exp(−S0

t,L,Λ(ζ)) with respect to Lebesgue measure on the finite-dimensional space X 0
t,L,Λ. For

endpoint data (x−, x+) define the affine bulk field

A(x−,x+) := Ht(x−, x+) + ζ, ζ ∼ γD
t,L,Λ.

Lemma 4.7 (Induced free endpoint law). There exists a (normalised) Gaussian measure µend
0,t,L,Λ

on BL,Λ × BL,Λ such that for every bounded measurable Ψ,∫
Ψ(x−, x+)µend

0,t,L,Λ( dx−, dx+) = 1
Z0,end

t,L,Λ

∫ ∫
Ψ(x−, x+) exp

(
−S0

t,L,Λ(Ht(x−, x+)+ζ)
)

dζ dx− dx+,

(40)
and µend

0,t,L,Λ has density proportional to

exp
(
−1

2
〈
(x−, x+),Nend

t,L,Λ(x−, x+)
〉

L2⊕L2

)
(41)

with respect to Lebesgue measure on BL,Λ × BL,Λ.

Proof. As in the one-sided case, use the orthogonal decomposition induced by harmonic extension
plus Dirichlet fluctuations: the cross term vanishes because ζ has homogeneous Dirichlet boundary
and −∆Ht(x−, x+) = 0. Then apply Lemma 4.6 to identify the boundary quadratic form.

Remark 4.8 (Connection to the transfer kernel). The free Euclidean transfer kernel is the disin-
tegration of µend

0,t,L,Λ with respect to its first marginal, exactly as in Definition 2.7. We do not
need its explicit Gaussian conditional form here; what matters for this section is that endpoint
dependence enters through Ht(x−, x+) and that the interaction derivatives are finite-range local
once UV-smoothed.

4.5 Regulated Yang–Mills interaction as a local functional

We now define a regulated Yang–Mills interaction functional that is (i) smooth in the finite-
dimensional field variables and (ii) strictly local at scale Λ−1 thanks to (29). Let A be a (spatially
truncated) g-valued one-form on St,L. Define the smoothed gauge potential AΛ := SΛA and the
smoothed curvature

FΛ
µν(A) := ∂µA

Λ
ν − ∂νA

Λ
µ + [AΛ

µ , A
Λ
ν ], 0 ≤ µ < ν ≤ 3, (42)

with Lie bracket taken in g. Fix an Ad-invariant inner product (·, ·) on g (e.g. minus the Killing
form for su(N)) and extend it componentwise. Set

Sint
t,L,Λ(A) := 1

4g2

∫
St,L

∑
µ<ν

(
FΛ

µν(A)(X), FΛ
µν(A)(X)

)
dX, (43)

where g > 0 is the coupling (treated as fixed throughout this paper). We also use the inverse-
temperature parameter β := 1/(4g2) when discussing high-temperature/KP corridors. Cou-

pling/temperature parameter. Throughout we write

β := 1
4g2 . (44)
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The high-temperature / cluster-expansion (KP) corridor is formulated in terms of small inverse
temperature β (equivalently strong coupling g). In Wilson lattice notation one often uses βW ≍ 1/g2;
in our formulas all corridor smallness conditions are stated for β up to harmless group-dependent
constants.

Because A 7→ AΛ is linear and smoothing and FΛ is a polynomial in AΛ and its first derivatives,
the functional Sint

t,L,Λ is a smooth polynomial functional on the finite-dimensional field space.

Remark 4.9 (Locality scale). By (29), each value AΛ(X) and ∂µA
Λ(X) depends only on A within

B(X,Λ−1). Hence the integrand in (43) depends only on A within B(X,Λ−1). This strict (finite-
range) locality is the only ingredient used below.

4.6 First variation: a quasi-local response operator

Fix endpoint data (x−, x+) ∈ BL,Λ × BL,Λ and write

A = Ht(x−, x+) + ζ, ζ ∈ X 0
t,L,Λ.

When we differentiate with respect to the lower boundary datum x− in direction h ∈ BL,Λ, the
induced bulk variation is δA = H−

t h (with the upper datum held fixed).

Lemma 4.10 (First variation formula). For each fixed (x−, x+) and ζ, set

L(h) := DhVt,Reg(x−;x+, ζ).

Then L is linear and

DhVt,Reg(x−;x+, ζ) = d
dε

∣∣∣∣
ε=0

Sint
t,L,Λ

(
Ht(x− + εh, x+) + ζ

)
=
∫

St,L

3∑
µ=0

(
Jµ(A)(X), (H−

t h)µ(X)
)

dX,

(45)
where J (A) is the Fréchet gradient of Sint

t,L,Λ with respect to A, characterised by

d
dε

∣∣∣∣
ε=0

Sint
t,L,Λ(A+ εδA) =

∫
St,L

3∑
µ=0

(
Jµ(A)(X), δAµ(X)

)
dX for all δA. (46)

Moreover, the map X 7→ J (A)(X) is local at scale Λ−1: J (A)(X) depends only on A restricted to
B(X, cΛ−1) for a constant c determined by ρ.

Proof. Linearity in h is immediate since h 7→ H−
t h is linear and Sint is Fréchet differentiable. Identity

(45) is the chain rule:
DhV (x−;x+, ζ) = DSint(A) [H−

t h],

and (46) is the definition of the L2-gradient.
For locality: Sint is an integral of a pointwise polynomial in AΛ and ∂AΛ, and each AΛ(X)

and ∂AΛ(X) depends only on A inside B(X,Λ−1) by (29). Differentiating the integrand at X
with respect to A(Y ) can only produce a nonzero contribution if Y ∈ B(X, cΛ−1) for a constant c
depending only on ρ.
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4.7 Second variation: a bilinear finite-range kernel

Define the second Fréchet derivative of Sint at A as the bilinear form

D2Sint(A) : (δA, δA′) 7→ ∂2

∂ε ∂ε′

∣∣∣∣∣
ε=ε′=0

Sint(A+ εδA+ ε′δA′).

Because Sint is a polynomial in finitely many coordinates (after cutoff), D2Sint(A) exists and is
continuous.

Lemma 4.11 (Second variation formula and finite range). For each fixed (x−, x+) and ζ and all
h, k ∈ BL,Λ,

D2
h,kVt,Reg(x−;x+, ζ) = D2Sint

t,L,Λ(A) [H−
t h,H−

t k]. (47)

Moreover, there exists a measurable kernel operator K(A;X,Y ) (a bilinear form on g⊕4) such that

D2
h,kVt,Reg(x−;x+, ζ) =

∫
St,L

∫
St,L

3∑
µ,ν=0

(
(H−

t h)µ(X), Kµν(A;X,Y ) (H−
t k)ν(Y )

)
dX dY, (48)

and K(A;X,Y ) is finite-range in spacetime:

K(A;X,Y ) = 0 whenever |X − Y | > cΛ−1, (49)

with the same constant c as in Lemma 4.10.

Proof. Since x− 7→ Ht(x−, x+) is linear with derivative H−
t , differentiating twice yields (47). The

kernel representation follows by writing Sint as an integral of a local polynomial in j1AΛ(X) and
composing the pointwise Hessian with the smoothing kernels; finite-range locality (29) yields
(49).

4.8 Quasi-local response summary

The previous lemmas show that the dependence of V on x− passes through the harmonic extension
H−

t x− and that the functional derivatives of the interaction are local at scale Λ−1. For later operator
bounds it is convenient to record the one-sided Dirichlet-to-Neumann form.

Definition 4.12 (One-sided boundary Cameron–Martin norm). Define the boundary Hilbert norm

∥h∥2
Ht,L,Λ

:=
〈
h,Nt,L,Λh

〉
L2(T3

L) . (50)

Lemma 4.13 (Isometry into bulk energy). For all h ∈ BL,Λ,

∥h∥2
Ht,L,Λ

=
∫

St,L

|∇(H−
t h)(X)|2 dX. (51)

In particular, the operator norm of H−
t :

(
BL,Λ, ∥·∥Ht,L,Λ

)
→ H1(St,L) is 1, uniformly in L and Λ.

Proof. This is exactly (39) with x = h.

Remark 4.14 (Scope of this section). Section 4 proves structural facts: derivative representations
and strict finite-range locality (in spacetime) of the second-variation kernel K at the UV scale
Λ−1. Uniform bounds on the expectations and covariances appearing in Lemma 3.1 are deferred to
Section 5, where regulator-uniform integrability inputs are recorded.
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5 Uniform moment bounds for response densities
Template-only notice. This section supplies regulator-uniform integrability bounds for the template
response densities constructed in Section 4. It is not an input to the Wilson lattice track, where
the configuration space is compact and the KP corridor bounds are proved globally using intrinsic
derivatives on GE∂ (Appendix H).

This section supplies the quantitative integrability input required in Remark 3.2: uniform bounds
(in the regulators) on local polynomial seminorms of the interior field under the conditional laws Px,
uniformly for x in boundary balls. These estimates have two roles:

(i) they justify differentiation under the integral in Lemma 3.1;

(ii) they control the expectation and covariance terms in (27) uniformly in Reg.

5.1 Interior Hilbert scale and local block seminorms

Fix a slab St,L = [0, t] × T3
L and a regulator tuple Reg. Let Ξ denote the full collection of interior

fields on the slab (gauge, gauge-fixing and auxiliary fields as dictated by the chosen reflection-positive
chart). For the moment bounds below, only the following structural facts matter: (i) Ξ lives in a
finite-dimensional real Hilbert space (after UV/volume truncation), (ii) the free reference law is
Gaussian, and (iii) the interacting weight is a stable local functional.

Negative Sobolev scale. Let −∆D denote the Dirichlet Laplacian on St,L in the time direction
(Dirichlet at {0} × T3

L and {t} × T3
L) and periodic in space. Fix s > 2 and define the (normalised)

Hilbert norm
∥Ξ∥2

H−s(St,L) := 1
|St,L|

∑
α

〈
Ξα, (1 − ∆D)−sΞα

〉
L2(St,L), (52)

where α runs over the components of Ξ (including internal indices), and |St,L| = tL3.

Local block seminorms. Fix a unit-scale partition of St,L into axis-aligned blocks: let Q be the
set of blocks

Q = [m0,m0 + 1] ×
3∏

i=1
[mi,mi + 1] intersected with St,L, m ∈ Z × Z3.

Define the local seminorms

∥Ξ∥2
H1(Q) :=

∑
α

∫
Q

(
|Ξα|2 + |∇Ξα|2

)
dX, ∥Ξ∥4

L4(Q) :=
∑

α

∫
Q

|Ξα|4 dX. (53)

A local polynomial seminorm Πloc(Ξ;K) on a compact K ⊂ St,L is any finite sum of monomials in
{∥Ξ∥2

H1(Q), ∥Ξ∥4
L4(Q)} over blocks Q intersecting K. For concreteness, we use

Πloc(Ξ;K) :=
∑

Q∈Q
Q∩K ̸=∅

(
1 + ∥Ξ∥2

H1(Q) + ∥Ξ∥4
L4(Q)

)
. (54)
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5.2 Conditional interior law and a stability/non-degeneracy hypothesis

Let µ0
t,Reg be the centred Gaussian reference measure for the interior field Ξ (on the regulator-

truncated interior field space), and for each boundary datum x let Vt,Reg(x; Ξ) be the (renormalised)
interior action including boundary pinning terms (in the chosen chart), so that the conditional
interior law is

Px( dΞ) = 1
Zt,Reg(x) exp

(
−Vt,Reg(x; Ξ)

)
µ0

t,Reg( dΞ),

Zt,Reg(x) :=
∫

exp
(
−Vt,Reg(x; Ξ)

)
µ0

t,Reg( dΞ).
(55)

Boundary balls. Let H denote the boundary Cameron–Martin space and write BR := {x ∈ H :
∥x∥H ≤ R}.

Stability and non-degeneracy. We isolate exactly what is used later: a stability lower bound
and a uniform lower bound on the conditional normalisation over boundary balls.

Assumption 5.1 (Uniform stability and partition-function non-degeneracy (template/extension
input)). Fix t > 0. There exist constants c4 > 0, c2 ≥ 0, c0 ≥ 0, and for each R > 0 a constant
Cx(t, R) ≥ 0, all independent of Reg, such that for every Reg and every x ∈ BR,

Vt,Reg(x; Ξ) ≥ c4 ∥Ξ∥4
L4(St,L) − c2 ∥Ξ∥2

H1(St,L) − c0 − Lx,Reg(Ξ), (56)

where Lx,Reg is affine in Ξ and satisfies

|Lx,Reg(Ξ)| ≤ Cx(t, R) ∥Ξ∥H1(St,L) for all Ξ and all x ∈ BR. (57)

Moreover, for each R > 0 there exists z∗(t, R) > 0, independent of Reg, such that

inf
Reg

inf
x∈BR

Zt,Reg(x) ≥ z∗(t, R) > 0. (58)

Remark 5.2 (Role of Assumption 5.1). Assumption 5.1 is part of the standing input for the abstract
template results (Theorems 2.15 and 2.16) and for extensions beyond the concrete lattice corridor
treated in Theorem 2.14. In the Wilson-type lattice corridor regimes of Appendices F and H,
the corresponding non-degeneracy and stability bounds are supplied by the concrete finite-range
structure and the KP corridor estimates.
Remark 5.3 (Why (58) is stated explicitly). When one works uniformly in the UV regulator, lower
bounds on normalisations are not automatic and must be part of the constructive input (e.g.
via finite-range decompositions and counterterm control). We state (58) explicitly to keep later
arguments honest.
Remark 5.4 (When Assumption 5.1 is expected to hold). At fixed finite regulators, stability is typically
immediate from locality of the action and (for compact gauge groups) coercivity/boundedness
properties of the regulated interaction. The substantive content is the uniformity in Reg: as
UV or volume cutoffs are relaxed, one must control counterterms and prevent degeneration of
Zt,Reg(x) uniformly over boundary balls. In constructive settings this is usually supplied by a
finite-range/multiscale decomposition together with uniform bounds on the renormalised effective
action. The present paper isolates the hypothesis precisely because proving it is model- and
scheme-dependent.
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Assumption 5.5 (Unit-scale finite-range locality). Fix t > 0. The regulator family admits a
unit-scale decomposition (in spacetime) compatible with the renormalised action in the following
sense. There exists a partition of St,L into unit blocks Q ∈ Q as in (53) such that, for each
Reg, the interior action Vt,Reg(x; Ξ) can be written as a sum of local contributions supported on
O(1)-neighbourhoods of blocks, and the Gaussian reference law µ0

t,Reg has the corresponding (block)
Markov property. In particular, for any compact K ⊂ St,L with dist(K, ∂St,L) > 0, the conditional
law of Ξ|K under Px depends on the exterior only through Ξ on a finite-thickness collar of K,
and the associated local Radon–Nikodým derivatives satisfy bounds uniform in Reg and in x on
boundary balls.

5.3 Uniform Gaussian exponential moments in negative regularity

The only global exponential integrability we will use is in sufficiently negative regularity (where the
relevant quadratic form is trace-class).

Lemma 5.6 (Uniform Gaussian exponential moments in H−s). Fix t > 0 and s > 2. There exist
β0 = β0(t, s) > 0 and C0 = C0(t, s) < ∞ such that for every regulator tuple Reg,

Eµ0
t,Reg

[
exp

(
β0∥Ξ∥2

H−s(St,L)
)]

≤ C0. (59)

All constants are independent of the UV cutoff and auxiliary truncations (at fixed (t, L)).

Proof. Under µ0
t,Reg, Ξ is a centered Gaussian vector in a regulator-truncated Hilbert space. The

norm (52) is a quadratic form with kernel (1 − ∆D)−s. For s > 2 in four spacetime dimensions, the
corresponding operator is trace-class uniformly on bounded time slabs (and, after normalisation by
|St,L|, its trace is uniformly bounded in the regulator family). A standard Gaussian determinant
computation then yields (59) for sufficiently small β0 > 0.

5.4 Uniform exponential H−s moments under Px on boundary balls

We now transfer exponential integrability from the Gaussian reference to the conditional interior
laws, using Assumption 5.1.

Lemma 5.7 (Uniform exponential H−s moments under Px). Fix t > 0 and s > 2. For every R > 0
there exist βs(t, R) > 0 and Cs(t, R) < ∞, independent of Reg, such that

sup
x∈BR

Ex

[
exp

(
βs(t, R) ∥Ξ∥2

H−s(St,L)
)]

≤ Cs(t, R). (60)

Proof. Fix R > 0 and x ∈ BR. By definition (55),

Ex

[
e

β∥Ξ∥2
H−s

]
=

Eµ0

[
e

β∥Ξ∥2
H−s e−V(x;Ξ)

]
Zt,Reg(x) .

Using e−V(x;Ξ) ≤ ec0 e
c2∥Ξ∥2

H1 e|Lx,Reg(Ξ)| e
−c4∥Ξ∥4

L4 from (56), and Young’s inequality on the affine
term (57), we obtain

e−V(x;Ξ) ≤ exp
(
C♯(t, R)

)
exp
(
c̃2(t)∥Ξ∥2

H1 − c4∥Ξ∥4
L4

)
for a constant C♯(t, R) independent of Reg and a constant c̃2(t) ≥ 0. By the slab Sobolev embedding
H1(St,L) ↪→ L4(St,L) (with constant depending only on t), there exists CSob(t) ≥ 1 such that
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∥Ξ∥4
L4 ≤ CSob(t)4 ∥Ξ∥4

H1 . Hence the scalar inequality ar2 − xr4 ≤ a2/(4x) applied to r = ∥Ξ∥H1

implies
c̃2(t)∥Ξ∥2

H1 − c4∥Ξ∥4
L4 ≤ c̃2(t)∥Ξ∥2

H1 − c4
CSob(t)4 ∥Ξ∥4

H1 ≤ C(t),

with C(t) independent of Reg. Therefore

Eµ0

[
e

β∥Ξ∥2
H−s e−V(x;Ξ)

]
≤ exp

(
C♯(t, R) + C(t)

)
Eµ0

[
e

β∥Ξ∥2
H−s

]
.

Choose β ∈ (0, β0] with β0 from Lemma 5.6 to bound the Gaussian expectation uniformly. Finally,
divide by the uniform lower bound (58) to obtain (60).

5.5 Uniform local polynomial moments away from the boundary

For controlling the response densities from Section 4, the needed bounds are local. We record a
genuinely local estimate (uniform in x and in Reg) for regions separated from the slab boundary.

Lemma 5.8 (Uniform local polynomial moments). Fix t > 0 and let K ⊂ St,L be a compact set
whose distance to the boundary ∂St,L is strictly positive:

dist(K, ∂St,L) ≥ d0 > 0. (61)

Assume Assumptions 5.1 and 5.5. Then there exists a constant Cloc(t,K) < ∞, independent of Reg
and independent of x ∈ H, such that

sup
Reg

sup
x∈H

Ex
[
Πloc(Ξ;K)

]
≤ Cloc(t,K), sup

Reg
sup
x∈H

Ex
[
Πloc(Ξ;K)2] ≤ Cloc(t,K). (62)

Proof. The proof is the standard “local absolute continuity” argument enabled by finite-range
locality: for K separated from the boundary, the dependence on x enters only through terms
supported in a boundary collar, and those terms are conditionally independent of the field on a
neighbourhood of K given a finite intermediate collar. Disintegrating the Gaussian reference and
the tilted law Px along this finite-range decomposition yields a Radon–Nikodým derivative for the
Px-marginal on the region relevant for Πloc(·;K) that is bounded above and below by constants
depending only on (t,K). The required moments then follow from the corresponding Gaussian
moments on finitely many blocks.

5.6 Consequences for response terms

We now connect Lemma 5.8 to the response objects from Section 4. In later sections we will use
bounds of the schematic form

|DhV(x; Ξ)| ≲ ∥h∥H (1 + Πloc(Ξ;K)), |D2
h,kV(x; Ξ)| ≲ ∥h∥H∥k∥H (1 + Πloc(Ξ;K)),

which are consequences of locality of the renormalised densities and the finite-range support of the
response kernels. Given such bounds, the local moment estimates yield the uniform integrability
required in Lemma 3.1.

Proposition 5.9 (Uniform L2 bounds for first/second variations). Fix t > 0 and R > 0. Assume that
there exists a compact set K ⊂ St,L with dist(K, ∂St,L) > 0 and constants CJ(t), CH(t) (independent
of Reg) such that for all x ∈ BR and all h, k ∈ H,

|DhV(x; Ξ)| ≤ CJ(t) ∥h∥H
(
1 + Πloc(Ξ;K)

)
, |D2

h,kV(x; Ξ)| ≤ CH(t) ∥h∥H∥k∥H
(
1 + Πloc(Ξ;K)

)
.

(63)
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Then there exists CV,2(t, R) < ∞, independent of Reg, such that for all x ∈ BR,

sup
∥h∥H=1

Ex
[
|DhV(x; Ξ)|2

]
≤ CV,2(t, R), sup

∥h∥H=∥k∥H=1
Ex
[
|D2

h,kV(x; Ξ)|
]

≤ CV,2(t, R). (64)

Proof. By (63) and Cauchy–Schwarz,

Ex[|DhV |2] ≤ CJ(t)2 ∥h∥2
H Ex

[
(1 + Πloc)2] ≤ 2CJ(t)2 ∥h∥2

H
(
1 + Ex[Π2

loc]
)
,

and similarly
Ex[|D2

h,kV |] ≤ CH(t) ∥h∥H∥k∥H Ex[1 + Πloc].

Apply Lemma 5.8 to bound Ex[Πloc] and Ex[Π2
loc] uniformly in (Reg, x).

6 Optional template: Proof of uniform C2-bounds and one-sided
growth

This section completes the proof of Theorem 2.15. We work in the concrete slab model of Section 4:
the boundary datum is x ∈ BL,Λ, its harmonic extension is Htx, the bulk fluctuation is ζ ∈ X 0

t,L,Λ,
and

Vt,Reg(x; ζ) := Sint
t,L,Λ

(
Htx+ ζ

)
. (65)

The conditional bulk law Px is the Gibbs tilt of the Dirichlet Gaussian γD
t,L,Λ by exp{−Vt,Reg(x; ζ)}

as in (23). The boundary potential is Ut,Reg(x) = − logZt,Reg(x) + logZt,Reg(0) with

Zt,Reg(x) = EγD
t,L,Λ

[
exp

{
−Vt,Reg(x; ζ)

}]
.

Throughout this section we fix t > 0. All constants may depend on t (and on the choice of
compact gauge group and regularisation scheme), but are uniform in the UV cutoff Λ (and auxiliary
truncations) at fixed spatial size L on the boundary balls {∥x∥H ≤ R} that appear below.
Remark 6.1 (Finite-dimensional viewpoint at fixed regulator). For each regulator tuple Reg the
boundary space BL,Λ (hence HReg) is finite-dimensional. All disintegrations, densities, and derivative
identities are therefore meant in a fixed finite-dimensional coordinate realisation at the given
regulator. We sometimes use abstract Wiener-space language only to emphasize which parts of the
weak Harris argument are genuinely dimension-free (in particular, how trace terms are controlled
uniformly); no infinite-dimensional limit is taken in this manuscript. Moreover, unless explicitly
stated otherwise, “uniform in Reg” means uniform in the UV cutoff and auxiliary truncations at
fixed (t, L).

6.1 Preliminaries: norms and harmonic extension bounds

Recall the boundary Cameron–Martin norm from Definition 4.12:

∥h∥2
H ≡ ∥h∥2

Ht,L,Λ
=
〈
h,Nt,L,Λh

〉
L2(T3

L) .

Lemma 4.13 gives the energy isometry

∥∇(Hth)∥L2(St,L) = ∥h∥H.

We also require a uniform L2 bound on the harmonic extension itself.
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Lemma 6.2 (Uniform L2 bound for Ht). For every t > 0 there exists Ct < ∞ such that for all L,Λ
and all h ∈ BL,Λ,

∥Hth∥L2(St,L) ≤ Ct ∥h∥H. (66)

Proof. Set u = Hth. For each fixed x ∈ T3
L we have u(t, x) = 0, hence for s ∈ [0, t],

u(s, x) = −
∫ t

s
∂0u(r, x) dr, so |u(s, x)|2 ≤ (t− s)

∫ t

s
|∂0u(r, x)|2 dr ≤ t

∫ t

0
|∂0u(r, x)|2 dr.

Integrating in s and x gives

∥u∥2
L2(St,L) =

∫
T3

L

∫ t

0
|u(s, x)|2 ds dx ≤

∫
T3

L

∫ t

0
t
(∫ t

0
|∂0u(r, x)|2 dr

)
ds dx = t2∥∂0u∥2

L2(St,L).

Since |∂0u| ≤ |∇u|, we obtain

∥u∥L2(St,L) ≤ t∥∇u∥L2(St,L) = t∥h∥H

by Lemma 4.13. Thus (66) holds with Ct = t.

6.2 Pointwise algebra bounds and variation estimates for the YM interaction

We now derive deterministic (pathwise) bounds for the first and second variations of

V (x; ζ) = Sint
t,L,Λ

(
Htx+ ζ

)
.

These will be integrated under Px using the uniform moment estimates from Section 5.
Write

A := Htx+ ζ, δhA := Hth, AΛ = SΛA, (δhA)Λ = SΛ(δhA).

Recall

FΛ
µν(A) = ∂µA

Λ
ν − ∂νA

Λ
µ + [AΛ

µ , A
Λ
ν ], Sint

t,L,Λ(A) = 1
4g2

∫
St,L

∑
µ<ν

(
FΛ

µν(A), FΛ
µν(A)

)
dX.

We also use the standard algebra bound |[u, v]| ≤ Cg|u||v| for a constant Cg depending only on
(g, (·, ·)).

Lemma 6.3 (First variation bound). There exists C = C(t, g, ρ, β) < ∞, independent of the UV
cutoff and auxiliary truncations (at fixed (t, L)), such that for all x, ζ and all h ∈ BL,Λ,∣∣DhVt,Reg(x; ζ)

∣∣ ≤ C ∥h∥H ∥FΛ(A)∥L2(St,L)
(
1 + ∥AΛ∥L4(St,L)

)
. (67)

Proof. Let δA = δhA. Differentiate Sint(A) = 1
4g2 ∥FΛ(A)∥2

L2 to obtain

DSint(A)[δA] = 1
2g2

∑
µ<ν

∫
St,L

(
FΛ

µν(A), δFΛ
µν

)
dX,

where
δFΛ

µν = ∂µ(δA)Λ
ν − ∂ν(δA)Λ

µ + [(δA)Λ
µ , A

Λ
ν ] + [AΛ

µ , (δA)Λ
ν ].

By Cauchy–Schwarz,
|DSint(A)[δA]| ≤ 1

2g2 ∥FΛ(A)∥L2 ∥δFΛ∥L2 .
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We bound ∥δFΛ∥L2 . Since SΛ is convolution with an L1 kernel of mass 1 (after periodic/reflection
extension as in Section 4.1), it is a contraction on Lp and commutes with derivatives on the interior;
hence

∥∂(δA)Λ∥L2 = ∥SΛ(∂δA)∥L2 ≤ ∥∂δA∥L2 ≤ ∥∇δA∥L2 .

For the bracket term, use |[u, v]| ≤ Cg|u||v| and Hölder:

∥[(δA)Λ, AΛ]∥L2 ≤ Cg∥(δA)Λ∥L4 ∥AΛ∥L4 ≤ Cg∥δA∥L4 ∥AΛ∥L4 ,

since SΛ is an L4 contraction.
Finally, Sobolev on the slab (Appendix A) yields ∥δA∥L4 ≤ CS(t)∥δA∥H1 . Using Lemma 6.2

and Lemma 4.13,
∥δA∥H1 ≤ ∥δA∥L2 + ∥∇δA∥L2 ≤ (Ct + 1)∥h∥H.

Therefore
∥δFΛ∥L2 ≤ C ∥h∥H

(
1 + ∥AΛ∥L4

)
,

and inserting this into the Cauchy–Schwarz bound gives (67).

Lemma 6.4 (Second variation bound). There exists C = C(t, g, ρ, β) < ∞, independent of the UV
cutoff and auxiliary truncations (at fixed (t, L)), such that for all x, ζ and all h, k ∈ BL,Λ,∣∣D2

h,kVt,Reg(x; ζ)
∣∣ ≤ C ∥h∥H ∥k∥H

(
1 + ∥AΛ∥2

L4(St,L) + ∥FΛ(A)∥2
L2(St,L)

)
. (68)

Proof. Let δA = δhA and δ′A = δkA. Differentiating the first-variation identity gives

D2Sint(A)[δA, δ′A] = 1
2g2

∑
µ<ν

∫ (
δFΛ

µν(δA), δFΛ
µν(δ′A)

)
dX

+ 1
2g2

∑
µ<ν

∫ (
FΛ

µν(A), δ2FΛ
µν(δA, δ′A)

)
dX.

where δFΛ(·) is the linearisation as above and

δ2FΛ
µν(δA, δ′A) = [(δA)Λ

µ , (δ′A)Λ
ν ] − [(δA)Λ

ν , (δ′A)Λ
µ ].

By Cauchy–Schwarz,

|D2Sint(A)[δA, δ′A]| ≤ 1
2g2 ∥δFΛ(δA)∥L2 ∥δFΛ(δ′A)∥L2 + 1

2g2 ∥FΛ(A)∥L2 ∥δ2FΛ(δA, δ′A)∥L2 . (69)

From the proof of Lemma 6.3 we have

∥δFΛ(δA)∥L2 ≤ C ∥h∥H (1 + ∥AΛ∥L4), ∥δFΛ(δ′A)∥L2 ≤ C ∥k∥H (1 + ∥AΛ∥L4).

For the bilinear curvature variation, use |[u, v]| ≤ Cg|u||v|, Hölder, the L4 contraction of SΛ, and
Sobolev as in the first-variation proof:

∥δ2FΛ(δA, δ′A)∥L2 ≤ Cg∥(δA)Λ∥L4 ∥(δ′A)Λ∥L4 ≤ C ∥h∥H ∥k∥H.

Insert these bounds into (69) to obtain

|D2Sint(A)[δA, δ′A]| ≤ C ∥h∥H ∥k∥H
(
(1 + ∥AΛ∥L4)2 + ∥FΛ(A)∥L2

)
.

Use (1 + ∥AΛ∥L4)2 ≤ 2(1 + ∥AΛ∥2
L4) and ∥F∥L2 ≤ 1 + ∥F∥2

L2 to get (68). Finally, D2
h,kV (x; ζ) =

D2Sint(A)[δhA, δkA] by Lemma 4.11.
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6.3 Uniform moment bounds for ∥AΛ∥L4 and ∥F Λ(A)∥L2 under Px

We now record the uniform integrability needed to take expectations and covariances in the bounds
above, uniformly for x in boundary balls.

Lemma 6.5 (Uniform L4 control of the harmonic extension on boundary balls). Fix t > 0 and
R > 0. There exists Ct,R < ∞ such that for all L,Λ and all x ∈ BR,

∥ (Htx)Λ ∥L4(St,L) ≤ Ct,R. (70)

Proof. Since SΛ is an L4 contraction, ∥(Htx)Λ∥L4 ≤ ∥Htx∥L4 . By Sobolev on the slab (Appendix A),

∥Htx∥L4 ≤ CS(t)∥Htx∥H1(St,L).

Using Lemma 6.2 and Lemma 4.13,

∥Htx∥H1 ≤ ∥Htx∥L2 + ∥∇(Htx)∥L2 ≤ (Ct + 1)∥x∥H ≤ (Ct + 1)R,

which yields (70).

Lemma 6.6 (Uniform second moments for ∥AΛ∥L4 and ∥FΛ(A)∥L2). Fix t > 0 and R > 0. There
exists CAF (t, R) < ∞, independent of Reg = (L,Λ), such that for all x ∈ BR,

Ex
[
∥AΛ∥4

L4(St,L)
]

≤ CAF (t, R),

Ex
[
∥FΛ(A)∥2

L2(St,L)
]

≤ CAF (t, R),

Ex
[
∥FΛ(A)∥4

L2(St,L)
]

≤ CAF (t, R).

(71)

Proof. Step 1: L4 moment of AΛ.
Write AΛ = (Htx)Λ + ζΛ. By (u+ v)4 ≤ 8(u4 + v4) and the triangle inequality,

∥AΛ∥4
L4 ≤ 8∥(Htx)Λ∥4

L4 + 8∥ζΛ∥4
L4 ≤ 8∥(Htx)Λ∥4

L4 + 8∥ζ∥4
L4 ,

since SΛ is an L4 contraction. The first term is uniformly bounded on x ∈ BR by Lemma 6.5. The
second term is controlled uniformly on x ∈ BR by the uniform stability/moment machinery of
Section 5 (applied to the conditional law Px): in particular, Lemma 5.8 and Proposition 5.9 yield
regulator-uniform polynomial moments of local L4-seminorms, which dominate ∥ζ∥4

L4(St,L) at fixed t
on the finite slab. Thus supReg supx∈BR

Ex[∥AΛ∥4
L4 ] < ∞.

Step 2: moments of ∥FΛ(A)∥L2. By definition (43) and (65),

∥FΛ(A)∥2
L2(St,L) = 4g2 Sint

t,L,Λ(A) = 4g2 Vt,Reg(x; ζ).

Moreover, on the corridor chart (and on boundary balls x ∈ BR) the interaction is bounded
below: there exists CV = CV (t, L,R) < ∞, uniform in the UV refinement at fixed (t, L), such that
Vt,Reg(x; ζ) ≥ −CV for all admissible (x, ζ). Set Ṽ := Vt,Reg(x; ζ) + CV ≥ 0. For integers m ≥ 1 we
have the deterministic bound Ṽ me−Ṽ ≤ m!, and for m = 1, 2,

Ex
[
V (x; ζ)m] =

EγD

[
V (x; ζ)me−V (x;ζ)]
EγD [e−V (x;ζ)]

≤
eCV 2m−1(m! + Cm

V

)
Zt,Reg(x) .

On boundary balls x ∈ BR, the normalising constants admit a strictly positive regulator-uniform
lower bound (cf. Lemma 5.7, where the uniform lower bound (58) is used explicitly). Therefore
supReg supx∈BR

Ex[V ]<∞ and supReg supx∈BR
Ex[V 2]<∞, and multiplying by (4g2)m yields the

last two bounds in (71).
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6.4 Existence of derivatives and proof of the Hessian bound

We now verify the hypotheses of Lemma 3.1 and prove the uniform Hessian bound (6). Fix R > 0
and consider x with ∥x∥H ≤ R.

Lemma 6.7 (Differentiation under the integral for Z(x)). Fix t > 0 and R > 0. For each h, k ∈ H
and each x with ∥x∥H ≤ R, the map ε 7→ V (x+ εh; ζ) is twice differentiable for every ζ, and the
integrability hypotheses of Lemma 3.1 hold on a neighbourhood of x in H. Consequently, Ut,Reg is
twice Fréchet differentiable along H directions on {∥x∥H ≤ R} and the identities (26)–(27) hold with
Ξ ≡ ζ.

Proof. Fix h, k ∈ H. Since Ht is linear, x 7→ A(x, ζ) = Htx + ζ is affine. After cutoff, Sint
t,L,Λ is a

smooth polynomial on a finite-dimensional space, hence for every ζ the map ε 7→ V (x+ εh; ζ) =
Sint(A(x, ζ) + εHth) is C2, and DhV , D2

h,kV coincide with Lemmas 4.10 and 4.11.
For integrability, it suffices (Lemma 3.1) to check local finiteness of

EγD

[
e−V (x′;ζ)(|DhV (x′; ζ)| + |D2

h,kV (x′; ζ)| + |DhV (x′; ζ)|2
)]

uniformly for x′ in a small H-ball around x. Take x′ with ∥x′∥H ≤ R+ 1. Using the identity

EγD

[
e−V (x′;ζ)G(ζ)

]
= Zt,Reg(x′)Ex′ [G(ζ)]

and Cauchy–Schwarz, it is enough to know that the L2(Px′) norms of DhV and D2
h,kV are uniformly

bounded for ∥x′∥H ≤ R+ 1 and ∥h∥H = ∥k∥H = 1. This is exactly the content of Proposition 5.9
(with the deterministic locality bounds supplied by Lemmas 6.3–6.4 and the moment input from
Lemma 5.8). Therefore the hypotheses of Lemma 3.1 are satisfied and (26)–(27) follow.

Lemma 6.8 (Uniform Hessian bound on boundary balls). Fix t > 0 and R > 0. There exists
C2(t, R) < ∞, independent of Reg = (L,Λ), such that for all x with ∥x∥H ≤ R,

∥D2
HUt,Reg(x)∥op ≤ C2(t, R).

Proof. Fix ∥x∥H ≤ R and ∥h∥H = ∥k∥H = 1. By Lemma 6.7 and (27),

D2
h,kU(x) = Ex

[
D2

h,kV (x; ζ)
]

− Covx
(
DhV (x; ζ), DkV (x; ζ)

)
. (72)

The expectation term is bounded by Cauchy–Schwarz and Proposition 5.9:∣∣Ex[D2
h,kV ]

∣∣ ≤ Ex
[
|D2

h,kV |
]

≤ C(t, R).

For the covariance term, use

|Covx(DhV,DkV )| ≤ Ex[|DhV |2]1/2Ex[|DkV |2]1/2 ≤ C(t, R),

again by Proposition 5.9. Combining with (72) yields the claimed operator-norm bound.

This proves the Hessian bound (6) and hence the local Lipschitz bound on ∇HU claimed in
Theorem 2.15.
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6.5 Proof of one-sided growth

We now establish the one-sided growth estimate needed to control the boundary Langevin drift.
Recall that DxU(x) = ⟨∇HU(x), x⟩H.

Lemma 6.9 (One-sided growth bound (regulator-uniform)). Fix t > 0. There exist constants
K1(t) ∈ (0,∞) and K0(t) ∈ [0,∞), independent of Reg, such that for all regulator tuples Reg and
all x ∈ H, ∣∣⟨x,∇HUt,Reg(x)⟩H

∣∣ ≤ K1(t) ∥x∥H +K0(t). (73)

Proof. By (26) (Lemma 6.7) with h = x,

⟨x,∇HUt,Reg(x)⟩H = DxUt,Reg(x) = Ex
[
DxVt,Reg(x; Ξ)

]
.

By the quasi-local response representation (Section 4) and finite-range locality at scale Λ−1, there
exist a compact set K ⋐ St,L with dist(K, ∂St,L) > 0 and a constant CJ(t) < ∞, independent of
Reg, such that for all x ∈ H,

|DxVt,Reg(x; Ξ)| ≤ CJ(t) ∥x∥H
(
1 + Πloc(Ξ;K)

)
.

Taking Px-expectations gives∣∣⟨x,∇HUt,Reg(x)⟩H
∣∣ ≤ CJ(t) ∥x∥H

(
1 + Ex

[
Πloc(Ξ;K)

])
.

Finally, Lemma 5.8 yields supReg supx∈H Ex[Πloc(Ξ;K)] ≤ Cloc(t,K) < ∞. Set K1(t) := CJ(t)
(
1 +

Cloc(t,K)
)

and K0(t) := 0 to obtain (73).

6.6 Conclusion of Theorem 2.15

Lemma 6.8 proves the uniform local Hessian bound (6) on boundary balls. Lemma 6.9 supplies the
one-sided growth input for the boundary drift at fixed regulator level. These are the required claims
for the boundary regularity layer used in the Harris analysis below.

7 Boundary Markov kernel and Harris structure
This section defines the boundary Markov dynamics (the “boundary Langevin” kernel) with invariant
measure proportional to e−Ut,Regµ0,t,Reg, and establishes the two structural inputs required by a
quantitative Harris theorem:

(i) a Lyapunov drift inequality for a coercive function V ;

(ii) a small-set contraction property in a bounded metric d.

The resulting ergodicity/mixing statement is recorded at the end of the section and is used in the
sequel.

Throughout this section we fix t > 0 and work at a fixed regulator level Reg = (L,Λ), so
all spaces are finite-dimensional. (Any regulator-uniform tracking is performed elsewhere via the
constants ledger of Section 2.)
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7.1 State space, reference Gaussian measure, and target boundary law

Let H ≡ BL,Λ denote the regulator-truncated boundary space from Section 4.4, equipped with the
Cameron–Martin inner product

⟨h, k⟩H :=
〈
h,Nt,L,Λk

〉
L2(T3

L) , ∥h∥2
H = ⟨h, h⟩H. (74)

Lemma 7.1 (Boundary Gaussian reference as a standard Gaussian). For each fixed regulator Reg,
the reference law µ0,t,Reg is a centered, non-degenerate Gaussian measure on E with Cameron–Martin
space H. Under the identification of H ≡ H equipped with the inner product (74), the law µ0,t,Reg is
the standard Gaussian on (H, ⟨·, ·⟩H).

With this choice, the free boundary Gaussian law µ0,t,Reg is the standard Gaussian on (H, ⟨·, ·⟩H).
Let πt,Reg := νt,Reg denote the boundary law at time 0 (Definitions 2.3 and 2.4). By Assump-

tion 2.9 it admits the Gibbs representation

πt,Reg( dx) := 1
Zt,Reg

e−Ut,Reg(x) µ0,t,Reg( dx), Zt,Reg :=
∫

H
e−Ut,Reg(x) µ0,t,Reg( dx). (75)

Lemma 7.2 (Finiteness of Zt,Reg). For each fixed t > 0 and regulator level Reg, Zt,Reg ∈ (0,∞).

Proof. Recall Ut,Reg(x) = − logZt,Reg(x) + logZt,Reg(0), hence

e−Ut,Reg(x) = Zt,Reg(x)
Zt,Reg(0) .

By stability (Assumption 5.1)—and in the Wilson corridor by compactness of the chart—there
exists CV < ∞ such that Vt,Reg(x; ζ) ≥ −CV on the domain of integration. Hence 0 < Zt,Reg(x) =
EγD [e−Vt,Reg(x;ζ)] ≤ eCV for all x, and similarly Zt,Reg(0) ∈ (0, eCV ]. Therefore 0 < e−Ut,Reg(x) ≤
eCV Zt,Reg(0)−1 < ∞ for all x. Integrating against the probability measure µ0,t,Reg yields Zt,Reg ∈
(0,∞).

7.2 Boundary Langevin kernel

We now define a Markov kernel on H which is reversible with respect to πt,Reg.

Definition 7.3 (Boundary Langevin dynamics). Let (Ws)s≥0 be a standard Brownian motion on H
(i.e. with independent Gaussian increments of covariance IdH). Define (Bs)s≥0 as the solution to
the SDE

dBs = −
(
Bs + ∇HUt,Reg(Bs)

)
ds+

√
2 dWs, B0 = x ∈ H. (76)

For τ > 0, define the Markov kernel Pτ on H by

(Pτf)(x) := E
[
f(Bτ )

∣∣B0 = x
]
, Pτ (x,A) := P

(
Bτ ∈ A

∣∣B0 = x
)
. (77)

We call Pτ the time-τ boundary Langevin kernel.

Lemma 7.4 (Well-posedness and Feller property). For each fixed regulator level Reg, (76) has a
unique global strong solution for every x ∈ H. Moreover (Pτ )τ≥0 defines a Feller Markov semigroup
on H.
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Proof. At fixed Reg the space H is finite-dimensional and ∇HUt,Reg is locally Lipschitz (Theorem 2.15
on balls), so there is a unique maximal strong solution up to its explosion time.

To preclude explosion at fixed regulator one may use standard finite-dimensional SDE Lyapunov
arguments, since H is finite-dimensional for each fixed Reg and the drift is locally Lipschitz. Because
the dimension dim(H) grows with the regulator tuple, these finite-dimensional moment bounds are
not used for regulator-uniform conclusions. The regulator-uniform Lyapunov drift estimate required
for Harris mixing is proved instead in Appendix E (Lemma E.4), where the quadratic-variation
contribution is controlled by a trace-class covariance bound rather than by Tr(IdH).

The Feller property follows from standard SDE stability: the drift is locally Lipschitz and the
solution depends continuously on the initial condition, so Pτf is continuous for bounded continuous
f .

7.3 Invariant measure and reversibility

Proposition 7.5 (Reversibility of πt,Reg). The measure πt,Reg defined in (75) is invariant and
reversible for (Pτ )τ≥0. Equivalently, for all bounded measurable f, g and all τ ≥ 0,∫

H
f(x) (Pτg)(x)πt,Reg( dx) =

∫
H
g(x) (Pτf)(x)πt,Reg( dx). (78)

Proof. Let Φ(x) := 1
2∥x∥2

H + Ut,Reg(x). Then πt,Reg has density proportional to e−Φ(x) with respect
to Lebesgue measure in any orthonormal basis of H. The generator L of (76) on smooth f is

Lf(x) = ∆f(x) − ⟨∇Φ(x), ∇f(x)⟩H, (79)

where ∇ and ∆ are the Euclidean gradient and Laplacian in Hilbert coordinates. Since ∇Φ(x) =
x+ ∇HU(x), this matches (76).

For f, g ∈ C∞
c (H), integration by parts yields symmetry of L in L2(π):∫

gLf e−Φ dx = −
∫

⟨∇g, ∇f⟩ e−Φ dx =
∫
f Lg e−Φ dx.

Thus L is symmetric and conservative (
∫

Lf dπ = 0). Standard semigroup theory gives invariance
and detailed balance for Pτ = eτL, and extension to bounded measurable functions follows by
approximation.

7.4 Lyapunov drift condition

Definition 7.6 (Lyapunov function). Define

V (x) := 1 + ∥x∥2
H. (80)

Lemma 7.7 (Drift inequality for Pτ ). Fix t > 0 and τ > 0. There exist constants λ ∈ (0, 1) and
K < ∞ such that for all x ∈ H,

(PτV )(x) ≤ λV (x) +K. (81)

Moreover, λ,K depend only on t, τ and the one-sided growth constants K0(t),K1(t) (and on d =
dim(H) at this regulator level).

Proof. A regulator-uniform Lyapunov drift bound for the sampler is proved in Appendix E,
Lemma E.4. That argument avoids the spurious dimension dependence which appears if one
applies the finite-dimensional Itô formula with Tr(IdH) = dim(H).
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7.5 A bounded metric and small-set contraction

Definition 7.8 (Bounded distance d). Fix α > 0 and define

d(x, x′) := 1 ∧
(
α∥x− x′∥H

)
, x, x′ ∈ H. (82)

Lemma 7.9 (Local Lipschitz bound for the drift). Fix R > 0 and let BH
R = {x ∈ H : ∥x∥H ≤ R}.

Then there exists LR < ∞ such that

∥∇HU(x) − ∇HU(x′)∥H ≤ LR ∥x− x′∥H for all x, x′ ∈ BH
R. (83)

Moreover LR can be chosen as LR = C2(t, R) from Lemma 6.8.

Proof. By the mean value theorem in finite-dimensional Hilbert spaces,

∇HU(x) − ∇HU(x′) =
∫ 1

0
D2

HU
(
x′ + θ(x− x′)

)
(x− x′) dθ.

Taking norms and using ∥D2
HU(·)∥op ≤ C2(t, R) on BH

R yields (83).

Lemma 7.10 (Small-set contraction for Pτ ). Fix R > 0 and τ > 0. There exist constants
α = α(R, τ) > 0 and ε = ε(R, τ) ∈ (0, 1) such that: for every pair x, x′ ∈ BH

R there exists a coupling
(B̃τ , B̃

′
τ ) with marginals B̃τ ∼ Pτ (x, ·) and B̃′

τ ∼ Pτ (x′, ·) satisfying

E
[
d(B̃τ , B̃

′
τ )
]

≤ 1 − ε. (84)

Proof. Fix x, x′ ∈ BH
R and consider a reflection-type coupling of (76) on [0, τ ]: the two processes

are driven by identical noise in the orthogonal complement of the instantaneous separation and
reflected noise along the separation direction, so that once they meet they coalesce.

On BH
R the drift map x 7→ −(x + ∇HU(x)) is globally Lipschitz with constant 1 + LR by

Lemma 7.9. Under reflection coupling, the separation norm rs = ∥Bs −B′
s∥H dominates (up to a

standard one-dimensional comparison argument) a one-dimensional diffusion with nondegenerate
noise and bounded (on [0, τ ]) drift coefficient. Consequently, there exists ε0 = ε0(R, τ) ∈ (0, 1) such
that the meeting probability satisfies

P(Bs = B′
s for some s ≤ τ) ≥ ε0, uniformly for x, x′ ∈ BH

R.

On the meeting event, d(Bτ , B
′
τ ) = 0; on its complement, d(Bτ , B

′
τ ) ≤ 1. Therefore

E[d(Bτ , B
′
τ )] ≤ (1 − ε0) · 1 + ε0 · 0 = 1 − ε0.

This proves (84) with ε = ε0 (and any choice of α > 0).

7.6 Quantitative Harris theorem and conclusion

We now state a convenient version of a weak Harris theorem in Wasserstein distance.

Theorem 7.11 (Weak Harris: drift + d-small set ⇒ geometric ergodicity). Let P be a Markov
kernel on a Polish space X . Assume:

(i) (Drift) There exist λ ∈ (0, 1) and K < ∞ and a measurable V : X → [1,∞) such that
PV ≤ λV +K.
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(ii) (d-small set contraction) There exists a bounded measurable distance d on X , a set C = {V ≤ R}
for some R < ∞, and ε ∈ (0, 1) such that for all x, y ∈ C,

Wd

(
P (x, ·), P (y, ·)

)
≤ 1 − ε,

where Wd is the Wasserstein distance associated to d.

Then P admits a unique invariant probability measure π, and there exist constants C < ∞ and
ρ ∈ (0, 1) such that for all probability measures µ with

∫
V dµ < ∞,

Wd(µPn, π) ≤ C ρn
∫
V dµ, n ∈ N.

Corollary 7.12 (Geometric mixing for the boundary Langevin kernel). Fix t > 0 and τ > 0 and
let P := Pτ be the time-τ boundary Langevin kernel from Definition 7.3. Let V be (80) and d be
(82). Then P admits the unique invariant measure πt,Reg defined in (75), and there exist C < ∞
and ρ ∈ (0, 1) such that for all x ∈ H,

Wd

(
Pn(x, ·), πt,Reg

)
≤ C ρn V (x), n ∈ N. (85)

Proof. Apply Theorem 7.11 with P = Pτ . The drift condition holds by Lemma 7.7. Choose R
so that C = {V ≤ R} contains BH

R (up to the harmless additive constant in (80)). Then the
d-small set contraction holds by Lemma 7.10. Uniqueness of the invariant measure follows, and by
Proposition 7.5 the invariant measure is πt,Reg.

8 Quantitative mixing consequences
This section converts the geometric ergodicity statement of Corollary 7.12 into concrete bounds on
observables and correlations of the stationary boundary chain. These are the forms that will be
used in later sections (in particular in the time-axis exponential clustering step).

Throughout, fix t > 0 and a time step τ > 0. Let P ≡ Pτ denote the time-τ boundary Langevin
kernel from Definition 7.3, let π ≡ πt,Reg be its invariant law (75), let V (x) = 1 + ∥x∥2

H be the
Lyapunov function (80), and let d be the bounded distance (82). Write Pn for the n-step kernel.

8.1 Wasserstein distance and Lipschitz test functions

Let P(H) denote the set of Borel probability measures on H. For a bounded measurable distance d
on H, define the associated Wasserstein distance

Wd(µ, ν) := inf
Γ∈Cpl(µ,ν)

∫
H×H

d(x, y) Γ( dx, dy), (86)

where Cpl(µ, ν) denotes the set of couplings of µ and ν.
For a function f : H → R define its d-Lipschitz seminorm by

Lipd(f) := sup
x,y∈H
x̸=y

|f(x) − f(y)|
d(x, y) ∈ [0,∞]. (87)

Lemma 8.1 (Dual bound for Lipschitz test functions). Let d be any bounded measurable distance
on H and let µ, ν ∈ P(H). Then for every bounded measurable f with Lipd(f) < ∞,∣∣∣∫ f dµ−

∫
f dν

∣∣∣ ≤ Lipd(f) Wd(µ, ν). (88)
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Proof. Fix any coupling Γ of (µ, ν). Then, by definition of Lipd(f),∣∣∣∫ f dµ−
∫
f dν

∣∣∣ =
∣∣∣∫

H×H

(
f(x) − f(y)

)
Γ( dx, dy)

∣∣∣
≤
∫

H×H
|f(x) − f(y)| Γ( dx, dy)

≤ Lipd(f)
∫

H×H
d(x, y) Γ( dx, dy).

Taking the infimum over all couplings Γ yields (88).

8.2 Convergence of Lipschitz observables from any initial condition

Corollary 7.12 gives geometric convergence in Wd from a point mass δx. We now convert it into an
explicit bound on Pnf(x) − π(f) for Lipschitz f .

Proposition 8.2 (Geometric convergence for d-Lipschitz observables). Assume (85) holds with
constants C < ∞ and ρ ∈ (0, 1):

Wd

(
Pn(x, ·), π

)
≤ C ρn V (x), n ∈ N.

Then for every bounded measurable f : H → R with Lipd(f) < ∞ and every x ∈ H,∣∣Pnf(x) − π(f)
∣∣ ≤ Lipd(f)C ρn V (x), n ∈ N. (89)

More generally, for any initial distribution µ with
∫
V dµ < ∞,∣∣µPn(f) − π(f)

∣∣ ≤ Lipd(f)C ρn
∫
V dµ, n ∈ N. (90)

Proof. For (89), apply Lemma 8.1 with µ = Pn(x, ·) and ν = π:

|Pnf(x) − π(f)| =
∣∣∣∫ f dPn(x, ·) −

∫
f dπ

∣∣∣ ≤ Lipd(f) Wd

(
Pn(x, ·), π

)
≤ Lipd(f)C ρn V (x).

For (90), integrate (88) against µ and use linearity:

|µPn(f) − π(f)| =
∣∣∣∫ f d(µPn) −

∫
f dπ

∣∣∣ ≤ Lipd(f) Wd(µPn, π).

By convexity of Wd in its first argument and (85),

Wd(µPn, π) = Wd

(∫
Pn(x, ·)µ( dx), π

)
≤
∫

Wd

(
Pn(x, ·), π

)
µ( dx) ≤ C ρn

∫
V dµ,

which yields (90).

8.3 Moment control under the invariant measure

We will need at least π(V ) < ∞ to control correlations for bounded observables. This follows
directly from the drift inequality.

Lemma 8.3 (Finite first moment under π). Assume the drift inequality (81) holds for P and V :

PV ≤ λV +K, λ ∈ (0, 1), K < ∞.

Then π(V ) < ∞, and in fact
π(V ) ≤ K

1 − λ
. (91)
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Proof. Since π is invariant, π(PV ) = π(V ). Integrate the drift inequality against π:

π(V ) = π(PV ) ≤ λπ(V ) +K.

Rearrange to obtain (1 − λ)π(V ) ≤ K, which is (91).

We also record the corresponding bound for the chain started from any initial condition.

Lemma 8.4 (Uniform bound on E
(
V (Bn)

)
). Assume the drift inequality PV ≤ λV + K. Let

(Bn)n≥0 be the discrete-time chain with kernel P . Then for every initial state x ∈ H,

Ex[V (Bn)] ≤ λnV (x) + K

1 − λ
, n ∈ N. (92)

More generally, for an initial distribution µ with
∫
V dµ < ∞,

Eµ[V (Bn)] ≤ λn
∫
V dµ+ K

1 − λ
.

Proof. Iterate the drift inequality:

PnV ≤ λnV +K
n−1∑
j=0

λj = λnV +K
1 − λn

1 − λ
.

Evaluating at x gives (92) since Ex[V (Bn)] = PnV (x). The general initial distribution statement
follows by integrating against µ.

8.4 Exponential decorrelation in stationarity

We now convert (89) into a correlation bound for the stationary chain. Let (Bn)n≥0 be the Markov
chain with kernel P started from π (stationary). For measurable observables F,G : H → R, define
the stationary covariance

Covπ
(
F (B0), G(Bn)

)
:= Eπ

[
F (B0)G(Bn)

]
− Eπ[F (B0)]Eπ[G(B0)].

Proposition 8.5 (Covariance decay for bounded F and Lipschitz G). Assume (85) holds with
constants (C, ρ) and assume the drift inequality holds with constants (λ,K). Let G : H → R satisfy
Lipd(G) < ∞ and let F : H → R be bounded. Then for the stationary chain,∣∣Covπ

(
F (B0), G(Bn)

)∣∣ ≤ ∥F∥L∞(H) Lipd(G) C ρn π(V ), n ∈ N. (93)

In particular, using Lemma 8.3, one may replace π(V ) by K/(1 − λ).

Proof. By the Markov property and stationarity,

Eπ
[
F (B0)G(Bn)

]
= Eπ

[
F (B0) (PnG)(B0)

]
, Eπ[G(B0)] = π(G).

Therefore
Covπ

(
F (B0), G(Bn)

)
= Eπ

[
F (B0)

(
(PnG)(B0) − π(G)

)]
. (94)

Taking absolute values and using |F | ≤ ∥F∥∞,∣∣Covπ(F (B0), G(Bn))
∣∣ ≤ ∥F∥∞ Eπ

[ ∣∣(PnG)(B0) − π(G)
∣∣ ].

Apply Proposition 8.2 pointwise with x = B0:∣∣(PnG)(B0) − π(G)
∣∣ ≤ Lipd(G)C ρn V (B0).

Take Eπ[·] and use Eπ[V (B0)] = π(V ) to obtain (93).
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Proposition 8.6 (Covariance decay with V -weighted observables). Assume (85) holds with constants
(C, ρ). Let G satisfy Lipd(G) < ∞ and let F be measurable such that Eπ[|F |V ] < ∞. Then∣∣Covπ

(
F (B0), G(Bn)

)∣∣ ≤ Lipd(G) C ρn Eπ[|F |V ], n ∈ N. (95)

Proof. Starting from (94) and using |ab| ≤ |a||x|,

|Covπ(F (B0), G(Bn))| ≤ Eπ

[
|F (B0)|

∣∣(PnG)(B0) − π(G)
∣∣].

Apply Proposition 8.2 pointwise with x = B0 and then take expectation:∣∣(PnG)(B0) − π(G)
∣∣ ≤ Lipd(G)C ρn V (B0).

Thus
|Covπ(F (B0), G(Bn))| ≤ Lipd(G)C ρn Eπ[|F |V ],

which is (95).

8.5 Mixing bounds for multi-time observables

For later applications it is useful to handle observables depending on several consecutive steps. We
formulate this in a way that is compatible with the constants ledger.

Let m ≥ 0 and let F : Hm+1 → R and G : Hm+1 → R be bounded measurable. Define the
windowed observables

Fm := F(B0, B1, . . . , Bm), Gm,n := G(Bn, Bn+1, . . . , Bn+m), n ≥ m+ 1.

The correct Lipschitz quantity for G in this context is the Lipschitz seminorm of the reduced
single-site observable obtained by integrating out the window dynamics.

Definition 8.7 (Reduced Lipschitz window seminorm). Fix m ≥ 0. For bounded measurable
G : Hm+1 → R, define the reduced function gG : H → R by

gG(x) := Ex
[
G(B0, B1, . . . , Bm)

]
, (96)

where (Bk)k≥0 is the Markov chain with kernel P started from B0 = x. Define

Lip(0)
d (G) := Lipd(gG) ∈ [0,∞]. (97)

Proposition 8.8 (Decay of correlations for separated windows). Assume (85) holds with constants
(C, ρ) and assume π(V ) < ∞. Let F,G be bounded and suppose Lip(0)

d (G) < ∞ in the sense of
Definition 8.7. Then for the stationary chain and for all n ≥ m+ 1,∣∣Covπ(Fm, Gm,n)

∣∣ ≤ ∥F∥∞ Lip(0)
d (G)C ρn−m π(V ). (98)

Proof. By the Markov property, conditional on Bm the future chain (Bm+ℓ)ℓ≥0 is a Markov chain
started from Bm. In particular, for n ≥ m+ 1,

Eπ
[
Gm,n

∣∣Bm
]

=
(
Pn−mgG

)
(Bm),

where gG is (96). Since π is invariant, Eπ[Gm,n] = π(gG). Therefore

Covπ(Fm, Gm,n) = Eπ

[
Fm

((
Pn−mgG

)
(Bm) − π(gG)

)]
.
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Taking absolute values and using |Fm| ≤ ∥F∥∞,∣∣Covπ(Fm, Gm,n)
∣∣ ≤ ∥F∥∞ Eπ

[∣∣∣(Pn−mgG
)
(Bm) − π(gG)

∣∣∣].
Apply Proposition 8.2 pointwise with f = gG and x = Bm:∣∣∣(Pn−mgG

)
(Bm) − π(gG)

∣∣∣ ≤ Lipd(gG)C ρn−m V (Bm).

Take Eπ[·] and use stationarity Eπ[V (Bm)] = π(V ) to obtain (98).

8.6 Regulator-uniformity bookkeeping

The constants (C, ρ) in (85) and the drift constants (λ,K) enter the correlation bounds (93),
(95), and (98) only through the combination Cρn and the moment π(V ) ≤ K/(1 − λ). Therefore,
any regulator-uniform control on (C, ρ, λ,K) immediately yields regulator-uniform mixing and
decorrelation bounds for the class of bounded d-Lipschitz observables, and for window observables
G with controlled reduced seminorm Lip(0)

d (G).
In later sections we will apply these bounds to bounded Lipschitz cylinder functionals of the

boundary trace, constructed from quasi-local response kernels (Section 4) and their moment bounds
(Section 5).

9 Time-axis exponential clustering and reflection positivity for the
boundary process

This section packages the output of Sections 7–8 into an Osterwalder–Schrader (OS) style statement
for the stationary boundary process generated by the Markov kernel P = Pτ . Concretely, we
construct the bi-infinite path measure, prove a reflection-positivity identity from reversibility, and
then prove an time-axis exponential clustering exponential clustering estimate for a large, explicitly
controlled class of cylinder observables.

9.1 The stationary bi-infinite boundary process

Fix t > 0 and τ > 0 and recall:

• H = BL,Λ is the finite-dimensional boundary state space at regulator level Reg, equipped with
the inner product ⟨·, ·⟩H (74);

• P = Pτ is the Markov kernel on H from Definition 7.3;

• π = πt,Reg is the unique invariant law (75), and P is reversible w.r.t. π (Proposition 7.5);

• the mixing estimates of Section 8 hold in the bounded distance d (82).

Let Ω := HZ be the path space and let F be the product Borel σ-algebra. For n ∈ Z let ω 7→ ωn

be the coordinate maps.

Definition 9.1 (Stationary path measure). Let Pπ denote the law on (Ω,F) of the stationary
Markov chain (Bn)n∈Z with transition kernel P and one-time marginal π.
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Lemma 9.2 (Existence and uniqueness of Pπ). There exists a unique probability measure Pπ on Ω
such that: for every m ≤ n and every bounded measurable Φ : Hn−m+1 → R,

EPπ

[
Φ(Bm, . . . , Bn)

]
=
∫

H
π( dxm)

∫
H
P (xm, dxm+1) · · ·

∫
H
P (xn−1, dxn) Φ(xm, . . . , xn). (99)

Moreover, Pπ is invariant under the left shift S : Ω → Ω, (Sω)n = ωn+1.

Proof. Define the finite-dimensional distributions by (99). Consistency in the Kolmogorov sense
holds because integrating out an intermediate coordinate xk simply composes kernels, and integrating
out the endpoints uses the invariance πP = π. Since H is a Polish space, Kolmogorov’s extension
theorem yields existence of a measure Pπ on Ω with these marginals, and uniqueness follows because
cylinder sets generate F .

Shift invariance follows by direct computation of cylinder expectations: for any cylinder observable
depending on (Bm, . . . , Bn), the joint distribution of (Bm+1, . . . , Bn+1) under (99) agrees with that
of (Bm, . . . , Bn) because π is invariant and the kernel is time-homogeneous.

9.2 Time reflection and reflection positivity

Define the time reflection map Θ : Ω → Ω by

(Θω)n := ω−n−1, n ∈ Z. (100)

This choice reflects about the “midpoint” between times −1 and 0 (the standard discrete-time OS
choice).

Let F+ be the σ-algebra generated by {ωn : n ≥ 0}, and let F− be generated by {ωn : n ≤ −1}.
For any bounded measurable F : Ω → R, define (ΘF )(ω) := F (Θω).

Definition 9.3 (Positive-time cylinder algebra). Let A+ be the set of bounded cylinder functions F
that are F+-measurable, i.e. depend only on finitely many coordinates (ω0, . . . , ωm) for some m ≥ 0.

Introduce the Markov operator T on bounded measurable f : H → R by

(Tf)(x) :=
∫

H
f(x′)P (x, dx′). (101)

By Proposition 7.5, T extends to a self-adjoint contraction on L2(π):

⟨f, Tg⟩L2(π) = ⟨Tf, g⟩L2(π), ∥Tf∥L2(π) ≤ ∥f∥L2(π). (102)

For m ≥ 0 and bounded measurable f0, . . . , fm : H → R define the positive-time cylinder

F (ω) :=
m∏

j=0
fj(ωj). (103)

Define the corresponding “transfer” map Φ : A+ → L2(π) on such monomials by

Φ(F ) := f0 T
(
f1 T (· · ·T (fm) · · · )

)
, (104)

where products are pointwise and T acts as (101). Extend Φ to finite linear combinations by
linearity.
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Lemma 9.4 (Reflection positivity identity). For all F,G ∈ A+,

EPπ

[
F (ΘG)

]
= ⟨Φ(F ),Φ(G)⟩L2(π). (105)

In particular,
EPπ

[
F (ΘF )

]
≥ 0, F ∈ A+. (106)

Proof. It suffices to verify (105) for monomials of the form (103). Let

F (ω) =
m∏

i=0
fi(ωi), G(ω) =

n∏
j=0

gj(ωj),

with bounded measurable fi, gj . Then (ΘG)(ω) = ∏n
j=0 gj(ω−j−1).

By stationarity, the random variable B−1 has law π. Conditional on B−1 = x, the future
block (B0, . . . , Bm) is a Markov chain started at x and evolved forward with kernel P , so iterated
conditioning yields

EPπ

[
F
∣∣B−1 = x

]
= Φ(F )(x).

Similarly, by reversibility (detailed balance), the time-reversed chain has the same transition kernel
P , so conditional on B−1 = x the past block (B−n−1, . . . , B−1) evolved backward is also governed
by P . Thus

EPπ

[
ΘG

∣∣B−1 = x
]

= Φ(G)(x).
Using conditional independence of past and future given B−1 for a Markov chain, we obtain

EPπ

[
F (ΘG)

]
=
∫

H
π( dx) Φ(F )(x) Φ(G)(x) = ⟨Φ(F ),Φ(G)⟩L2(π),

which is (105). Taking G = F yields (106).

9.3 Boundary OS pre-Hilbert space and transfer operator

Reflection positivity (106) defines a positive semidefinite bilinear form on A+.

Definition 9.5 (OS inner product on A+). For F,G ∈ A+ define

(F,G)OS := EPπ

[
F (ΘG)

]
. (107)

Let N := {F ∈ A+ : (F, F )OS = 0} be the null space. Define the pre-Hilbert space D := A+/N
with inner product induced by (107), and let HOS be its Hilbert space completion.

Remark 9.6. Lemma 9.4 shows that the map Φ : A+ → L2(π) is an isometry modulo the null space:
(F,G)OS = ⟨Φ(F ),Φ(G)⟩L2(π). In particular, HOS can be identified with the closure of Φ(A+) in
L2(π).

Time translations on the path space induce contractions on HOS. Let S be the left shift on Ω
and note S maps F+ to itself.

Definition 9.7 (Time translation operator). Define T : A+ → A+ by (T F )(ω) := F (Sω) =
F (ω1, ω2, . . .). Then T descends to a contraction on HOS, still denoted T .

Lemma 9.8 (Contraction and identification with T ). Under the identification of Remark 9.6, the
operator T corresponds to the Markov operator T on L2(π): for all F ∈ A+,

Φ(T F ) = TΦ(F ). (108)

In particular, ∥T ∥HOS→HOS ≤ 1.
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Proof. It suffices to check (108) on monomials F (ω) = ∏m
j=0 fj(ωj). Then (T F )(ω) = ∏m

j=0 fj(ωj+1).
By definition (104),

Φ(F ) = f0 T
(
f1 T (· · ·T (fm) · · · )

)
, Φ(T F ) = T

(
f0 T (f1 T (· · ·T (fm) · · · ))

)
= TΦ(F ).

This proves (108). Since T is an L2(π) contraction, the corresponding OS operator is a contraction
as well.

9.4 Time-axis exponential clustering from Harris mixing

We now state and prove the time-axis exponential clustering property for the boundary process, in
a form adapted to the quantitative bounds of Section 8.

Definition 9.9 (Admissible boundary observables). Let Ld denote the set of measurable functions
f : H → R such that:

(i) f is bounded, i.e. ∥f∥L∞(H) < ∞;

(ii) f is d-Lipschitz, i.e. Lipd(f) < ∞.

Theorem 9.10 (Boundary time-axis exponential clustering: exponential clustering for separated
time blocks). Assume the geometric mixing estimate (85) holds: there exist constants C < ∞ and
ρ ∈ (0, 1) such that Wd(Pn(x, ·), π) ≤ CρnV (x) for all x ∈ H and n ∈ N. Assume also π(V ) < ∞
(which follows from the drift inequality by Lemma 8.3).

Fix m ≥ 0. Let F : Hm+1 → R be bounded measurable and let G : Hm+1 → R be bounded
measurable with Lip(0)

d (G) < ∞ in the sense of Definition 8.7. Define the stationary window
observables

Fm := F(B0, . . . , Bm), Gm,n := G(Bn, . . . , Bn+m), n ≥ m+ 1.

Then the stationary covariance satisfies the exponential clustering bound∣∣Covπ(Fm, Gm,n)
∣∣ ≤ ∥F∥∞ Lip(0)

d (G) C ρn−m π(V ), n ≥ m+ 1. (109)

In particular, for f ∈ L∞(H) and g ∈ Ld,∣∣Covπ(f(B0), g(Bn))
∣∣ ≤ ∥f∥∞ Lipd(g) C ρn π(V ), n ∈ N. (110)

Proof. Bound (109) is exactly Proposition 8.8. Specialising (109) to m = 0 yields (110).

Remark 9.11 (Correlation length and “mass parameter”). The decay rate ρ ∈ (0, 1) defines a
canonical inverse correlation length in the discrete time variable n. If one declares the physical
Euclidean time increment to be τ per step (as in our kernel Pτ ), then the exponential clustering
rate (110) corresponds to

ρn = e−n| log ρ| = e−(nτ) m∗ , m∗ := | log ρ|
τ

.

In this paper we interpret m∗ as the boundary time-clustering rate produced by Harris mixing.
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9.5 OS axioms for the boundary process: summary

We summarise the OS properties obtained for the boundary process Pπ on Ω = HZ. Let A+ be the
positive-time cylinder algebra (Definition 9.3) and Θ the time reflection (100).

Proposition 9.12 (Boundary OS package). At each fixed regulator level Reg, the stationary
boundary process (Bn)n∈Z under Pπ satisfies:

(i) (OS0: regularity on cylinder algebra) Every F ∈ A+ is bounded and measurable, hence
F ∈ Lp(Pπ) for all p ∈ [1,∞).

(ii) (OS1: time-translation invariance) Pπ is invariant under the shift S (Lemma 9.2).

(iii) (OS2: reflection positivity) For all F ∈ A+, EPπ [F (ΘF )] ≥ 0 (Lemma 9.4).

(iv) (OS4: exponential clustering in the time direction) For admissible cylinder observables as
in Theorem 9.10, time-separated covariances decay exponentially with rate ρ uniformly as in
(109)–(110).

Proof. Items (i)–(iii) are immediate from the constructions and Lemma 9.4. Item (iv) is Theorem 9.10.

9.6 Regulator-uniformity statement

Finally, we spell out the uniformity implication that will be used downstream.

Corollary 9.13 (Regulator-uniform time-axis exponential clustering on admissible observables).
Suppose there exist constants C < ∞, ρ ∈ (0, 1), and M < ∞ such that for all regulator levels Reg:

(i) Wd(Pn(x, ·), π) ≤ CρnV (x) for all x and n;

(ii) π(V ) ≤ M .

Then the exponential clustering bounds (109)–(110) hold with the same constants C, ρ,M for all
Reg. Equivalently, all admissible stationary covariances decay at least as fast as e−m∗(nτ) with
m∗ = | log ρ|/τ uniformly in Reg.

Proof. Immediate from Theorem 9.10 by inserting the uniform bounds.

Remark 9.14 (Scope of Section 9). Section 9 establishes OS-style reflection positivity and time-axis
exponential clustering for the boundary process induced by the regulator-level kernel Pτ and its
invariant measure π. In subsequent sections, these bounds are transported to gauge-invariant slab
observables via the quasi-local response representation and uniform moment controls developed
earlier.

10 Transport from boundary mixing to slab observables
Sections 7–9 establish a reversible stationary boundary process (Bn)n∈Z on H with reflection
positivity and time-axis exponential clustering in the discrete time index n. This section shows how
to lift those bounds to observables of the regulated Yang–Mills field on slabs of thickness t.

The mechanism is:

(i) define a “stacked” field on R×T3
L by gluing independent slab interiors conditional on consecutive

boundary states;
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(ii) show that slab-local observables reduce to bounded functions of finitely many boundary
variables;

(iii) control the relevant reduced Lipschitz seminorms via response bounds, and apply the mixing
bounds of Section 8.

All statements are at fixed regulator level Reg; the uniformity discussion at the end records precisely
what must be uniform in Reg to obtain regulator-uniform clustering.

10.1 One-slab configuration space and conditional interior laws

Fix t > 0 and L > 0, and write St,L = [0, t] × T3
L. At regulator level Reg (e.g. Fourier cutoff Λ

plus any gauge-fixing regularisation), let Xtemp
t,Reg denote the finite-dimensional configuration space of

regulated gauge fields on St,L (as defined in Section 4). Let

Tr− : Xtemp
t,Reg → H, Tr+ : Xtemp

t,Reg → H

be the boundary trace maps at times 0 and t respectively (also fixed in Section 4).
For (x−, x+) ∈ H × H, define the (nonempty) affine subspace of fields with prescribed endpoints:

Xtemp
t,Reg(x−, x+) := {A ∈ Xtemp

t,Reg : Tr−(A) = x−, Tr+(A) = x+}.

Let mt,Reg( dA) be the reference Gaussian measure on Xtemp
t,Reg used in Section 4 to define the

interacting slab law, and let St,Reg(A) be the regulated (gauge-fixed) Euclidean action functional.
Define the unnormalised density

wt,Reg( dA) := e−St,Reg(A) mt,Reg( dA).

Lemma 10.1 (Disintegration into endpoint kernel and interior conditional laws). There exist:

(i) a probability kernel Kt,Reg from H × H to Xtemp
t,Reg, written Qx−,x+

t,Reg ( dA) and supported on
Xtemp

t,Reg(x−, x+);

(ii) a finite measure κt,Reg( dx−, dx+) on H × H;

such that for every bounded measurable Ψ : Xtemp
t,Reg → R,∫

Xtemp
t,Reg

Ψ(A) wt,Reg( dA) =
∫

H×H

(∫
Xtemp

t,Reg

Ψ(A) Qx−,x+

t,Reg ( dA)
)

κt,Reg( dx−, dx+). (111)

Moreover, Qx−,x+

t,Reg is uniquely defined for κt,Reg-a.e. (x−, x+).

Proof. Because Xtemp
t,Reg and H are finite-dimensional (hence Polish), the map A 7→ (Tr−(A),Tr+(A))

is Borel. Define κt,Reg as the pushforward of wt,Reg under this endpoint map:

κt,Reg(E) := wt,Reg
(
{A : (Tr−(A),Tr+(A)) ∈ E}

)
, E ⊂ H × H Borel.

Since wt,Reg is finite (at fixed regulator level), κt,Reg is finite.
By the disintegration theorem for finite Borel measures on Polish spaces, there exists a measurable

family of conditional probability measures {Qx−,x+

t,Reg } such that (111) holds for all bounded measurable
Ψ, and Qx−,x+

t,Reg is supported on the fibre Xtemp
t,Reg(x−, x+) for κt,Reg-a.e. (x−, x+). Uniqueness holds

up to κt,Reg-null sets.
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10.2 Stacked slab field driven by the boundary chain

Let (Bn)n∈Z be the stationary boundary chain under Pπ from Definition 9.1, with π = πt,Reg and
kernel P = Pτ . We now build a random field on the bi-infinite time axis by gluing independent slab
interiors conditional on consecutive boundary states.

For each n ∈ Z, let S(n)
t,L := [nt, (n + 1)t] × T3

L and let X(n)
t,Reg be a copy of Xtemp

t,Reg representing
regulated fields on S

(n)
t,L (via time translation). Let Qx−,x+,(n)

t,Reg denote the corresponding translated
conditional law on X(n)

t,Reg.

Definition 10.2 (Stacked field measure). Define a probability measure Pstack
t,Reg on the product space

Ωstack := HZ ×
∏
n∈Z

X(n)
t,Reg

as follows:

(i) sample the boundary path (Bn)n∈Z with law Pπ;

(ii) conditional on (Bn), sample independent slab interiors A(n) ∈ X(n)
t,Reg with

A(n) ∼ QBn,Bn+1,(n)
t,Reg , independently for different n ∈ Z. (112)

Lemma 10.3 (Conditional independence and factorisation). Let On be bounded measurable functions
on X(n)

t,Reg depending on only finitely many indices n. Then under Pstack
t,Reg,

E
[∏

n∈Z
On(A(n))

]
= EPπ

[∏
n∈Z

ROn(Bn, Bn+1)
]
, (113)

where the product is over the finitely many n for which On ̸≡ 1, and where

(RO)(x−, x+) :=
∫

Xtemp
t,Reg

O(A) Qx−,x+

t,Reg ( dA). (114)

Proof. By construction, conditional on the boundary path (Bn), the random variables A(n) are
independent with laws QBn,Bn+1,(n)

t,Reg . Hence, conditioning on (Bn) and using Fubini’s theorem,

E
[∏

n

On(A(n))
∣∣∣ (Bk)k∈Z

]
=
∏
n

∫
On(A) QBn,Bn+1,(n)

t,Reg ( dA).

The time translation in (n) does not change the value of the integral, so the right-hand side equals∏
n(ROn)(Bn, Bn+1). Taking expectation over Pπ gives (113).

10.3 Lipschitz control of reduced slab observables via response bounds

To apply the boundary mixing bounds (Section 8), we must control the reduced Lipschitz seminorms
of functions obtained from one-slab observables by conditioning and reduction.

We begin with a deterministic lemma relating H-Lipschitz bounds to d-Lipschitz bounds.

Lemma 10.4 (∥ · ∥H-Lipschitz implies d-Lipschitz). Let d be as in (82): d(x, y) = 1 ∧ (α∥x− y∥H).
Let f : H → R be bounded and globally Lipschitz w.r.t. ∥ · ∥H, i.e. |f(x) − f(y)| ≤ LH∥x− y∥H for
all x, y. Then f is d-Lipschitz with

Lipd(f) ≤ max
{LH
α
, 2∥f∥L∞(H)

}
. (115)
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Proof. If d(x, y) = α∥x − y∥H, then |f(x) − f(y)|/d(x, y) ≤ LH/α. If d(x, y) = 1, then |f(x) −
f(y)|/d(x, y) ≤ 2∥f∥∞. Taking the supremum over x ̸= y gives (115).

Since the slab measure depends on endpoints (x−, x+), the reduced observable is a function on
H × H.

Definition 10.5 (Admissible one-slab observables). A bounded measurable function O : Xtemp
t,Reg → R

is called endpoint-admissible if the map

FO(x−, x+) := (RO)(x−, x+) =
∫

O(A) Qx−,x+

t,Reg ( dA)

is C1 in the endpoint variables (at least on balls), with derivatives given by the response identities
of Section 4.

Lemma 10.6 (Endpoint response identity and gradient bound). Let O be endpoint-admissible in
the sense of Definition 10.5. Assume that for each (x−, x+) there exist H-valued random variables
J −

t,Reg(x−, x+;A) and J +
t,Reg(x−, x+;A) on (Xtemp

t,Reg,Q
x−,x+

t,Reg ) such that:

(i) for every h ∈ H,

Dx+FO(x−, x+)[h] = Cov
Qx−,x+

t,Reg

(
O(A), ⟨J +

t,Reg(x−, x+;A), h⟩H
)
, (116)

and likewise

Dx−FO(x−, x+)[h] = Cov
Qx−,x+

t,Reg

(
O(A), ⟨J −

t,Reg(x−, x+;A), h⟩H
)
; (117)

(ii) there exists a constant MJ (t, R) < ∞ such that for all ∥x±∥H ≤ R,

E
Qx−,x+

t,Reg

[
∥J ±

t,Reg(x−, x+;A)∥H
]

≤ MJ (t, R), (118)

(with the same bound for J − and J +).

Then for all ∥x±∥H ≤ R,∥∥∇x±FO(x−, x+)
∥∥

H ≤ 2 ∥O∥L∞(Xtemp
t,Reg)MJ (t, R). (119)

Proof. Fix ∥x±∥H ≤ R and h ∈ H. We treat x+; the x− case is identical using (117). By (116) and
the definition of covariance,

Dx+FO(x−, x+)[h] = E
[
O ⟨J +, h⟩H

]
− E[O]E[⟨J +, h⟩H],

where expectations are under Qx−,x+

t,Reg . Hence∣∣Dx+FO(x−, x+)[h]
∣∣ ≤ E

[
|O| |⟨J +, h⟩H|

]
+ E[|O|]E

[
|⟨J +, h⟩H|

]
≤ 2∥O∥∞ E

[
|⟨J +, h⟩H|

]
≤ 2∥O∥∞ ∥h∥H E

[
∥J +∥H

]
.

Using (118) gives ∣∣Dx+FO(x−, x+)[h]
∣∣ ≤ 2∥O∥∞MJ (t, R) ∥h∥H.

By Riesz representation on H, this implies (119).
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Proposition 10.7 (Local d-Lipschitz bounds for reduced observables). Fix R > 0 and let O be
endpoint-admissible. Define FO(x−, x+) = RO(x−, x+). Then on the ball {∥x±∥H ≤ R}, FO is
separately d-Lipschitz in each endpoint, with

sup
∥x+∥H≤R

Lipd

(
x− 7→ FO(x−, x+)

)
≤ max

{2∥O∥∞MJ (t, R)
α

, 2∥O∥∞
}
, (120)

sup
∥x−∥H≤R

Lipd

(
x+ 7→ FO(x−, x+)

)
≤ max

{2∥O∥∞MJ (t, R)
α

, 2∥O∥∞
}
. (121)

Proof. Fix ∥x±∥H ≤ R. By Lemma 10.6, ∥∇x±FO(x−, x+)∥H ≤ 2∥O∥∞MJ (t, R) on the ball. Thus
FO is ∥ ·∥H-Lipschitz in each endpoint separately with constant 2∥O∥∞MJ (t, R), and |FO| ≤ ∥O∥∞.
Apply Lemma 10.4 to each endpoint map to obtain (120)–(121).

10.4 Exponential clustering for time-separated slab observables

We now state the main “transport” consequence: slab observables supported in separated time
blocks decorrelate exponentially, with the same rate ρ obtained for the boundary chain.

For n ∈ Z, let O(n) denote an observable depending only on the interior field A(n) on the slab
S

(n)
t,L .

Theorem 10.8 (Clustering for one-slab observables in the stacked field). Assume (85) holds
with constants (C, ρ) and assume π(V ) < ∞. Let O and P be bounded one-slab observables on
Xtemp

t,Reg such that their reductions FO(x−, x+) = RO(x−, x+) and FP(x−, x+) = RP(x−, x+) are
endpoint-admissible.

Define slab observables on the stacked field by

O(0)
stack := O(A(0)), P(n)

stack := P(A(n)).

Then, under Pstack
t,Reg, for all n ≥ 2,

∣∣Cov
(
O(0)

stack,P
(n)
stack

)∣∣ ≤ ∥O∥∞ Lip(0)
d (GP) C ρn−1 π(V ), (122)

where GP : H2 → R is given by
GP(x0, x1) := FP(x0, x1),

and Lip(0)
d (GP) is the reduced seminorm (97) (with m = 1), i.e. Lip(0)

d (GP) = Lipd(gGP ) for
gGP (x) = Ex[FP(B0, B1)].

In particular, on the ball {∥x∥H ≤ R} one has the explicit estimate∣∣Cov
(
O(0)

stack,P
(n)
stack

)∣∣ ≤ ∥O∥∞
(
Lipd,1(FP) + κR Lipd,2(FP)

)
C ρn−1 π(V ), n ≥ 2, (123)

where Lipd,1 (resp. Lipd,2) denotes the separate d-Lipschitz constant of FP in its first (resp. second)
endpoint on {∥x±∥H ≤ R}, and

κR := sup
x,x′∈H

∥x∥H,∥x′∥H≤R
x̸=x′

Wd

(
P (x, ·), P (x′, ·)

)
d(x, x′) ∈ [0,∞).
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Proof. By Lemma 10.3 with two nontrivial slabs,

E
[
O(A(0)) P(A(n))

]
= EPπ

[
FO(B0, B1)FP(Bn, Bn+1)

]
,

and similarly E[O(A(0))] = EPπ [FO(B0, B1)] and E[P(A(n))] = EPπ [FP(Bn, Bn+1)]. Hence

Cov
(
O(A(0)),P(A(n))

)
= Covπ

(
FO(B0, B1), FP(Bn, Bn+1)

)
. (124)

Define the reduced single-site function gGP (Definition 8.7 with m = 1) by

gGP (x) = Ex
[
FP(B0, B1)

]
=
∫

H
FP(x, x′)P (x, dx′).

For n ≥ 2, condition on B1 and use the Markov property:

Eπ
[
FP(Bn, Bn+1)

∣∣B1
]

=
(
Pn−1gGP

)
(B1), Eπ

[
FP(Bn, Bn+1)

]
= π(gGP ).

Therefore

Covπ

(
FO(B0, B1), FP(Bn, Bn+1)

)
= Eπ

[
FO(B0, B1)

((
Pn−1gGP

)
(B1) − π(gGP )

)]
.

Using |FO| ≤ ∥O∥∞ and Proposition 8.2 applied pointwise with x = B1 and f = gGP , we obtain∣∣∣(Pn−1gGP

)
(B1) − π(gGP )

∣∣∣ ≤ Lipd(gGP )C ρn−1 V (B1).

Taking Eπ[·] and using stationarity gives∣∣Cov
(
O(0)

stack,P
(n)
stack

)∣∣ ≤ ∥O∥∞ Lipd(gGP )C ρn−1 π(V ),

which is (122) since Lip(0)
d (GP) = Lipd(gGP ).

For (123), fix ∥x∥H, ∥x′∥H ≤ R and write∣∣gGP (x) − gGP (x′)
∣∣

≤
∣∣∣∫ FP(x, u)P (x, du) −

∫
FP(x′, u)P (x, du)

∣∣∣+ ∣∣∣∫ FP(x′, u)P (x, du) −
∫
FP(x′, u)P (x′, du)

∣∣∣.
The first term is bounded by Lipd,1(FP) d(x, x′). For the second term, use Lemma 8.1 with the
d-Lipschitz function u 7→ FP(x′, u): it is d-Lipschitz in u with constant Lipd,2(FP), hence∣∣∣∫ FP(x′, u)P (x, du) −

∫
FP(x′, u)P (x′, du)

∣∣∣ ≤ Lipd,2(FP) Wd

(
P (x, ·), P (x′, ·)

)
≤ κR Lipd,2(FP) d(x, x′).

Thus, on the ball,
Lipd(gGP ) ≤ Lipd,1(FP) + κR Lipd,2(FP).

and inserting this into (122) yields (123).

Remark 10.9 (From step index to Euclidean time separation). Slab index separation n corresponds
to Euclidean time separation s = nt in the stacked field on R × T3

L. Thus (122) implies exponential
clustering in Euclidean time with rate

ρn−1 = exp
(
−(n− 1)| log ρ|

)
≍ exp

(
−| log ρ|

t
s
)
,

up to the discretisation shift by one slab.
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10.5 Regulator-uniform transport: what must be uniform

The transport bounds above become regulator-uniform provided the following inputs are uniform in
Reg:

(i) the boundary mixing constants C and ρ in (85);

(ii) the Lyapunov moment bound π(V ) ≤ M (e.g. via π(V ) ≤ K/(1 − λ) from Lemma 8.3);

(iii) the response moment bound MJ (t, R) in (118) on the relevant radius R (Section 5);

(iv) the local kernel Lipschitz factor κR (equivalently, uniform control of Wd(P (x, ·), P (x′, ·)) on
{∥x∥, ∥x′∥ ≤ R}), when using the explicit bound (123).

Under these uniformities, the right-hand side of (122) (and (123) when applicable) is uniform in
Reg for fixed t and fixed observable norms.
Remark 10.10 (Scope and next step). Section 10 lifts boundary mixing to exponential clustering for
a large class of slab-local observables in the stacked field construction. The remaining step needed
to turn this into a full OS statement for the four-dimensional Euclidean gauge field is to relate
the stacked field measure driven by the auxiliary boundary kernel P = Pτ to the target regulated
Yang–Mills measure on R × T3

L obtained from the slab-to-slab DLR/transfer-operator specification
in the Euclidean time direction. This identification is addressed by the DLR/transfer-operator
analysis in the next section.

11 DLR consistency and identification with the Euclidean slab
measure

Sections 9–10 established two logically distinct ingredients:

(i) a one-slab Euclidean disintegration into endpoint data and conditional interior laws
(Lemma 10.1);

(ii) an abstract mixing–to–time-axis exponential clustering calculus for a reversible stationary
Markov kernel on the boundary space
(Sections 8–9).

The purpose of the present section is to supply the missing wheel highlighted above: define the
Euclidean-time transfer kernel directly from the slab Gibbs weight by disintegration, prove exact
concatenation (Chapman–Kolmogorov) in Euclidean time, and identify the stacked construction with
the resulting Euclidean DLR measure. No identification of an auxiliary sampling dynamics with
Euclidean transfer is used or needed.

All arguments are at fixed regulator level Reg, so all configuration spaces are finite-dimensional
(hence Polish).

11.1 Finite-volume Euclidean measures and slab factorisation

Fix t > 0 and L > 0. For N ∈ N define the N -slab cylinder

S
(N)
t,L := [0, Nt] × T3

L,

56



and let X(N)
t,Reg be the regulated field configuration space on S

(N)
t,L (with the same regulator Reg

used on one slab). Let m(N)
t,Reg be the corresponding reference Gaussian measure and S

(N)
t,Reg(A)

the regulated Euclidean action (including the fixed gauge-fixing terms used earlier). Define the
unnormalised weight

w(N)
t,Reg( dA) := e−S

(N)
t,Reg(A) m(N)

t,Reg( dA), A ∈ X(N)
t,Reg. (125)

The corresponding normalised Euclidean measure is

P(N)
t,Reg( dA) := 1

Z(N)
t,Reg

w(N)
t,Reg( dA), Z(N)

t,Reg :=
∫

X(N)
t,Reg

w(N)
t,Reg( dA). (126)

For k = 0, 1, . . . , N let Trk : X(N)
t,Reg → H denote the trace map at Euclidean time x0 = kt, where

H = BL,Λ is the regulated boundary space fixed in Section 7.1. Write Bk := Trk(A).
We assume the slab locality (ensured by the regulator/gauge-fixing choices made in Sections 4–5)

in the following explicit form.

Assumption 11.1 (Exact slab additivity and Gaussian Markov factorisation). For each N ≥
1, the space X(N)

t,Reg admits an identification (a linear bijection) with the subspace of tuples
(A(0), . . . , A(N−1)) ∈

∏N−1
n=0 Xtemp

t,Reg satisfying the matching constraints

Tr+(A(n)) = Tr−(A(n+1)), n = 0, . . . , N − 2,

where Xtemp
t,Reg is the one-slab space on [0, t] × T3

L and Tr± are its endpoint traces. Under this
identification:

(i) the action is additive,

S
(N)
t,Reg(A(0), . . . , A(N−1)) =

N−1∑
n=0

St,Reg(A(n)); (127)

(ii) the Gaussian reference measure is Markov in time and disintegrates exactly over the intermediate
traces: for every bounded measurable Ψ on X(N)

t,Reg,

∫
Ψ m(N)

t,Reg( dA) =
∫

HN+1

(N−1∏
n=0

mxn,xn+1
t,Reg ( dA(n))

)
µ

(N)
0,t,Reg( dx0, . . . , dxN ), (128)

where mxn,xn+1
t,Reg is the one-slab Gaussian conditional law on the fibre Xtemp

t,Reg(xn, xn+1), and
µ

(N)
0,t,Reg is the induced Gaussian law of the trace vector (B0, . . . , BN ).

Assumption 11.1 is the exact statement that cutting the (regulated, gauge-fixed) free field at
time slices kt produces a Gaussian Markov chain of traces and conditionally independent interiors,
and that the interaction action is local in x0. These are precisely the structural inputs needed for a
DLR/transfer-operator construction in the Euclidean time direction.
Remark 11.2 (When Assumption 11.1 is expected to hold). For lattice regularisations with a nearest-
neighbour (in x0) action and a time-local gauge fixing, the additivity (127) and the Gaussian Markov
disintegration (128) are built into the construction: the free field is a Gaussian Markov random field
in the time direction, and the interaction couples only adjacent time slices. For continuum regulators
(e.g. Fourier cutoffs), the same structure holds provided the regulator respects time locality and the
endpoint trace maps are compatible with the chosen Gaussian reference.
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11.2 One-slab endpoint disintegration and the Euclidean transfer kernel

Recall from Lemma 10.1 the one-slab disintegration of the unnormalised weight wt,Reg( dA) =
e−St,Reg(A)mt,Reg( dA): there exists a finite endpoint measure κt,Reg on H×H and conditional interior
laws Qx−,x+

t,Reg such that∫
Xtemp

t,Reg

Ψ(A) wt,Reg( dA) =
∫

H×H

(∫
Xtemp

t,Reg

Ψ(A) Qx−,x+

t,Reg ( dA)
)

κt,Reg( dx−, dx+) (129)

for all bounded measurable Ψ.
Let κ−

t,Reg and κ+
t,Reg denote the first and second marginals of κt,Reg.

Definition 11.3 (Euclidean trace marginal and transfer kernel). Define the (normalised) one-time
trace law

πtr
t,Reg( dx) := 1

κ−
t,Reg(H)

κ−
t,Reg( dx). (130)

Let Kt be a version of the conditional endpoint kernel obtained by disintegrating κt,Reg with respect
to κ−

t,Reg:

κt,Reg( dx, dx′) = κ−
t,Reg( dx) Kt(x, dx′), Kt(x,H) = 1 for κ−

t,Reg-a.e. x. (131)

Remark 11.4. At the level of this paper’s architecture, πtr
t,Reg is the one-time trace marginal induced

by the Euclidean slab weight. Under the constructions in Sections 4–5, πtr
t,Reg coincides with the

boundary law πt,Reg introduced earlier in (75) (up to the normalisation convention for the one-slab
weight). In what follows we write π for this common law.

11.3 Exact concatenation in Euclidean time

The key DL-style statement is that Euclidean-time concatenation is exact. Formally, gluing two
slabs along a common interface and integrating out the interface trace produces composition of the
transfer kernel, without any additional “perimeter factor.”

Proposition 11.5 (Chapman–Kolmogorov for the Euclidean transfer kernel). Assume Assump-
tion 11.1. Let Kt be the one-slab transfer kernel from Definition 11.3. Then the trace process at times
{0, t, 2t, . . . , Nt} under the N -slab Euclidean measure P(N)

t,Reg is Markov with one-step transition Kt

in the following sense:
for each N ≥ 1 and each k ∈ {0, . . . , N − 1},

P(N)
t,Reg

(
Bk+1 ∈ ·

∣∣ B0, . . . , Bk

)
= Kt(Bk, ·) a.s. (132)

Consequently, for all m ≤ n the n − m step transition satisfies the exact Chapman–Kolmogorov
identity

K n−m
t = Kt ◦ · · · ◦ Kt︸ ︷︷ ︸

n−m times

, i.e. K n−m
t (x, dx′) =

∫
K n−k

t (x, du) K k−m
t (u, dx′) (133)

for any intermediate k with m ≤ k ≤ n.

Proof. Fix N ≥ 1 and k ∈ {0, . . . , N−1}. By Assumption 11.1 and the one-slab disintegration (129),
conditional on the trace vector (B0, . . . , BN ) the slab interiors (A(0), . . . , A(N−1)) are independent
with conditional laws QBn,Bn+1

t,Reg . Moreover, the Radon–Nikodym factor e−St,Reg(A(n)) is local to slab
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n by (127). Therefore, conditioning on (B0, . . . , Bk) and integrating out the future interiors and
future traces except Bk+1 reduces exactly to the one-slab conditional distribution of the top trace
given the bottom trace, which is Kt(Bk, ·) by (131). This yields (132).

The Chapman–Kolmogorov identity (133) is the standard semigroup property of iterated Markov
transitions once (132) is established.

11.4 Time-reversal symmetry, detailed balance, and the transfer operator

Lemma 11.6 (Time-reversal symmetry of the endpoint measure). Assume that the regulator and
gauge-fixed slab weight is invariant under time reflection x0 7→ t − x0 (with the induced swap of
endpoints x− ↔ x+). Then κt,Reg is symmetric:

κt,Reg(E × F ) = κt,Reg(F × E) for all Borel E,F ⊂ H. (134)

In particular, κ−
t,Reg = κ+

t,Reg.

Proof. Let R denote the time-reflection map on one-slab fields: (RA)(x0, x) := A(t− x0, x) (in the
chosen gauge-fixed representative). By the assumed symmetry, wt,Reg is invariant under R and the
endpoint trace pair swaps:

(Tr−(RA),Tr+(RA)) = (Tr+(A),Tr−(A)).

Therefore, for Borel sets E,F ⊂ H,

κt,Reg(E × F ) = wt,Reg({A : Tr−(A) ∈ E, Tr+(A) ∈ F})
= wt,Reg({A : Tr−(A) ∈ F, Tr+(A) ∈ E}) = κt,Reg(F × E).

which is (134). Equality of marginals follows immediately.

Proposition 11.7 (Invariance and detailed balance for Kt). Let π be the normalised trace law
(130). Under the symmetry assumption of Lemma 11.6, π is invariant for Kt and Kt is reversible
with respect to π: for all bounded measurable f, g,∫

f(x) (Ttg)(x)π( dx) =
∫
g(x) (Ttf)(x)π( dx), (Ttf)(x) :=

∫
f(x′) Kt(x, dx′). (135)

Proof. Write c := κ−
t,Reg(H) so that π = c−1κ−. Invariance follows from (131) and κ+ = κ−:∫

Kt(x,E)π( dx) = 1
c

∫
Kt(x,E) κ−( dx) = 1

c

∫
κ( dx,E) = 1

cκ+(E) = π(E).

For detailed balance, combine (131) with symmetry (134):

cπ( dx) Kt(x, dx′) = κ( dx, dx′) = κ( dx′, dx) = cπ( dx′) Kt(x′, dx).

Integrating f(x)g(x′) against both sides yields (135).

Definition 11.8 (Euclidean transfer operator). Define the Euclidean transfer operator Tt on L2(π)
by

(Ttf)(x) :=
∫

H
f(x′) Kt(x, dx′). (136)

By Proposition 11.7, Tt is a self-adjoint contraction on L2(π).
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Proposition 11.9 (Covariance decay from an L2 transfer contraction). Let (Bn)n∈Z be the stationary
bi-infinite boundary trace process with one-step kernel Kt and invariant law π (Proposition 11.7).
Assume there exists ρ ∈ (0, 1) such that for all f ∈ L2(π) with π(f) = 0,

∥T n
t f∥L2(π) ≤ ρn ∥f∥L2(π), n ≥ 1, (137)

where Tt is the transfer operator (136). Then for all f, g ∈ L2(π) and n ≥ 1,∣∣Covπ
(
f(B0), g(Bn)

)∣∣ ≤ ρn ∥f − π(f)∥L2(π) ∥g − π(g)∥L2(π).

Moreover, let F,G be bounded measurable functions on H × H and define the one-step reductions

f(x) :=
∫
F (x, x′) Kt(x, dx′), g(x) :=

∫
G(x, x′) Kt(x, dx′).

Then for all n ≥ 2,∣∣Covπ
(
F (B0, B1), G(Bn, Bn+1)

)∣∣ ≤ ρn−1 ∥f − π(f)∥L2(π) ∥g − π(g)∥L2(π) ≤ 4 ρn−1 ∥F∥∞ ∥G∥∞.

In particular, taking F and G to be the reduced endpoint functions of bounded interior-supported
slab observables yields time-axis exponential clustering with rate parameter | log ρ|/t.

Proof. For f, g ∈ L2(π) with π(f) = 0, stationarity and reversibility give

Covπ
(
f(B0), g(Bn)

)
= ⟨f,T n

t (g − π(g))⟩L2(π),

so Cauchy–Schwarz and (137) yield the first bound.
For the two-step bound, note that by the Markov property, E[F (B0, B1) | B0] = f(B0) and

E[G(Bn, Bn+1) | Bn] = g(Bn), hence

Covπ
(
F (B0, B1), G(Bn, Bn+1)

)
= Covπ

(
f(B0), g(Bn)

)
,

and apply the first estimate with n − 1 steps. Finally, ∥f∥∞ ≤ ∥F∥∞ and ∥g∥∞ ≤ ∥G∥∞ imply
∥f − π(f)∥2 ≤ 2∥F∥∞ and ∥g − π(g)∥2 ≤ 2∥G∥∞.

11.5 Exact DLR specification in the Euclidean time direction

We now express the finite-volume Euclidean measure P(N)
t,Reg in terms of: (i) the Euclidean transfer

kernel Kt and (ii) the one-slab conditional interior laws Qxn,xn+1
t,Reg .

Let ν(N)
t,Reg denote the law of the trace vector (B0, . . . , BN ) under P(N)

t,Reg.

Theorem 11.10 (Finite-volume DLR/transfer representation). Assume Assumption 11.1. Let Kt

be the Euclidean transfer kernel from Definition 11.3. Write Qx,x′ := Qx,x′

t,Reg.
Then:

(i) (Trace-chain form) The trace law ν
(N)
t,Reg is Markov with transition Kt: there exists an initial

law ν
(N)
t,Reg,0 on H such that for all bounded measurable φ : HN+1 → R,

EP(N)
t,Reg

[
φ(B0, . . . , BN )

]
=
∫

H
ν

(N)
t,Reg,0( dx0)

∫
HN

φ(x0, . . . , xN )
N−1∏
j=0

Kt(xj , dxj+1). (138)
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(ii) (DLR factorisation given traces) Conditional on the trace vector (B0, . . . , BN ), the slab interiors
A(0), . . . , A(N−1) are independent with conditional laws QBn,Bn+1. Consequently, whenever F
factorises across slabs, i.e. F(A) = ∏N−1

n=0 Fn(A(n)), with bounded measurable Fn,

EP(N)
t,Reg

[F(A)] =
∫

H
ν

(N)
t,Reg,0( dx0)

∫
HN

N−1∏
n=0

(∫
Xtemp

t,Reg

Fn(A) Qxn,xn+1
t,Reg ( dA)

) N−1∏
j=0

Kt(xj , dxj+1).

(139)

Proof. Item (i) is the content of Proposition 11.5: (132) implies that (B0, . . . , BN ) is Markov with
transition Kt. Taking ν(N)

t,Reg,0 to be the marginal law of B0 under P(N)
t,Reg yields (138).

For (ii), Assumption 11.1 together with the one-slab disintegration (129) implies that, conditional
on the trace vector, the interiors are conditionally independent with laws QBn,Bn+1

t,Reg . Taking
conditional expectation of ∏n Fn(A(n)) given (B0, . . . , BN ) and then integrating over the trace law
gives (139).

Remark 11.11 (Equilibrium boundary condition). The initial law ν
(N)
t,Reg,0 in (139) depends on the

finite-volume boundary convention. For the equilibrium (stationary) time specification relevant for
OS reconstruction and infinite-volume limits, one takes ν(N)

t,Reg,0 = π. In that case the right-hand
side of (139) depends only on (π,Kt,Q·,·

t,Reg) and is consistent under restriction to sub-windows.

11.6 Identification of the stacked field with the bi-infinite Euclidean DLR
measure

We now define the bi-infinite Euclidean measure in the time direction as the (unique) DLR measure
associated to the specification determined by (π,Kt,Q·,·

t,Reg).

Definition 11.12 (Bi-infinite Euclidean (time) Gibbs measure). Let Ptr
π be the stationary path

measure of the Markov chain on HZ with invariant law π and transition kernel Kt. Define P∞
t,Reg on

Ωstack = HZ ×
∏
n∈Z

X(n)
t,Reg

by sampling (Bn)n∈Z ∼ Ptr
π and, conditional on (Bn), sampling independent slab interiors A(n) ∼

QBn,Bn+1,(n)
t,Reg .

Theorem 11.13 (DLR consistency and uniqueness). Assume Assumption 11.1. Then P∞
t,Reg is

DLR-consistent with the Euclidean time specification determined by (π,Kt,Q·,·
t,Reg) in the following

sense:
for any integers m < n and any bounded measurable functional F depending only on the slab

interiors {A(k)}n−1
k=m, the conditional law of the window {A(k)}n−1

k=m given (Bm, Bn) is obtained by:
(i) sampling the intermediate boundaries (Bm+1, . . . , Bn−1) from the Kt-Markov bridge between Bm

and Bn, and then (ii) sampling conditionally independent interiors with laws QBk,Bk+1,(k)
t,Reg .

Moreover, P∞
t,Reg is the unique bi-infinite Gibbs measure on Ωstack with this DLR specification.

Proof. Under P∞
t,Reg, the boundary sequence (Bn)n∈Z is a stationary Markov chain with kernel Kt.

Hence, given endpoints (Bm, Bn), the intermediate boundaries follow the usual Markov bridge law
induced by Kt, and conditional on the full boundary sequence the slab interiors are independent
with laws QBk,Bk+1

t,Reg . This is exactly the DLR window specification.
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Uniqueness here is understood relative to the fixed specification data (π,Kt,Q): among probability
measures on the bi-infinite time-axis whose one-time marginal equals π and whose finite-window
conditional laws agree with the above DLR/bridge specification, the cylinder-event probabilities are
determined uniquely. We do not claim uniqueness for an unconstrained Gibbs/DLR specification
without fixing the equilibrium boundary condition; in general, multiple DLR states may exist.

11.7 Consequences for transfer/OS time translation

The preceding identification is the conceptual repair: Euclidean time translation by one slab
corresponds to the Euclidean transfer operator Tt of Definition 11.8. In particular:

(i) the path measure Ptr
π is the Euclidean-time trace process induced by the regulated Yang–Mills

slab specification;

(ii) reflection positivity of the trace process follows from detailed balance (Proposition 11.7);

(iii) the time-axis exponential clustering time clustering bounds proved abstractly for a reversible
boundary kernel (Sections 8–9) are therefore Euclidean statements provided they are applied to
the Euclidean transfer kernel Kt, not to any auxiliary sampling dynamics.

This completes the DLR/transfer-operator consistency step. In particular, the mixing/clustering
bounds may be interpreted as genuine Euclidean-time correlation estimates for the regulated
Yang–Mills slab construction.

12 From slab clustering to Schwinger-function clustering for gauge-
invariant observables

This section formulates the exponential clustering consequences of Sections 10–11 directly in terms
of gauge-invariant Euclidean observables (Wilson loops and bounded curvature functionals), and
records the resulting Schwinger-function clustering bounds in the Euclidean time direction.
Conditionality. The sampler-to-observable transport mechanism recorded in this part of the
manuscript (Section 10 and Subsections 12.2–12.5) belongs to the Gaussian-reference template: it uses
Assumption 12.6 (uniform response moment bound) together with the density input Assumption 13.11
to obtain Theorem 12.11 and its corollaries. In the Wilson KP corridor of Theorem 2.14 we do not
invoke this transport assumption; instead, exponential time-axis clustering is deduced directly from
the transfer-operator L2 gap in Theorem 2.14(ii) (equivalently Corollary 2.25) via Proposition 11.9,
and it persists under L → ∞ within the L-uniform corridor of Theorem I.1. Two routes. Route A
(template sampler ⇒ slab observables) uses Assumptions 12.6 and 13.11. Route B (Wilson/KP
corridor) bypasses transport entirely and yields clustering for lattice observables in Obslat

t,δ directly
from the transfer-operator L2 contraction (Theorem 2.14(ii)–(iii) and Proposition 11.9).

All statements are at fixed regulator level Reg and fixed spatial torus T3
L. The underlying

Euclidean-time infinite-volume measure in the time direction is the DLR/stacked measure P∞
t,Reg

from Definition 11.12, built from the one-slab conditionals Qx−,x+

t,Reg and the Euclidean transfer kernel
Kt (Section 11). Expectation with respect to P∞

t,Reg is denoted E∞[·].

12.1 Regulated gauge fields and gauge transformations

Let G be a fixed compact Lie group and g its Lie algebra, equipped with an Ad-invariant inner
product ⟨·, ·⟩g. At regulator level Reg, the one-slab configuration space Xtemp

t,Reg (Section 4) is a
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finite-dimensional real vector space of g-valued one-forms on St,L = [0, t]×T3
L (e.g. Fourier-truncated

smooth forms, possibly after a fixed gauge choice).
Let Gt,Reg be the corresponding finite-dimensional gauge group of G-valued maps on St,L

compatible with the regulator (e.g. Fourier-truncated smooth maps), acting on Xtemp
t,Reg by

A 7→ Ag := Adg−1A+ g−1 dg, g ∈ Gt,Reg. (140)

(Any fixed gauge-fixing used to define the slab weight is understood as part of the definition of the
measure; the notion of gauge-invariant observables below is defined with respect to (140) and does
not depend on gauge fixing.)

Definition 12.1 (Gauge-invariant slab observable). A measurable function O : Xtemp
t,Reg → R is called

gauge-invariant if
O(Ag) = O(A) for all A ∈ Xtemp

t,Reg, g ∈ Gt,Reg. (141)

12.2 Admissible gauge-invariant cylinder observables

The mixing-to-clustering mechanism of Sections 10–8 requires bounded slab observables whose
reduced expectations are endpoint-admissible (Definition 10.5), with quantitative control provided
by the response moment bounds (Section 5).

We therefore restrict attention to gauge-invariant observables supported strictly in the slab
interior, so that boundary perturbations are mediated by the quasi-local response kernels of Section 4.

For δ ∈ (0, t/2) define the interior sub-slab

S
(δ)
t,L := [δ, t− δ] × T3

L.

Definition 12.2 (Interior-supported cylinder observable). A measurable O : Xtemp
t,Reg → R is called

δ-interior-supported if O(A) depends only on the restriction A|
S

(δ)
t,L

.

Definition 12.3 (Gauge-invariant admissible class Obstemp
t,δ ). Fix δ ∈ (0, t/2). Let Obstemp

t,δ be the
class of slab observables O : Xtemp

t,Reg → R such that:

(i) O is bounded: ∥O∥∞ < ∞;

(ii) O is δ-interior-supported (Definition 12.2);

(iii) O is gauge-invariant (Definition 12.1).

12.2.1 Wilson loops

Let γ : [0, 1] → S
(δ)
t,L be a piecewise C1 closed loop. For A ∈ Xtemp

t,Reg, define the parallel transport
Uγ,A : [0, 1] → G as the solution of the ODE

d
dsUγ,A(s) = −A

(
γ̇(s)

)
Uγ,A(s), Uγ,A(0) = 1. (142)

Since A is smooth at fixed regulator level and γ is piecewise C1, the ODE has a unique global
solution. Define the holonomy Holγ(A) := Uγ,A(1) ∈ G.

Let ρ : G → U(dρ) be a finite-dimensional unitary representation and let χρ(g) = Tr(ρ(g)) be its
character. Define the normalised Wilson loop observable

Wγ,ρ(A) := 1
dρ
χρ
(
Holγ(A)

)
. (143)
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Lemma 12.4 (Wilson loops are bounded, gauge-invariant, and interior-supported). For any
δ ∈ (0, t/2) and any loop γ ⊂ S

(δ)
t,L, the observable Wγ,ρ lies in Obstemp

t,δ . Moreover,

∥Wγ,ρ∥∞ ≤ 1. (144)

Proof. Boundedness. Since ρ(g) is unitary, all eigenvalues of ρ(g) lie on the unit circle, hence
|χρ(g)| ≤ dρ. Therefore |Wγ,ρ(A)| ≤ 1 for all A, which is (144).

Interior support. If γ ⊂ S
(δ)
t,L, then Holγ(A) depends only on A along γ, hence only on A|

S
(δ)
t,L

.
Gauge invariance. Under (140), holonomy transforms by conjugation: holonomy transforms by

conjugation along the basepoint:

Holγ(Ag) = g(γ(0))−1 Holγ(A) g(γ(0)),

for closed loops. Characters are conjugation invariant, so χρ(Holγ(Ag)) = χρ(Holγ(A)). Thus (141)
holds.

12.2.2 Bounded curvature-energy observables

Let F (A) denote the curvature two-form of A, defined (at fixed regulator level) by the usual
expression F (A) = dA+ 1

2 [A ∧A]. Let ϕ ∈ C∞
c (S(δ)

t,L) be a real-valued test function supported in
S

(δ)
t,L. Define the (gauge-invariant) smeared Yang–Mills energy density

Eϕ(A) :=
∫

St,L

ϕ(x)
〈
Fµν(A)(x), Fµν(A)(x)

〉
g

dx, (145)

with the usual summation convention in Euclidean coordinates and dx the volume form on St,L.
Let Ψ : R → R be bounded measurable (typically bounded Lipschitz). Define the bounded

curvature observable
Oϕ,Ψ(A) := Ψ

(
Eϕ(A)

)
. (146)

Lemma 12.5 (Bounded curvature observables lie in Obstemp
t,δ ). If ϕ ∈ C∞

c (S(δ)
t,L) and Ψ is bounded,

then Oϕ,Ψ ∈ Obstemp
t,δ and ∥Oϕ,Ψ∥∞ ≤ ∥Ψ∥L∞(R).

Proof. Boundedness is immediate from (146). Interior support holds because ϕ is supported in S(δ)
t,L.

Gauge invariance holds because F (Ag) = Adg−1F (A) and the inner product ⟨·, ·⟩g is Ad-invariant,
so the integrand in (145) is invariant.

12.3 Endpoint admissibility and response control for Obstemp
t,δ

We now show that observables in Obstemp
t,δ fit the admissibility framework of Section 10. The key

quantitative input is the response identity and its uniform moment bounds from Sections 4 and 5,
restated abstractly in Lemma 10.6.

Assumption 12.6 (Uniform response moment bound). Fix δ ∈ (0, t/2). There exists a constant
MJ (t, δ) < ∞ such that for the response density Jt,Reg(x−, x+;A) appearing in Lemma 10.6,

sup
x−,x+∈H

E
Qx−,x+

t,Reg

[
∥Jt,Reg(x−, x+;A)∥H

]
≤ MJ (t, δ). (147)

Assumption 12.6 is exactly the output of Section 5 specialised to observables supported away
from the time boundaries by δ.
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Remark 12.7 (When Assumption 12.6 is expected to hold). The bound (147) is a quantitative
“quasi-local response” statement: interior observables supported a distance δ away from the time
boundaries have endpoint derivatives whose H-norm moments are uniformly bounded. For standard
local regulators, such bounds are typically obtained from locality of the conditional law together with
uniform (in Reg) moment/exponential-moment estimates on the bulk fields on unit blocks, plus decay
of response kernels away from the support of the observable. The paper treats (147) as a clean mod-
ular hypothesis because its proof is the place where one pays the full renormalisation/regularisation
cost in a concrete Yang–Mills construction.
Remark 12.8 (On endpoint-response moment bounds in the Wilson corridor). The abstract transport
mechanism of Sections 10 and 12 is formulated for the optional Euclidean/Gaussian template and
uses the endpoint-response moment input of Assumption 12.6. In the concrete Wilson lattice
KP corridor, we do not use this template route: exponential Euclidean-time clustering and the
associated transfer-operator consequences are obtained directly from the KP/cluster expansion for
local gauge-invariant observables (Appendix H) and persist under L → ∞ within the L-uniform
corridor of Theorem I.1.

Proposition 12.9 (Endpoint admissibility and global d-Lipschitz bound). Fix δ ∈ (0, t/2) and
assume Assumption 12.6. Let O ∈ Obstemp

t,δ . Define its reduced endpoint function

FO(x−, x+) :=
∫

Xtemp
t,Reg

O(A) Qx−,x+

t,Reg ( dA).

Then:

(i) O is endpoint-admissible (Definition 10.5) and the response identity (116) holds for all x± ∈ H
and all h ∈ H;

(ii) for each fixed x− ∈ H, the map x+ 7→ FO(x−, x+) is globally d-Lipschitz with

Lipd

(
x+ 7→ FO(x−, x+)

)
≤ max

{2∥O∥∞MJ (t, δ)
α

, 2∥O∥∞
}
. (148)

Proof. Item (i) is Lemma 10.6 applied with the uniform bound (147), which removes any restriction
to bounded endpoint balls.

Item (ii) follows by repeating the proof of Proposition 10.7 with MJ (t, δ) in place of MJ (t, R).

12.4 Schwinger functions in discrete Euclidean time

Under P∞
t,Reg, the bi-infinite field consists of slab interiors (A(n))n∈Z. For a one-slab observable

O : Xtemp
t,Reg → R, define its translate to slab n by

O[n] := O(A(n)).

Definition 12.10 (Two-point Schwinger function and connected part). For bounded slab observables
O,P, define the two-point Schwinger function at discrete time separation n ∈ Z by

SO,P(n) := E∞
[
O[0] P [n]]. (149)

Define the connected (truncated) two-point function by

Sconn
O,P (n) := SO,P(n) − E∞[O[0]]E∞[P [0]] = Cov∞

(
O[0],P [n]). (150)
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12.5 Exponential clustering for gauge-invariant Schwinger functions

Let (C, ρ) denote the geometric mixing constants for the Euclidean transfer chain with kernel Kt as
used in Sections 8–9, and let π(V ) < ∞ be the Lyapunov moment bound (Lemma 8.3). These are
entries in the constants ledger.

Theorem 12.11 (Exponential clustering of gauge-invariant two-point Schwinger functions). Fix
δ ∈ (0, t/2) and assume Assumption 12.6. Let O,P ∈ Obstemp

t,δ . Then for all integers n ≥ 2,

∣∣Sconn
O,P (n)

∣∣ ≤ ∥O∥∞ max
{2∥P∥∞MJ (t, δ)

α
, 2∥P∥∞

}
C ρn−1 π(V ). (151)

Equivalently, writing the Euclidean time separation as s = nt,

∣∣Sconn
O,P (n)

∣∣ ≤ CO,P(t, δ) exp
(
−m∗ s

)
, m∗ := | log ρ|

t
, (152)

with
CO,P(t, δ) := ∥O∥∞ max

{2∥P∥∞MJ (t, δ)
α

, 2∥P∥∞
}
C ρ−1 π(V ). (153)

Proof. By Definition 11.12 and Lemma 10.3, the stacked Euclidean field satisfies the reduction
identity with boundary chain (Bn) having stationary law π and transition kernel Kt: for n ≥ 2,

E∞
[
O[0] P [n]] = EPtr

π

[
FO(B0, B1)FP(Bn, Bn+1)

]
,

where
FO(x0, x1) :=

∫
O(A) Qx0,x1

t,Reg( dA), FP(x0, x1) :=
∫

P(A) Qx0,x1
t,Reg( dA).

The same reduction holds for the one-point expectations, hence

Sconn
O,P (n) = CovPtr

π

(
FO(B0, B1), FP(Bn, Bn+1)

)
.

Now apply Theorem 10.8 (transported window-mixing) to the Euclidean transfer chain. To
verify the Lipschitz input for the “future” observable, note that Proposition 12.9 implies that, for
each fixed first argument x0, the map x1 7→ FP(x0, x1) is globally d-Lipschitz with bound (148).
Therefore the one-sided window seminorm in the second coordinate satisfies

Lip(0)
d (GP) ≤ max

{2∥P∥∞MJ (t, δ)
α

, 2∥P∥∞
}
, GP(x0, x1) = FP(x0, x1).

Also ∥FO∥∞ ≤ ∥O∥∞. Substituting into (123) yields (151).
Finally, (152) follows from ρn−1 = ρ−1 exp(−(nt) | log ρ|/t) = ρ−1 exp(−m∗s) and the definition

(153).

Corollary 12.12 (Examples: Wilson loops and bounded curvature observables). Fix δ ∈ (0, t/2)
and assume Assumption 12.6. Let γ0, γ1 ⊂ S

(δ)
t,L be loops and let ρ0, ρ1 be unitary representations of

G. Then the connected Schwinger function of the corresponding Wilson loops satisfies, for n ≥ 2,

∣∣Cov∞(W [0]
γ0,ρ0 ,W

[n]
γ1,ρ1)

∣∣ ≤ max
{2MJ (t, δ)

α
, 2
}
C ρn−1 π(V ),

using ∥Wγ,ρ∥∞ ≤ 1 from Lemma 12.4.
Likewise, for ϕ0, ϕ1 ∈ C∞

c (S(δ)
t,L) and bounded Ψ0,Ψ1, the connected Schwinger function of Oϕi,Ψi

satisfies (151) with ∥Oϕi,Ψi
∥∞ ≤ ∥Ψi∥∞.
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12.6 Block clustering for multi-time gauge-invariant observables

For completeness, we record the multi-time extension in a form that follows directly from the
window-correlation bound (Proposition 8.8) combined with the reduction argument.

Let O0, . . . ,Om ∈ Obstemp
t,δ and P0, . . . ,Pm ∈ Obstemp

t,δ . Define block observables supported on
m+ 1 consecutive slabs by

F :=
m∏

j=0
O[j]

j , Gn :=
m∏

j=0
P [n+j]

j , n ≥ m+ 2.

Then, repeating the reduction to the Euclidean transfer chain and applying Proposition 8.8 (with
window length m+ 1), one obtains an exponential covariance bound

∣∣Cov∞(F ,Gn)
∣∣ ≤

( m∏
j=0

∥Oj∥∞
)

LP(t, δ)C ρn−(m+1) π(V ), (154)

where LP(t, δ) is an explicit one-sided d-Lipschitz constant. Writing MP := max0≤j≤m ∥Pj∥∞,
Proposition 12.9 yields

LP(t, δ) ≤ max
{ 2
α
MP MJ (t, δ), 2MP

}
. (155)

13 OS reconstruction in Euclidean time and the transfer-operator
gap

This section constructs the Osterwalder–Schrader (OS) Hilbert space for the regulated Euclidean
theory in the Euclidean-time direction (i.e. the bi-infinite DLR/stacked measure of Section 11),
identifies the Euclidean time-translation by one slab with the transfer operator Tt, and proves a
spectral consequence: exponential time-clustering implies a spectral gap above the vacuum for Tt on
the orthogonal complement of constants (at fixed regulator).

All constructions are carried out at fixed regulator level Reg and fixed t > 0 and L > 0.

13.1 Path space, time reflection, and the positive-time algebra

Recall the bi-infinite DLR/stacked measure P∞
t,Reg of Definition 11.12 on the space

Ωstack = HZ ×
∏
n∈Z

X(n)
t,Reg,

with boundary trace process (Bn)n∈Z and slab interiors (A(n))n∈Z. Here A(n) is the interior field on
the slab S(n)

t,L = [nt, (n+ 1)t] × T3
L, identified with an element of the canonical one-slab space Xtemp

t,Reg
by translation to [0, t] × T3

L.
Let F denote the product Borel σ-algebra on Ωstack. Let F+ be the σ-algebra generated by the

coordinates {
Bn, A

(n) : n ≥ 0
}
,

and let F− be the σ-algebra generated by{
Bn : n ≤ 0

}
∪
{
A(n) : n ≤ −1

}
.

Thus F+ and F− intersect on the “time-0” boundary variable B0.
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Fix once and for all the one-slab time-reflection map

R : Xtemp
t,Reg → Xtemp

t,Reg, (RA)(x0, x) := A(t− x0, x), (156)

which swaps the traces Tr−(RA) = Tr+(A) and Tr+(RA) = Tr−(A).

Definition 13.1 (Full time reflection on Ωstack). Define Θ : Ωstack → Ωstack by

(ΘB)n := B−n, (ΘA)(n) := R
(
A(−n−1)), n ∈ Z. (157)

Definition 13.2 (Positive-time cylinder algebra). Let Afull
+ be the set of bounded cylinder functions

F on Ωstack that are F+-measurable, i.e. depend only on finitely many coordinates

(B0, . . . , Bm+1, A
(0), . . . , A(m))

for some m ≥ 0.

13.2 Reflection positivity for the full Euclidean measure

The OS inner product is defined from the reflection pairing F 7→ ΘF . The key identity is that
P∞

t,Reg is reflection-positive on Afull
+ , and the corresponding pairing can be represented as an L2(π)

inner product on the boundary trace space.
Throughout this subsection, π and Kt are the normalised trace law and transfer kernel from

Definitions 2.4–2.7, and Tt is the associated transfer operator on L2(π) (Definition 11.8). We write
E∞[·] for expectation under P∞

t,Reg.

Definition 13.3 (OS conditional expectation map). For F ∈ Afull
+ define

Φfull(F )(x) := E∞
[
F
∣∣B0 = x

]
, x ∈ H. (158)

Lemma 13.4 (Well-definedness and L2-integrability). For each F ∈ Afull
+ , the function Φfull(F ) is

bounded and belongs to L2(π). Moreover,

∥Φfull(F )∥L∞(H) ≤ ∥F∥L∞(Ωstack). (159)

Proof. Since F is bounded, conditional expectation preserves the essential supremum, yielding (159).
Thus Φfull(F ) ∈ L∞(H), hence Φfull(F ) ∈ L2(π) because π is a probability measure.

Lemma 13.5 (Θ-invariance). Assume the one-slab unnormalised weight is invariant under the slab
reflection R (156). Then the stacked measure P∞

t,Reg is invariant under Θ:

Θ#P∞
t,Reg = P∞

t,Reg.

Proof. By Lemma 11.6 and Proposition 11.7, the boundary chain with kernel Kt and invariant
law π is stationary and reversible, hence invariant under time reflection n 7→ −n. Conditional on
the boundary sequence, slab interiors are independent with one-slab conditional laws Qxn,xn+1

t,Reg ;
invariance of the one-slab weight under R implies that Qx,x′

t,Reg is carried to Qx′,x
t,Reg under R (endpoint

swap). These two facts match exactly the definition (157), so the full stacked law is Θ-invariant.

Theorem 13.6 (Full reflection-positivity identity). Assume the one-slab unnormalised weight is
invariant under the slab reflection R (156). Then for all F,G ∈ Afull

+ ,

E∞
[
F (ΘG)

]
= ⟨Φfull(F ), Φfull(G)⟩L2(π). (160)

In particular,
E∞

[
F (ΘF )

]
≥ 0, F ∈ Afull

+ . (161)
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Proof. Step 1: reduction to a generating algebra. By a standard monotone-class argument, it suffices
to prove (160) for bounded cylinder functions of the form

F (ω) =
m∏

j=0
Oj
(
A(j))φ(Bm+1), G(ω) =

n∏
j=0

Pj
(
A(j))ψ(Bn+1), (162)

where each Oj ,Pj is bounded measurable on Xtemp
t,Reg and φ,ψ are bounded measurable on H. Such

functions generate F+.
Step 2: compute Φfull(F ) and Φfull(G). Fix F as in (162). Under P∞

t,Reg, conditional on B0 = x0,
the future boundary chain (B1, B2, . . .) evolves by Kt, and conditional on successive boundary
pairs (Bj , Bj+1), the slab interiors A(j) are independent with laws QBj ,Bj+1

t,Reg . Therefore, iterating
conditional expectations yields

Φfull(F )(x0) =
∫

Hm+1
φ(xm+1)

m∏
j=0

FOj (xj , xj+1)
m∏

j=0
Kt(xj , dxj+1), (x0 fixed). (163)

where the reduced endpoint functions are

FOj (x, x′) :=
∫

Xtemp
t,Reg

Oj(A) Qx,x′

t,Reg( dA). (164)

An analogous formula holds for Φfull(G).
Step 3: conditional factorisation given B0. Under the two-sided stationary Markov construction,

conditional on B0 the σ-algebras F+ and F− are independent. Since F is F+-measurable and ΘG
is F−-measurable, we have

E∞
[
F (ΘG)

∣∣B0
]

= E∞
[
F
∣∣B0

]
E∞

[
ΘG

∣∣B0
]

= Φfull(F )(B0) E∞
[
ΘG

∣∣B0
]
.

Step 4: identify the reflected conditional expectation. By Lemma 13.5 and the fact that Θ fixes
B0 (see (157)), conditional expectations satisfy

E∞
[
ΘG

∣∣B0
]

= E∞
[
G ◦ Θ

∣∣B0
]

= E∞
[
G
∣∣B0

]
= Φfull(G)(B0),

where the middle equality is the invariance statement at the level of regular conditional distributions
given B0.

Taking expectations in Step 3 now yields

E∞
[
F (ΘG)

]
=
∫

H
Φfull(F )(x) Φfull(G)(x)π( dx) = ⟨Φfull(F ), Φfull(G)⟩L2(π).

This proves (160) on the generating algebra, hence on all of Afull
+ by Step 1. Finally, (161) is the

special case G = F .

13.3 The full OS Hilbert space and time translation

Definition 13.7 (Full OS inner product and Hilbert space). For F,G ∈ Afull
+ define

(F,G)OS := E∞
[
F (ΘG)

]
. (165)

Let N := {F ∈ Afull
+ : (F, F )OS = 0}. Define the pre-Hilbert space DOS := Afull

+ /N and its
completion Hfull

OS .
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Remark 13.8 (Identification with a subspace of L2(π)). By Theorem 13.6, the map Φfull descends to
an isometric embedding of Hfull

OS into L2(π):
(F,G)OS = ⟨Φfull(F ),Φfull(G)⟩L2(π).

Thus Hfull
OS may be identified with the L2(π)-closure of Φfull(Afull

+ ).
Let S be the slab shift on Ωstack:

(SB)n = Bn+1, (SA)(n) = A(n+1).

Define T : Afull
+ → Afull

+ by (T F )(ω) := F (Sω). This descends to an operator on Hfull
OS , still denoted

T .
Proposition 13.9 (Time translation corresponds to the transfer operator). Under the identification
of Remark 13.8, the OS time-translation operator T corresponds to the transfer operator Tt on
L2(π):

Φfull(T F ) = Tt Φfull(F ), F ∈ Afull
+ . (166)

In particular, T is a self-adjoint contraction on Hfull
OS .

Proof. Fix F ∈ Afull
+ and x ∈ H. By definition and the Markov property of the boundary chain,

Φfull(T F )(x) = E∞
[
F ◦ S

∣∣ B0 = x
]

=
∫

H
E∞

[
F
∣∣ B1 = x′] Kt(x, dx′)

=
∫

H
Φfull(F )(x′) Kt(x, dx′) = (TtΦfull(F ))(x).

which is (166). Self-adjointness and contractivity follow because Tt is a self-adjoint contraction on
L2(π) (Definition 11.8 and Proposition 11.7), and Φfull is an isometry.

13.4 Correlation functions as transfer-operator matrix elements

Let 1 denote the constant function on H and also its class in Hfull
OS . This is the vacuum vector ;

indeed Tt1 = 1 and T 1 = 1.
Define the mean-zero subspace

L2
0(π) :=

{
f ∈ L2(π) : ⟨f,1⟩L2(π) = 0

}
, (167)

and similarly Hfull
OS,0 := 1⊥ ⊂ Hfull

OS .
Lemma 13.10 (Stationary correlations and powers of Tt). Let (Bn)n∈Z be the stationary boundary
chain with kernel Kt and invariant law π (Definition 11.12). Then for all f, g ∈ L2(π) and all
n ∈ N,

EPtr
π

[
f(B0) g(Bn)

]
= ⟨f,T n

t g⟩L2(π). (168)
In particular, if π(f) = 0 = π(g), then

CovPtr
π

(
f(B0), g(Bn)

)
= ⟨f,T n

t g⟩L2(π). (169)
Proof. By the Markov property and stationarity,

EPtr
π

[f(B0)g(Bn)] = EPtr
π

[
f(B0)E[g(Bn) |B0]

]
= EPtr

π

[
f(B0) (T n

t g)(B0)
]

=
∫
f(x) (T n

t g)(x)π( dx) = ⟨f,T n
t g⟩L2(π).

which is (168). If π(f) = π(g) = 0, then CovPtr
π

(f(B0), g(Bn)) = EPtr
π

[f(B0)g(Bn)], giving (169).
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13.5 From exponential clustering to a spectral gap

We now prove the key spectral statement. The logical structure is:

(i) Exponential clustering for a dense class of mean-zero observables forces the spectral measure
of each such observable to be supported in [−ρ, ρ].

(ii) Density then forces the entire spectrum of Tt on L2
0(π) to lie in [−ρ, ρ].

(iii) The corresponding Euclidean mass parameter is m∗ = | log ρ|/t.

Assumption 13.11 (Density of bounded d-Lipschitz functions). The set Ld ∩ L2(π) of bounded
d-Lipschitz functions on H (Definition 9.9) is dense in L2(π).

Remark 13.12. A sufficient condition for Assumption 13.11 is that π has a strictly positive continuous
density with respect to Lebesgue measure on H (which is finite-dimensional), in which case bounded
C1 functions with bounded gradient are dense in L2(π) and are in particular d-Lipschitz.

Lemma 13.13 (A convenient sufficient condition for Assumption 13.11). At fixed regulator, suppose
H is finite-dimensional and π( dx) = p(x) dx has a strictly positive C1 density with respect to
Lebesgue measure in a coordinate realisation of H. Then Ld ∩ L2(π) is dense in L2(π).

Likewise, if H = GN for a compact Lie group G equipped with a bi-invariant Riemannian metric
and π( dx) = p(x) Haar( dx) has a strictly positive C1 density with respect to Haar measure, then
Ld ∩ L2(π) is dense in L2(π).

Corollary 13.14 (Density hypothesis in the Wilson corridor). In the Wilson finite-range lattice
regulator family of Theorem 2.14, at fixed regulator the boundary law πt,Reg has a strictly positive
C∞ density with respect to the Haar measure on GE∂ . Hence Assumption 13.11 holds at fixed
regulator by Lemma 13.13.

Proof. At fixed regulator, the boundary state space is the compact manifold B∂ = GE∂ (boundary
links) with Haar reference measure. By definition, the boundary law is the endpoint marginal
obtained by integrating the strictly positive Gibbs weight over the interior links:

πt,Reg( dx) = 1
Zt,Reg

(∫
exp{−βSt,Reg(U)} Haar( dUint)

)
Haar( dx).

Since St,Reg is a finite sum of smooth local terms onGE , the map x 7→
∫

exp{−βSt,Reg(U)} Haar( dUint)
is C∞ by dominated differentiation on the compact manifold, and it is strictly positive because the in-
tegrand is strictly positive everywhere. Hence πt,Reg( dx) = pt,Reg(x) Haar( dx) with pt,Reg ∈ C∞(B∂)
and pt,Reg > 0. Lemma 13.13 then yields Assumption 13.11.

Proof of Lemma 13.13. In the Euclidean case, bounded C1 functions with bounded gradient are
d-Lipschitz and are dense in L2(π) by standard mollification and cutoff; see e.g. [2, 1]. For GN ,
one may convolve with the heat kernel on GN to approximate in L2(π) by smooth functions, and
bounded smooth functions with bounded gradient are d-Lipschitz with respect to the product
geodesic metric; see e.g. [10].

Lemma 13.15 (Finite-dimensional verification of Assumption 13.11). Suppose that, at fixed regulator,
the boundary space H is finite-dimensional and π admits a strictly positive C1 density with respect
to Lebesgue measure (or, on a compact manifold such as GN , with respect to the corresponding Haar
volume form). Then Assumption 13.11 holds.
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Proof. In finite dimension, smooth compactly supported functions are dense in L2(π) under the
stated non-degeneracy of the density. Indeed, let f ∈ L2(π); truncate f to a bounded function and
localise to a large ball (or use a partition of unity on a compact manifold) to reduce to f ∈ L2(p dx)
with p ∈ C1 and p > 0 on the localisation domain. Standard mollification then yields fk ∈ C∞ with
fk → f in L2(π). Finally, truncate fk to be bounded; bounded C1 functions are d-Lipschitz for any
bounded cost d that dominates the Euclidean distance on bounded sets, hence f is approximated in
L2(π) by bounded d-Lipschitz functions.

Remark 13.16 (Comments on Assumption 13.11). At fixed finite-dimensional H, Assumption 13.11 is
automatic under mild non-degeneracy: if π has a strictly positive density with respect to a smooth
reference (Lebesgue on Rd or Haar on a compact manifold), then smooth bounded functions are
dense in L2(π) and can be approximated by bounded Lipschitz functions by mollification in local
charts. The assumption can fail only if π is supported on a lower-dimensional subset or has genuine
singular components; in gauge contexts this is precisely why one either gauge-fixes (so H is a genuine
coordinate space) or formulates the transfer theory on a smooth gauge-invariant state space with a
non-degenerate reference measure.

Lemma 13.17 (Autocorrelation decay for centered bounded d-Lipschitz functions). Assume the
boundary mixing estimate (85) holds with constants (C, ρ) and assume π(V ) < ∞. Let f ∈ Ld and
assume π(f) = 0. Then for all n ∈ N,∣∣⟨f,T n

t f⟩L2(π)
∣∣ =

∣∣CovPtr
π

(f(B0), f(Bn))
∣∣ ≤ ∥f∥L∞(H) Lipd(f)C ρn π(V ). (170)

In particular, for even powers,

0 ≤ ⟨f,T 2n
t f⟩L2(π) ≤ ∥f∥L∞ Lipd(f)C ρ 2n π(V ), n ∈ N. (171)

Proof. The equality in (170) is Lemma 13.10 with g = f and π(f) = 0. The bound follows from the
boundary time-axis exponential clustering two-point estimate (e.g. (110)) applied with F = f(B0)
and G = f(Bn). For (171), note that Tt is self-adjoint, hence T 2n

t = (T n
t )∗T n

t is positive semidefinite,
so ⟨f,T 2n

t f⟩ ≥ 0 for all f ∈ L2(π). The upper bound is (170) with n 7→ 2n.

Let E(·) denote the spectral resolution of the self-adjoint contraction Tt on L2(π). For f ∈ L2(π),
define the associated spectral measure

µf (A) := ⟨f,E(A)f⟩L2(π), A ⊂ [−1, 1] Borel. (172)

Then µf is a finite positive Borel measure and, for n ∈ N,

⟨f,T n
t f⟩L2(π) =

∫
[−1,1]

λn µf ( dλ). (173)

Lemma 13.18 (Support bound from exponential autocorrelation decay). Assume there exists
ρ ∈ (0, 1) such that for a given nonzero f ∈ L2

0(π) there exists a constant Cf < ∞ with

⟨f,T 2n
t f⟩L2(π) ≤ Cf ρ

2n for all n ∈ N. (174)

Then the spectral measure µf is supported in [−ρ, ρ], i.e.

µf

(
{λ : |λ| > ρ}

)
= 0. (175)
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Proof. Assume for contradiction that µf ({|λ| > ρ}) > 0. Then there exists ε > 0 such that

µf

(
{|λ| ≥ ρ+ ε}

)
> 0,

because {|λ| > ρ} = ⋃
k∈N{|λ| ≥ ρ+ 1/k} and µf is finite.

Using (173) with even powers,

⟨f,T 2n
t f⟩ =

∫
λ2n µf ( dλ) ≥

∫
{|λ|≥ρ+ε}

λ2n µf ( dλ) ≥ (ρ+ ε)2n µf

(
{|λ| ≥ ρ+ ε}

)
.

Dividing by ρ2n gives

⟨f,T 2n
t f⟩

ρ2n
≥
(
1 + ε

ρ

)2n
µf

(
{|λ| ≥ ρ+ ε}

)
−−−→
n→∞

∞,

which contradicts (174). Therefore (175) holds.

Theorem 13.19 (Spectral gap for Tt from Harris/time-axis exponential clustering). Assume:

(i) the boundary mixing estimate (85) holds with constants (C, ρ) for some ρ ∈ (0, 1);

(ii) π(V ) < ∞;

(iii) Assumption 13.11 holds (bounded d-Lipschitz functions are dense in L2(π)).

Then the spectrum of Tt on L2
0(π) is contained in [−ρ, ρ]:

σ
(
Tt

∣∣
L2

0(π)
)

⊂ [−ρ, ρ]. (176)

Equivalently, Tt has a spectral gap above the vacuum eigenvalue 1, and the corresponding Euclidean
time mass parameter satisfies

m∗ := | log ρ|
t

≤ −1
t

log
(
sup

{
|λ| : λ ∈ σ(Tt) \ {1}

})
. (177)

Under the identification of Proposition 13.9, the same spectral inclusion holds for the OS time-
translation operator T on Hfull

OS,0.

Proof. Step 1: support bound for a dense set. Let f ∈ Ld ∩ L2
0(π). By Lemma 13.17, f satisfies

(174) with
Cf := ∥f∥∞ Lipd(f)C π(V ),

hence by Lemma 13.18 its spectral measure µf is supported in [−ρ, ρ].
Step 2: eliminate spectral mass outside [−ρ, ρ]. Let E := {λ : |λ| > ρ} ⊂ [−1, 1] and let E(E)

be the corresponding spectral projection. Suppose for contradiction that E(E) ̸= 0 on L2
0(π). Then

the range E(E)L2
0(π) is a nonzero closed subspace of L2

0(π). By Assumption 13.11, Ld ∩ L2
0(π) is

dense in L2
0(π), hence intersects this subspace: there exists f ∈ Ld ∩ L2

0(π) with E(E)f ̸= 0.
But for such f ,

µf (E) = ⟨f,E(E)f⟩ = ∥E(E)f∥2
L2(π) > 0,

which contradicts Step 1. Therefore E(E) = 0 on L2
0(π), which is exactly (176).

Step 3: gap and mass parameter. Since Tt is a self-adjoint contraction with eigenvalue 1
(constants), (176) implies

sup
{
|λ| : λ ∈ σ(Tt) \ {1}

}
≤ ρ.

Taking −1
t log(·) gives (177). Finally, Proposition 13.9 identifies T with Tt on the embedded OS

space, so the same spectral inclusion holds on Hfull
OS,0.
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Remark 13.20 (What was proved, precisely). At fixed regulator, the Harris/time-axis exponential
clustering mixing rate ρ bounds the entire nontrivial spectrum of the Euclidean time transfer operator
Tt inside [−ρ, ρ], provided bounded d-Lipschitz functions are dense in L2(π) (Assumption 13.11).
This yields a checkable “gap” statement in the transfer-operator sense, with Euclidean mass
parameter m∗ = | log ρ|/t.

14 Regulator-uniform consequences and main theorem
This section isolates which inputs must be uniform in the regulator Reg and then states the
main regulator-uniform conclusions that follow within the scope of this paper. We record uniform
exponential clustering in Euclidean time for a concrete class of bounded gauge-invariant slab
observables and the corresponding uniform spectral gap bound for the Euclidean-time transfer
operator.

In this paper we do construct two genuine limiting objects within the strong-coupling slab
framework: (a) a UV-refinement (continuum-in-the-box) projective limit at fixed (t, L) for the
boundary/end-point laws and the associated finite-window transfer specifications, and (b) a spatial
thermodynamic limit L → ∞ in an L-uniform KP corridor for local observables and the induced
boundary/transfer objects (Section I). We do not claim a full renormalised continuum Yang–Mills
theory on R4 (or a Clay-style mass gap) beyond the time-axis OS/transfer framework, and we do
not address limits outside the strong-coupling corridor.

14.1 Uniformity requirements: the constants ledger

Throughout, t > 0, L > 0, and δ ∈ (0, t/2) are fixed, and Reg ranges over a family of regulators (e.g.
Fourier cutoff Λ → ∞ together with the fixed gauge-fixing regularisation scheme of Sections 4–11).

For each Reg we have:

• a boundary trace space H = HReg (finite-dimensional) and a stationary boundary chain with
kernel K(Reg)

t and invariant law π(Reg) (Section 11);

• a Lyapunov function V (Reg) : H → [1,∞) and geometric ergodicity constants for the boundary
chain (Sections 7–8);

• a family of one-slab conditional interior measures Qb−,b+

t,Reg and response objects Jt,Reg(b−, b+;A)
controlling endpoint derivatives of reduced observables (Sections 4–5);

• the stacked/DLR Euclidean measure P∞
t,Reg and transfer operator T(Reg)

t on L2(π(Reg)) (Sec-
tions 11 and 13).

The regulator-uniform conclusions require uniform bounds on the following quantities.

Assumption 14.1 (Uniform constants ledger). There exist constants

C∗ ∈ (0,∞), ρ∗ ∈ (0, 1), MV,∗ ∈ (0,∞), MJ ,∗(t, δ) ∈ (0,∞),

such that for every regulator Reg:

(i) Uniform geometric ergodicity: the boundary chain satisfies the V -weighted geometric
ergodicity estimate (85) with

C(Reg) ≤ C∗, ρ(Reg) ≤ ρ∗. (178)
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(ii) Uniform Lyapunov moment: the invariant law satisfies

π(Reg)(V (Reg)) ≤ MV,∗. (179)

(iii) Uniform response moment (interior support): for the response density Jt,Reg used in
Section 12,

sup
Reg

sup
b−,b+∈HReg

E
Qb−,b+

t,Reg

[
∥Jt,Reg(b−, b+;A)∥HReg

]
≤ MJ ,∗(t, δ). (180)

Corollary 14.2 (Ledger constants in the Wilson lattice corridor). In the Wilson lattice regulator
family of Theorem 2.14 (fixed (t, L), UV refinement and auxiliary truncations), the transfer-
side inputs in Assumption 14.1 that concern (a) cylindrical transfer-kernel contraction and (b)
transfer-side mLSI/L2 mixing hold with constants provided by Corollary 2.29 (Appendix F) and
Corollary 2.25 (Appendices G–H), respectively. Moreover, at each fixed regulator the density condition
Assumption 13.11 holds under the mild sufficient hypothesis of Lemma 13.13 (e.g. a strictly positive
C1 density with respect to Lebesgue/Haar in a finite-dimensional realisation). If, in addition, the
uniform response moment bound Assumption 12.6 holds in this lattice corridor for the class of bulk
observables under consideration, then the remaining response constants in Assumption 14.1 are
available and the full conclusion package of Theorem 14.8 applies.

Remark 14.3 (What is not assumed here). Assumption 14.1 does not assume any regulator-uniform
control of:

• spatial infinite-volume limits L → ∞ (except for the strong-coupling/KP corridor result of
Section I);

• renormalised continuum limits beyond the chosen regulator scheme;

• OS reconstruction in the full R4 sense (only the Euclidean time-axis transfer-operator OS
structure is used here);

• gauge-fixing independence.
It is a statement about uniformity within the regulated slab-and-transfer setup of this paper.

14.2 Regulator-uniform exponential clustering for gauge-invariant observables

Recall the gauge-invariant admissible class Obstemp
t,δ (Definition 12.3) and the connected two-point

Schwinger function Sconn
O,P (n) (Definition 12.10).

Theorem 14.4 (Uniform two-point clustering for gauge-invariant slab observables). Fix t > 0, L > 0
and δ ∈ (0, t/2). Assume Assumption 14.1. Then for every regulator Reg, every O,P ∈ Obstemp

t,δ

(defined on Xtemp
t,Reg), and every integer n ≥ 2,

∣∣Sconn,(Reg)
O,P (n)

∣∣ ≤ ∥O∥∞ max
{2∥P∥∞MJ ,∗(t, δ)

α
, 2∥P∥∞

}
C∗ ρ

n−1
∗ MV,∗. (181)

Equivalently, writing s = nt and m∗ := | log ρ∗|/t,∣∣Sconn,(Reg)
O,P (n)

∣∣ ≤ CO,P,∗(t, δ) exp(−m∗s), (182)

where
CO,P,∗(t, δ) := ∥O∥∞ max

{2∥P∥∞MJ ,∗(t, δ)
α

, 2∥P∥∞
}
C∗ ρ

−1
∗ MV,∗. (183)

In particular, the decay rate m∗ and the constants in (182) are independent of Reg.
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Proof. Theorem 12.11 holds for each fixed regulator with constants (C(Reg), ρ(Reg)), π(Reg)(V (Reg)),
and M (Reg)

J (t, δ). Under Assumption 14.1, these quantities are uniformly bounded by (C∗, ρ∗), MV,∗,
and MJ ,∗(t, δ) respectively. Substituting these bounds into (151) yields (181). The exponential-in-s
form (182) follows exactly as in the proof of Theorem 12.11.

Corollary 14.5 (Uniform clustering for Wilson loops). Under the assumptions of Theorem 14.4, for
any loops γ0, γ1 ⊂ S

(δ)
t,L and unitary representations ϱ0, ϱ1 of G, the Wilson-loop connected Schwinger

function satisfies, for all n ≥ 2,

∣∣Cov(Reg)
∞

(
W [0]

γ0,ϱ0 ,W
[n]
γ1,ϱ1

)∣∣ ≤ max
{2MJ ,∗(t, δ)

α
, 2
}
C∗ ρ

n−1
∗ MV,∗,

using ∥Wγ,ϱ∥∞ ≤ 1.

14.3 Regulator-uniform transfer-operator gap

We now record the corresponding uniform spectral inclusion for the Euclidean-time transfer operator.
For each regulator, T(Reg)

t is a self-adjoint contraction on L2(π(Reg)) (Section 11) with eigenvalue 1
corresponding to constants.

To formulate a uniform gap statement, we require the density hypothesis (Assumption 13.11)
regulator-by-regulator. Since HReg varies with Reg, we record it as a uniform assumption.

Assumption 14.6 (Uniform density of bounded d-Lipschitz functions). For each regulator Reg,
bounded d-Lipschitz functions on HReg are dense in L2(π(Reg)).

Theorem 14.7 (Uniform spectral gap bound for T(Reg)
t ). Fix t > 0 and assume Assumptions 14.1

and 14.6. Then for every regulator Reg,

σ
(
T(Reg)

t

∣∣
L2

0(π(Reg))
)

⊂ [−ρ∗, ρ∗]. (184)

Equivalently,
sup

{
|λ| : λ ∈ σ(T(Reg)

t ) \ {1}
}

≤ ρ∗, (185)
uniformly in Reg, and the associated Euclidean mass parameter satisfies the uniform lower bound

m∗ := | log ρ∗|
t

≤ −1
t

log
(
sup

{
|λ| : λ ∈ σ(T(Reg)

t ) \ {1}
})
. (186)

Proof. Apply Theorem 13.19 for each fixed regulator, using the mixing constants C(Reg), ρ(Reg)

and the Lyapunov moment bound π(Reg)(V (Reg)). The proof of Theorem 13.19 uses only: (i) the
geometric covariance decay estimate for bounded d-Lipschitz functions with constants (C(Reg), ρ(Reg)),
(ii) finiteness of π(Reg)(V (Reg)), and (iii) density of bounded d-Lipschitz functions in L2(π(Reg)).
Assumptions 14.1 and 14.6 ensure these hypotheses hold uniformly and with ρ(Reg) ≤ ρ∗. Hence
σ(T(Reg)

t |L2
0
) ⊂ [−ρ(Reg), ρ(Reg)] ⊂ [−ρ∗, ρ∗], which is (184). The equivalent formulations (185) and

(186) follow exactly as in Theorem 13.19.

14.4 Main theorem of this paper: what survives uniformly and what is not
claimed

We now package the regulator-uniform conclusions in a single statement. To keep scope disciplined,
the theorem is stated entirely within the regulated slab/transfer-operator framework developed
above.
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Theorem 14.8 (Regulator-uniform Euclidean-time exponential clustering and transfer gap). Fix
t > 0, L > 0 and δ ∈ (0, t/2). Assume Assumption 14.1. Then for each regulator Reg, the bi-infinite
Euclidean-time DLR measure P∞

t,Reg (Section 11) and the associated self-adjoint transfer operator
T(Reg)

t on L2(π(Reg)) are well-defined, and the following hold:

(i) (Uniform time clustering for gauge-invariant observables) For all O,P ∈ Obstemp
t,δ

and all n ≥ 2, the connected two-point Schwinger function satisfies (181)–(182), with decay
rate m∗ = | log ρ∗|/t and prefactor CO,P,∗(t, δ) independent of Reg.

(ii) (OS time-axis reconstruction) The time reflection Θ induces a reflection-positive OS Hilbert
space Hfull

OS (Section 13), which embeds isometrically into L2(π(Reg)) via Φfull, and the Euclidean
time translation by one slab corresponds to T(Reg)

t .

(iii) (Uniform transfer-operator gap, conditional on density) If, in addition, Assump-
tion 14.6 holds, then the nontrivial spectrum of T(Reg)

t is uniformly bounded by ρ∗ as in (184),
hence the transfer-operator mass parameter satisfies (186).

Remark 14.9 (Interpretation and limitations). Theorem 14.8 is an Euclidean-time statement for
a regulated slab construction: it provides regulator-uniform exponential clustering for a concrete
class of bounded gauge-invariant interior-supported cylinder slab observables (namely Obstemp

t,δ )
supported away from time boundaries, and the corresponding uniform spectral gap bound for the
Euclidean-time transfer operator (under a density hypothesis).

The theorem does not claim:

• convergence of P∞
t,Reg as Reg → ∞ without an additional projective/tightness input (see

Subsection 14.5);

• existence of a continuum, renormalised R4 Euclidean Yang–Mills measure;

• spatial infinite-volume limits outside the KP corridor (Section I constructs L → ∞ within an
L-uniform corridor for local observables), or Wilson-loop area laws;

• uniqueness of a reconstructed Minkowski theory beyond the time-axis transfer framework.

These are separate analytical problems. The purpose of the present paper is to make the Harris-
mixing-to-time-axis exponential clustering engine auditable and to isolate the precise uniform
estimates required for any further limiting procedure.

14.5 A UV-refinement limit step at fixed (t, L)
The results of this paper are formulated at a fixed regulator Reg (fixed ultraviolet cutoff/refinement
and any auxiliary truncations), with quantitative bounds that are uniform under UV refinement at
fixed (t, L). One may ask for at least one genuine limiting construction within the scope used here.
We therefore record a minimal UV-limit step that is sufficient for the window-level (cylindrical)
transfer/OS mechanism driven by Appendix F.
Setup. Fix (t, L) and a cofinal UV-refinement sequence (Regn)n≥0 (for example, lattice spacing
an ↓ 0 or cutoff Λn ↑ ∞) within the same finite slab geometry. For each n, let πn be the one-boundary
law and νn the two-boundary endpoint law, so that νn(db0, db1) = πn(db0)Kt,n(b0, db1) defines the
transfer kernel Kt,n by disintegration.

Fix a finite window W of boundary degrees of freedom that is stable along the refinement
sequence, in the following sense: there exists a compact metric space XW and, for all sufficiently
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large n, a continuous map Π(n)
W : Xn → XW (a coordinate restriction, block variable, or any fixed

finite observable map) such that all W–cylindrical observables of interest factor through Π(n)
W .

Define the projected laws on the fixed compact space XW by

πW
n := (Π(n)

W )#πn, νW
n := (Π(n)

W × Π(n)
W )#νn.

Proposition 14.10 (Window-level UV-limit along a subsequence). For each fixed window W ,
the family {πW

n : n ≥ n0(W )} is tight on XW and hence relatively compact for weak convergence.
Likewise, {νW

n : n ≥ n0(W )} is tight on XW × XW . Consequently, for every refinement sequence
(Regn) there exists a subsequence (nj) and probability measures πW

∞ on XW and νW
∞ on XW × XW

such that
πW

nj
⇒ πW

∞ , νW
nj

⇒ νW
∞ , j → ∞.

Moreover, since XW is a standard Borel space, νW
∞ admits a regular conditional distribution, i.e.

there exists a kernel KW
t,∞ on XW such that νW

∞ (db0, db1) = πW
∞ (db0)KW

t,∞(b0, db1).

Proof. Because XW is compact metric, every family of probability measures on XW (and on XW ×XW )
is tight. By Prokhorov’s theorem this implies relative compactness for weak convergence, hence the
existence of a convergent subsequence for πW

n and for νW
n . Existence of a disintegration kernel KW

t,∞
for νW

∞ with respect to its first marginal is standard on compact metric spaces.

Passing uniform window estimates to the limit. If Appendix F provides a projected Doeblin
minorisation on W with constants uniform in n (at fixed (t, L)), then the same minorisation holds for
the limiting endpoint law νW

∞ and kernel KW
t,∞ by weak convergence and the Portmanteau theorem.

In particular, any window-level geometric contraction and the resulting time-axis exponential
clustering bounds for W–cylindrical observables persist along the UV-limit subsequence produced
above. This is a genuine (though window-level and subsequential) UV-refinement limit construction
within the scope of the present manuscript: it produces limiting objects for the class of observables
for which the paper proves uniform transfer/OS estimates, without claiming a full continuum or
L → ∞ theory.

14.6 On charts and global derivatives in the Wilson corridor

In the Wilson lattice specialization with compact gauge group G, no auxiliary “small-field”/chart
cutoff is required: the configuration space is compact and the local plaquette potentials are
smooth globally. All derivative bounds in the KP/cluster-expansion corridor can be formulated
using left/right-invariant directional derivatives on G, so the corridor results in Sections G–H and
Appendix H are stated and proved without restricting plaquettes to a chart ball.

14.7 How the KP corridor threshold depends on t and L

The KP corridor requires 0 < β ≤ β⋆(t, L). Most results in the paper are stated for fixed (t, L);
however Section I proves a thermodynamic-limit result L → ∞ within an L-uniform corridor
0 < β ≤ β∞

⋆ (t). It is also useful to note how the corridor threshold behaves as t and L vary.
From the semiconvexity requirement in Theorem 2.23 and the KP Hessian bound (219), a

necessary condition is
CHess(t, L)β <

2
t
,
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so one may always take
β⋆(t, L) ≤ 2

t CHess(t, L) .

Thus, unless CHess(t, L) decays in t, the corridor typically shrinks at least like t−1 as t → ∞
(equivalently, in terms of g, one requires g ≳ t1/2). For L → ∞, maintaining a nontrivial corridor
would require that the KP majorant and polymer-counting constants entering Appendix H are
uniform in volume (a genuine infinite-volume cluster-expansion input). Outside the L-uniform
corridor, this paper does not address that regime; within an L-uniform strong-coupling corridor the
thermodynamic limit L → ∞ is constructed in Section I. The estimates in the fixed-(t, L) corridor
are uniform only in UV refinement and auxiliary truncations.

14.8 Relationship to the standard OS axioms

OS axioms in brief. In the classical OS framework, one starts with a Euclidean field theory
specified by a family of Schwinger functions (or, equivalently, a probability measure on a suitable
space of distributions), and imposes a collection of axioms including Euclidean invariance, reflection
positivity, symmetry, and regularity/growth conditions. These axioms ensure reconstruction of
a Wightman theory with a Hilbert space, a vacuum vector, and a unitary representation of the
Poincaré group, together with a positive energy condition. Exponential clustering of Schwinger
functions in Euclidean time is then linked to a positive mass gap.

What is implemented here. The present paper constructs and uses a time-axis version of the
OS machinery adapted to a slab decomposition. The reconstruction carried out in Section 13 uses:

• Reflection positivity in Euclidean time: a reflection map Θ about the time-0 slice
(Definition 13.1) and positivity of the pairing E∞[F (ΘF )] for F in a positive-time cylinder
algebra (Theorem 13.6). This is the OS reflection-positivity axiom specialised to the time
direction and to a cylinder algebra naturally adapted to a transfer-operator setting.

• Time translation invariance: stationarity of the stacked/DLR measure under the slab shift
S, which yields a well-defined time translation operator T on the reconstructed Hilbert space.

• A concrete transfer operator: identification of T with the Markov transfer operator Tt on
L2(π) (Proposition 13.9), where π is the stationary boundary trace law induced by the slab
weight.

Within this setting, “OS reconstruction” is not merely an abstract existence theorem: it is an
explicit and checkable representation of Euclidean time translations by an operator acting on L2(π),
via the map F 7→ Φfull(F ).

time-axis exponential clustering as a clustering property (time-axis version). The
label time-axis exponential clustering is used here in the constructive-QFT sense of a quantitative
clustering/ergodicity condition along Euclidean time translations (i.e. the OS clustering axiom
restricted to the time direction, at regulator level). What is proved is a family of exponential
covariance bounds for (a) boundary observables (Section 9), and (b) gauge-invariant slab observables
supported away from time boundaries (Section 12), both with explicit dependence on the constants
ledger. This is the kind of statement needed in constructive approaches where one aims to control
long-time correlations uniformly across regulators and then interpret the decay rate as a mass
parameter in the time-axis transfer sense.
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Compatibility with the full OS axioms. Nothing in the paper contradicts the standard OS
framework. Rather, the paper works in a deliberately restricted direction: it focuses on reflection
positivity and translation/clustering in one Euclidean direction (time), leaving other Euclidean
symmetries and continuum regularity issues outside the scope. From the OS perspective, the results
verify a substantial fragment of the axiomatics at regulator level: reflection positivity in the time
direction together with quantitative (time-axis) clustering for a robust class of observables.

14.9 Relationship to constructive QFT practice

Why a slab/transfer picture is natural. In many constructive and probabilistic approaches,
one exploits a Euclidean-time decomposition to obtain an operator-theoretic description: finite-time
Euclidean weights produce a transfer operator, and reflection positivity ensures that this operator is
realised on a physical Hilbert space. In lattice or continuum regularised settings, this is the technical
bridge between Euclidean probability and quantum Hamiltonians.

The present paper follows this paradigm, but with two emphases:

(i) Quantitative ergodicity as a primary input. Rather than attempting to prove clustering
directly by multiscale expansion of Schwinger functions, the paper routes through a Harris-type
drift/minorisation mechanism for a boundary Markov chain. This is designed to be robust
under regulator changes and to yield explicit geometric rates.

(ii) Auditability of endpoint dependence. For slab observables, the main technical work is
to control how interior expectations depend on boundary data. This is captured by response
identities and moment bounds for the response density, allowing one to transport boundary
mixing into slab mixing with explicit constants.

This structure matches constructive methodology: isolate a small set of verifiable, regulator-robust
estimates and build long-distance physics (clustering, transfer-operator gaps) as a consequence.

Why bounded gauge-invariant observables. The clustering theorem in Section 12 is stated
for bounded gauge-invariant observables supported away from time boundaries. This choice is
deliberate. Boundedness ensures integrability without additional tail conditions. Interior support
enables quasi-local control of boundary influence via response kernels. Gauge invariance ensures the
observables are physically meaningful and avoids dependence on gauge-fixing details at the level of
observables. Within this class, the paper proves Euclidean-time clustering with explicit constants
and (under a density hypothesis) a corresponding transfer-operator gap.

Role of the “uniformity ledger.” Section 14 makes explicit that only a finite set of quantities
must be controlled uniformly in Reg: geometric ergodicity constants, a Lyapunov moment bound,
and response moments for interior-supported observables. This is typical constructive-QFT hygiene:
if a continuum limit is to be taken later, one must know exactly which estimates need to be stable.

14.10 What remains for a full continuum Euclidean theory

The results of this paper are formulated at fixed t > 0 and fixed spatial torus T3
L. They are therefore

best understood as uniform Euclidean-time estimates for a family of regulated theories. To obtain a
full continuum Euclidean QFT on R4 in the traditional sense, additional steps are required. We list
them cautiously, since the appropriate strategy depends on the regulator scheme.
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(A) A continuum limit as Reg → ∞. Theorems 14.4 and 14.7 provide uniform bounds, but
they do not by themselves produce a limiting measure. A continuum Euclidean measure would
require, for example:

• tightness (or another compactness mechanism) of the family of regulated measures on suitable
distribution spaces;

• an identification of the limiting object under the chosen regulator (e.g. projective consistency,
or another reconstruction mechanism);

• control of renormalisation and counterterms compatible with gauge symmetry (within the
chosen scheme).

None of these are attempted here. The point of the present paper is that if such a limit exists
along some subsequence, the uniform bounds would be available to pass to the limit and yield
Euclidean-time clustering and a time-axis mass parameter in that limit.

(B) Spatial infinite volume and locality. Within the strong-coupling/KP corridor, we do
construct the spatial thermodynamic limit L → ∞: Section I builds an infinite-volume slab
DLR state, the limiting boundary laws on finite windows, and the corresponding limiting transfer
specification, and it shows that the Euclidean-time clustering bounds for local observables persist
in this limit with constants uniform in L. Outside the KP corridor (or for a renormalised scaling
limit leading to a full Euclidean theory on R4), spatial infinite-volume control remains a separate
infrared problem.

(C) Full OS reconstruction and Euclidean invariance. OS reconstruction in the classical
sense uses reflection positivity and invariance in all Euclidean directions (together with regularity).
This paper performs reconstruction only in the Euclidean time direction and identifies the time
translation operator. To obtain a complete relativistic QFT, one would typically need:

• a family of Schwinger functions satisfying the OS axioms on R4 (or a constructive substitute);

• sufficient regularity to reconstruct fields as operator-valued distributions;

• Euclidean invariance (rotations and translations) in the continuum limit.

The transfer-operator gap shown here is therefore best read as a time-axis spectral statement
compatible with, and potentially feeding into, a full OS reconstruction if the additional axioms can
be verified in a limiting theory.

(D) Interpreting m∗ as a physical mass gap. Within the slab/transfer framework, the quantity
m∗ = | log ρ∗|/t (Section 14) is a Euclidean-time decay rate for correlations and a bound on the
nontrivial spectrum of the transfer operator. In a full continuum theory, one usually identifies such
a decay rate with a relativistic mass gap using spectral representations and covariance. Here we
do not claim that identification beyond the transfer-operator context: the theorems guarantee a
Euclidean-time spectral separation above the vacuum within the reconstructed time-axis Hilbert
space. Whether this coincides with a relativistic mass gap in a continuum Minkowski theory depends
on the success of the additional steps above.
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14.11 Summary of scope

For ease of citation, we restate the scope of the main conclusions.

• At fixed regulator, the paper gives an explicit slab/transfer formulation of the Euclidean-time
theory and proves: (i) reflection positivity in time, (ii) exponential clustering for gauge-invariant
interior-supported bounded slab observables, and (iii) a transfer-operator spectral gap bound
corresponding to the clustering rate (under a mild density hypothesis for Route A; Route B in
the Wilson corridor uses the transfer L2 gap directly).

• Under the uniformity assumptions made explicit in Section 14, these conclusions hold with
constants independent of Reg.

• The paper does not construct a continuum limit on R4 and does not attempt a full OS
reconstruction on R4. Spatial infinite volume is treated only within the strong-coupling/KP
corridor: Section I constructs the thermodynamic limit L → ∞ for the Wilson slab family
under an L-uniform corridor hypothesis. Outside that corridor, results are stated at fixed L.
Overall, the manuscript supplies a regulator-robust mechanism for Euclidean-time clustering
and a time-axis transfer-operator gap within regulated Yang–Mills slab setups.

This completes the paper’s main technical narrative: an auditable route from quantitative
Harris mixing to regulator-uniform Euclidean-time clustering and a corresponding transfer-operator
spectral gap bound for gauge-invariant observables.

A A Sobolev H1 → L4 embedding on the slab

A.1 Statement and norms

Let t > 0 and L > 0, and write

St,L := [0, t] × T3
L, T3

L = (R/LZ)3,

equipped with the product flat metric and volume measure dX = dx0 dx.
For a (scalar) function u ∈ H1(St,L) define

∥u∥Lp(St,L) :=
(∫

St,L

|u(X)|p dX
)1/p

, ∥u∥2
H1(St,L) := ∥u∥2

L2(St,L) + ∥∇u∥2
L2(St,L),

where ∇ = (∂0, ∂x1 , ∂x2 , ∂x3). For Rm-valued (or g-valued) functions, all norms are understood
componentwise using the fixed inner product.

Proposition A.1 (Uniform Sobolev embedding on St,L). Fix t > 0 and assume L ≥ 1. There
exists a constant CS(t) < ∞ (independent of L and independent of any UV truncation) such that
for all u ∈ H1(St,L),

∥u∥L4(St,L) ≤ CS(t) ∥u∥H1(St,L). (187)

Corollary A.2 (Dirichlet-in-time variant). Fix t > 0 and L ≥ 1. There exists C ′
S(t) < ∞

independent of L such that for all u ∈ H1(St,L) whose trace satisfies u(t, ·) = 0 on T3
L (in the H1/2

trace sense),
∥u∥L4(St,L) ≤ C ′

S(t) ∥∇u∥L2(St,L). (188)
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A.2 A fixed partition of unity with uniform overlap

We construct a partition of unity by translates of a fixed bump function, with overlap bounds
independent of L (as long as L ≥ 1).

Lemma A.3 (One-dimensional bump partition). There exists ψ ∈ C∞
c ((−2, 2)) with 0 ≤ ψ ≤ 1

such that ∑
m∈Z

ψ(x−m) = 1 for all x ∈ R, (189)

and such that supx∈R |ψ(j)(x)| < ∞ for j = 0, 1. Moreover, each x ∈ R belongs to the support of at
most N1 translates ψ(· −m), where N1 is a fixed integer independent of x.

Proof. Choose any nonnegative φ ∈ C∞
c ((−1, 1)) with φ > 0 on (−1, 1). Define Z(x) := ∑

m∈Z φ(x−
m), which is smooth, strictly positive, and 1-periodic. Set ψ(x) := φ(x)/Z(x). Then ψ ∈
C∞

c ((−1, 1)) ⊂ C∞
c ((−2, 2)), 0 ≤ ψ ≤ 1, and

∑
m∈Z

ψ(x−m) =
∑

m∈Z φ(x−m)
Z(x) = 1.

Uniform bounds on ψ and ψ′ follow from smoothness and periodicity of Z and the compact support
of φ. Finally, because ψ is supported in an interval of length < 4, at most N1 = 4 translates can
overlap at any point.

We use Lemma A.3 in each coordinate.

Lemma A.4 (Product partition on the slab with uniform overlap). Fix t > 0 and L ≥ 1. There
exists a finite index set I = I(t, L) and a family of functions {ηα}α∈I ⊂ C∞([0, t] × [0, L)3) such
that:

(i) 0 ≤ ηα ≤ 1 and
∑

α∈I ηα(X) = 1 for all X ∈ [0, t] × [0, L)3;

(ii) each ηα is supported in a set of the form

supp(ηα) ⊂ Iα ×
3∏

i=1
Jα,i,

where Iα ⊂ R has length < 4 and each Jα,i ⊂ R has length < 4;

(iii) there exists an integer N∗ independent of (t, L) such that each point X ∈ [0, t] × [0, L)3 belongs
to the supports of at most N∗ of the functions ηα;

(iv) there exists Cη < ∞ independent of (t, L) such that

sup
α∈I

sup
X∈[0,t]×[0,L)3

|∇ηα(X)| ≤ Cη. (190)

Proof. Let ψ be as in Lemma A.3. On R × R3 define

ηm0,m1,m2,m3(x0, x1, x2, x3) := ψ(x0 −m0)ψ(x1 −m1)ψ(x2 −m2)ψ(x3 −m3), m ∈ Z4.

Then ∑m∈Z4 ηm ≡ 1 pointwise on R4 by the product structure.
We now restrict to the fundamental domain [0, t]× [0, L)3 representing St,L = [0, t]×T3

L. Because
ψ has compact support, only finitely many indices m ∈ Z4 have supp(ηm) intersecting [0, t] × [0, L)3.
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Let I(t, L) be the set of such indices and define ηα to be the restriction of ηm to [0, t] × [0, L)3

for α = m ∈ I(t, L). Since at each point in [0, t] × [0, L)3 only finitely many ηm are nonzero, the
restricted family still satisfies ∑α∈I ηα = 1 pointwise on [0, t] × [0, L)3.

Properties (i)–(ii) are immediate from the construction. For (iii), note that in each coordinate,
at most N1 translates overlap at any point (Lemma A.3), so in 4 dimensions at most N∗ := N4

1
products can overlap at any point. For (iv), ∇ηm is a linear combination of products of ψ and ψ′,
hence uniformly bounded by sup |ψ| and sup |ψ′|, independently of (t, L).

A.3 Local Euclidean Sobolev on patches

We use the classical Sobolev embedding H1(R4) ↪→ L4(R4) for compactly supported functions.

Theorem A.5 (Sobolev on R4). There exists CR4 < ∞ such that for all v ∈ H1(R4) with compact
support,

∥v∥L4(R4) ≤ CR4 ∥v∥H1(R4). (191)

Proof. This is the classical Sobolev embedding in the critical case n = 4, p = 4. A proof can be
found, for example, in standard texts on Sobolev spaces and elliptic PDE [1, 2].

We also need a simple product estimate for H1 norms of cutoff functions.

Lemma A.6 (Cutoff product estimate). Let η ∈ W 1,∞(R4) and u ∈ H1(R4). Then ηu ∈ H1(R4)
and

∥ηu∥H1(R4) ≤ ∥η∥L∞ ∥u∥H1(R4) + ∥∇η∥L∞ ∥u∥L2(R4). (192)

Proof. Since η ∈ W 1,∞, multiplication by η maps L2 to L2 boundedly and maps ∇u to η∇u in L2.
Moreover, ∇(ηu) = (∇η)u+ η∇u in the sense of distributions. Thus

∥ηu∥L2 ≤ ∥η∥∞∥u∥L2 , ∥∇(ηu)∥L2 ≤ ∥∇η∥∞∥u∥L2 + ∥η∥∞∥∇u∥L2 ,

which gives (192).

A.4 Proof of Proposition A.1

Proof of Proposition A.1. Let {ηα}α∈I be the partition of unity from Lemma A.4. We identify
St,L = [0, t] × T3

L with the fundamental domain [0, t] × [0, L)3 for the purpose of computing Lp and
H1 norms.

Let Et,L : H1([0, t] × [0, L)3) → H1(R4) be a bounded extension operator for the rectangular
box. Write

∥Et,Lf∥H1(R4) ≤ Cext(t) ∥f∥H1([0,t]×[0,L)3),

with Cext(t) < ∞ independent of L (and independent of any UV truncation).
For each α, apply Theorem A.5 to the compactly supported function Et,L(ηαu):

∥ηαu∥L4(St,L) ≤ ∥Et,L(ηαu)∥L4(R4) ≤ CR4 ∥Et,L(ηαu)∥H1(R4) ≤ CR4Cext(t) ∥ηαu∥H1(St,L). (193)

Step 1: reduce ∥u∥L4 to patch norms. At each X ∈ St,L, at most N∗ of the ηα(X) are nonzero
(Lemma A.4(iii)). Thus, using (∑m

j=1 aj)4 ≤ m3∑m
j=1 a

4
j for nonnegative aj ,

|u(X)|4 =
∣∣∣∑
α∈I

ηα(X)u(X)
∣∣∣4 ≤ N3

∗
∑
α∈I

|ηα(X)u(X)|4. (194)
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Integrating (194) over St,L gives

∥u∥4
L4(St,L) ≤ N3

∗
∑
α∈I

∥ηαu∥4
L4(St,L). (195)

Step 2: apply Sobolev on each patch.
By (193),

∥ηαu∥4
L4(St,L) ≤

(
CR4Cext(t)

)4 ∥ηαu∥4
H1(St,L).

Insert this into (195):

∥u∥4
L4(St,L) ≤ N3

∗
(
CR4Cext(t)

)4 ∑
α∈I

∥ηαu∥4
H1(St,L). (196)

Step 3: replace the sum of fourth powers by the square of the sum of squares.
For nonnegative numbers aα, ∑α a

2
α ≤ (∑α aα)2. Apply this with aα = ∥ηαu∥2

H1(St,L):∑
α∈I

∥ηαu∥4
H1(St,L) ≤

(∑
α∈I

∥ηαu∥2
H1(St,L)

)2
. (197)

Step 4: bound
∑

α ∥ηαu∥2
H1 by ∥u∥2

H1. First, for the L2 part:∑
α∈I

∥ηαu∥2
L2(St,L) =

∫
St,L

∑
α∈I

ηα(X)2 |u(X)|2 dX ≤
∫

St,L

(∑
α∈I

ηα(X)
)
|u(X)|2 dX = ∥u∥2

L2(St,L),

since 0 ≤ ηα ≤ 1 implies η2
α ≤ ηα and ∑α ηα = 1.

For the gradient part, use ∇(ηαu) = ηα∇u+ (∇ηα)u and (a+ b)2 ≤ 2a2 + 2b2:

∥∇(ηαu)∥2
L2 ≤ 2∥ηα∇u∥2

L2 + 2∥(∇ηα)u∥2
L2 .

Summing over α and using finite overlap gives∑
α

∥ηα∇u∥2
L2(St,L) =

∫
St,L

∑
α

ηα(X)2 |∇u(X)|2 dX ≤ ∥∇u∥2
L2(St,L),

and ∑
α

∥(∇ηα)u∥2
L2(St,L) ≤ C2

η N∗ ∥u∥2
L2(St,L),

using Lemma A.4(iii) and (190). Therefore,∑
α∈I

∥ηαu∥2
H1(St,L) ≤ ∥u∥2

L2 + 2∥∇u∥2
L2 + 2C2

ηN∗ ∥u∥2
L2

≤ CPU ∥u∥2
H1(St,L), (198)

where CPU := max{1 + 2C2
ηN∗, 2} depends only on the fixed bump ψ (hence universal).

Step 5: conclude.
Combine (196), (197), and (198):

∥u∥4
L4(St,L) ≤ N3

∗
(
CR4Cext(t)

)4
C2

PU ∥u∥4
H1(St,L).

Taking fourth roots yields (187) with

CS(t) := N
3/4
∗ CR4Cext(t)C1/2

PU .

This constant is independent of L and independent of any UV truncation.
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A.5 Proof of Corollary A.2

We use a one-dimensional Poincaré inequality in the time direction.

Lemma A.7 (Poincaré inequality in time). Let u ∈ H1(St,L) have trace u(t, ·) = 0 on T3
L. Then

∥u∥L2(St,L) ≤ t ∥∂0u∥L2(St,L) ≤ t ∥∇u∥L2(St,L). (199)

Proof. By the trace theorem, the condition u(t, ·) = 0 implies that for almost every x ∈ T3
L, the

function x0 7→ u(x0, x) lies in H1(0, t) and satisfies u(t, x) = 0. Hence for a.e. (x0, x),

u(x0, x) = −
∫ t

x0
∂0u(s, x) ds.

By Cauchy–Schwarz,

|u(x0, x)|2 ≤ (t− x0)
∫ t

x0
|∂0u(s, x)|2 ds ≤ t

∫ t

0
|∂0u(s, x)|2 ds.

Integrate over x0 ∈ [0, t] and x ∈ T3
L:∫

St,L

|u|2 dX ≤ t2
∫

St,L

|∂0u|2 dX,

which is (199). The final inequality follows from |∂0u| ≤ |∇u| pointwise.

Proof of Corollary A.2. Apply Proposition A.1 and then Lemma A.7:

∥u∥L4(St,L) ≤ CS(t)
(
∥u∥L2(St,L) + ∥∇u∥L2(St,L)

)
≤ CS(t)(1 + t) ∥∇u∥L2(St,L).

Thus (188) holds with C ′
S(t) = CS(t)(1 + t).

B Disintegration, conditional expectations, and monotone-class
tools

This appendix records measure-theoretic lemmas used (sometimes implicitly) in Sections 11–13. All
objects in the main text live on finite-dimensional Euclidean spaces with their Borel σ-algebras,
hence are standard Borel spaces; in particular, regular conditional probabilities and disintegrations
exist.

B.1 Standard Borel spaces and kernels

A standard Borel space is a measurable space isomorphic (as a measurable space) to a Borel subset
of a Polish space. Every finite-dimensional Euclidean space with its Borel σ-algebra is standard
Borel, and finite products of standard Borel spaces are standard Borel.

A (Markov) kernel from (X,BX) to (Y,BY) is a map K : X × BY → [0, 1] such that: (i) for
each x ∈ X, A 7→ K(x,A) is a probability measure on Y; (ii) for each A ∈ BY, x 7→ K(x,A) is
BX-measurable. We write K(x, dy) for the associated probability measure.
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B.2 Disintegration / regular conditional probabilities

Lemma B.1 (Disintegration of a finite measure). Let (X,BX) and (Y,BY) be standard Borel spaces,
and let µ be a finite measure on X × Y. Let µX denote the X-marginal of µ. Then there exists a
kernel K(x, dy) on Y such that

µ( dx, dy) = µX( dx)K(x, dy), (200)

in the sense that for every bounded measurable φ : X × Y → R,∫
X×Y

φ(x, y)µ( dx, dy) =
∫

X

(∫
Y
φ(x, y)K(x, dy)

)
µX( dx). (201)

Moreover, K is µX-a.s. unique: if K ′ also satisfies (201), then K(x, ·) = K ′(x, ·) for µX-a.e. x.

Proof. This is the standard disintegration theorem / existence of regular conditional probabilities
on standard Borel spaces. Since all spaces in the paper are finite-dimensional Euclidean (hence
standard Borel), the hypotheses are met.

For references, see e.g. Bogachev [23] or Kallenberg [24]. Uniqueness µX-a.s. follows by testing
against indicator functions of sets in BY and using a π-λ argument.

Remark B.2 (Interpretation as a conditional law). If (X,Y ) is an X × Y-valued random element with
law µ/µ(X × Y), then K(x, ·) can be taken as a version of the conditional law of Y given X = x,
and (201) is precisely the tower/conditioning identity.

B.3 Iterated conditioning for Markov kernels

The next lemma is a convenient encapsulation of iterated conditioning for a Markov chain, used
repeatedly when expressing stacked expectations as repeated integrals against the transfer kernel.

Lemma B.3 (Kernel iteration and conditional expectation). Let K be a Markov kernel on a
standard Borel space H and let (Bn)n≥0 be a Markov chain with transition kernel K. For any
bounded measurable g : H → C and any n ∈ N,

E
[
g(Bn)

∣∣B0
]

= (T ng)(B0), (Tg)(b) :=
∫

H
g(b′) K(b, db′). (202)

If π is an invariant probability for K and B0 ∼ π, then for all f, g ∈ L2(π),

Eπ
[
f(B0) g(Bn)

]
= ⟨f,T ng⟩L2(π). (203)

Proof. For n = 1, (202) is the definition of conditional expectation under the Markov property:
E[g(B1) |B0 = b] =

∫
g(b′)K(b, db′) = (Tg)(b). Assume (202) holds for n. Then by the tower

property and the Markov property,

E[g(Bn+1) |B0] = E
[
E[g(Bn+1) |B1]

∣∣B0
]

= E
[
(T ng)(B1)

∣∣B0
]

= (T(T ng))(B0) = (T n+1g)(B0),

proving (202) for all n by induction. If B0 ∼ π, then

Eπ[f(B0) g(Bn)] = Eπ
[
f(B0)E[g(Bn) |B0]

]
= Eπ

[
f(B0) (T ng)(B0)

]
= ⟨f,T ng⟩L2(π),

which is (203).

87



B.4 Monotone class: extending identities from factorised cylinders

We use the following functional monotone class lemma to justify proofs that first treat factorised
cylinder functions and then extend to all bounded measurable functions.

Lemma B.4 (Functional monotone class lemma). Let (Ω,F) be a measurable space. Let A ⊂
L∞(Ω,F ;R) be an algebra of bounded measurable functions (i.e. closed under pointwise products
and linear combinations) that generates F as a σ-algebra:

σ(A) = F .

Let M ⊂ L∞(Ω,F ;R) be a vector space of bounded measurable functions such that:

(i) A ⊂ M;

(ii) M is closed under bounded monotone limits: if 0 ≤ fn ↑ f pointwise with supn ∥fn∥∞ < ∞
and each fn ∈ M, then f ∈ M.

Then M = L∞(Ω,F ;R).

Proof. Define
C := {A ∈ F : 1A ∈ M }.

We claim that C is a Dynkin system (a λ-system):

(a) Ω ∈ C because 1Ω = 1 ∈ A ⊂ M.

(b) If A ∈ C, then Ac ∈ C because 1Ac = 1 − 1A and M is a vector space.

(c) If A1, A2, · · · ∈ C are disjoint, then ⋃nAn ∈ C because the partial sums sN = ∑N
n=1 1An belong

to M and satisfy 0 ≤ sN ↑ 1∪nAn , so closure under bounded monotone limits gives 1∪nAn ∈ M.

Hence C is a λ-system.
Next, let

P := {A ∈ F : 1A ∈ A }.

Because A is an algebra, P is a π-system: if A,B ∈ P, then 1A∩B = 1A1B ∈ A, so A ∩ B ∈ P.
Also σ(P) = σ(A) = F by assumption.

Moreover, P ⊂ C because A ⊂ M implies 1A ∈ M. By the π-λ theorem, C contains σ(P) = F ,
hence 1A ∈ M for all A ∈ F .

Finally, every bounded measurable function f can be uniformly approximated by finite linear
combinations of indicators of measurable sets (simple functions). Since M is a vector space
containing all indicators and is closed under bounded monotone limits, it contains all bounded
measurable functions (write f = f+ − f− and approximate f± by increasing simple functions).
Thus M = L∞(Ω,F ;R).

B.5 Conditional independence via factorisation of conditional expectations

The following lemma provides a concise criterion for conditional independence that we use when
splitting the stacked field into past and future halves given the boundary trace at time 0.
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Lemma B.5 (Factorisation criterion for conditional independence). Let (Ω,F ,P) be a probability
space and let G ⊂ F be a sub-σ-algebra. Let X1, . . . , Xn be random elements taking values in
standard Borel spaces. Assume that for every choice of bounded measurable functions fk,

E
[ n∏

k=1
fk(Xk)

∣∣∣G] =
n∏

k=1
E
[
fk(Xk) | G

]
P-a.s. (204)

Then (X1, . . . , Xn) are conditionally independent given G, i.e. for all measurable sets Ak,

P
(
X1 ∈ A1, . . . , Xn ∈ An

∣∣G) =
n∏

k=1
P
(
Xk ∈ Ak

∣∣G) P-a.s. (205)

Proof. Fix measurable sets Ak and set fk = 1Ak
in (204). Then (204) becomes exactly (205). Thus

the joint conditional law factors on rectangles. Because the Xk take values in standard Borel
spaces, the collection of measurable rectangles {A1 × · · · ×An} is a π-system generating the product
σ-algebra. A standard π-λ argument extends the factorisation from rectangles to the whole product
σ-algebra, yielding conditional independence.

C Gauge-invariant observables: Wilson loops and bounded curva-
ture functionals

This appendix records self-contained proofs of the elementary properties used in Section 12: bound-
edness and gauge invariance of the example observables. All statements hold at fixed regulator,
where fields are smooth enough for the ODE definition of holonomy.

C.1 Holonomy transforms by conjugation

Lemma C.1 (Gauge transformation of holonomy). Let γ be a piecewise C1 path and let A be a
(regulated) connection one-form. For a gauge transform g, the parallel transport satisfies

Uγ,Ag (s) = g(γ(s))−1 Uγ,A(s) g(γ(0)).

In particular, for a closed loop γ(1) = γ(0),

Holγ(Ag) = g(γ(0))−1 Holγ(A) g(γ(0)).

Proof. Differentiate the candidate right-hand side and use the defining ODE for Uγ,A and the
transformation rule Ag = Adg−1A + g−1 dg. Uniqueness of solutions to linear ODEs implies the
identity.

C.2 Wilson loops are bounded and gauge-invariant

Lemma C.2 (Boundedness and gauge invariance of Wilson loops). For a unitary representation
ϱ : G → U(dϱ) and a closed loop γ, the Wilson loop (see e.g. [46, 49, 50, 52])

Wγ,ϱ(A) = 1
dϱ

Tr ϱ(Holγ(A))

satisfies |Wγ,ϱ(A)| ≤ 1 for all A and is gauge-invariant.

Proof. Boundedness follows from |Tr(U)| ≤ dϱ for unitary U . Gauge invariance follows from
Lemma C.1 and the conjugation invariance of the trace.
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C.3 Curvature-energy observables

Lemma C.3 (Gauge invariance of
∫
ϕ ⟨F, F ⟩). Let ϕ be a scalar test function and define

Eϕ(A) =
∫
ϕ(x) ⟨Fµν(A)(x), Fµν(A)(x)⟩g dx.

Then Eϕ(Ag) = Eϕ(A) for all gauge transforms g. Consequently, for bounded measurable Ψ, the
observable Ψ(Eϕ(A)) is gauge-invariant and bounded.

Proof. Use F (Ag) = Adg−1F (A) and Ad-invariance of the inner product on g.

D A spectral lemma: exponential correlation decay implies spec-
tral support

This appendix isolates the spectral-measure argument used in Section 13 to convert exponential
decay of even-time correlations into a spectral inclusion for a self-adjoint contraction (cf. [42]).

Lemma D.1 (Decay of even powers forces spectral support). Let T be a self-adjoint contraction
on a Hilbert space H, with spectral resolution E(·). For f ∈ H, define µf (A) = ⟨f,E(A)f⟩. Assume
there exist ρ ∈ (0, 1) and Cf < ∞ such that

⟨f,T2nf⟩ ≤ Cf ρ
2n for all n ∈ N.

Then µf is supported in [−ρ, ρ].

Proof. If µf ({|λ| > ρ}) > 0, then for some ε > 0, µf ({|λ| ≥ ρ + ε}) > 0. Using the spectral
representation ⟨f,T2nf⟩ =

∫
λ2n µf ( dλ) gives the lower bound

⟨f,T2nf⟩ ≥ (ρ+ ε)2n µf ({|λ| ≥ ρ+ ε}),

which contradicts the assumed upper bound after dividing by ρ2n and letting n → ∞.

E Regulator-uniform weak Harris verification for the sampler
This appendix supplies the missing regulator-uniform inputs for Theorem 2.16. The point is to
avoid the dimension blow-up coming from the naive “Tr(I) = d” term in the finite-dimensional Itô
computation for ∥Bs∥2.

We work in the abstract Wiener realisation (E,H, µ0,t,Reg) fixed in Section 2.4, but the quanti-
tative estimates are expressed on the Cameron–Martin Hilbert space H: the low-mode projection is
taken in H, and the noise is realised so that the quadratic variation contributing to Itô’s formula is
governed by a trace-class covariance with trace bounded uniformly in Reg.

E.1 Trace-class realisation of the cylindrical noise

Let it,Reg : H ↪→ E be the abstract Wiener injection. In this appendix we work in a Hilbert
realisation of the ambient space E (e.g. a negative Sobolev space), so that the injection admits a
Hilbert adjoint i∗t,Reg : E → H. Define the (trace-class) covariance operator on H

QH
t,Reg := i∗t,Regit,Reg : H → H.

Let (Ws)s≥0 be an H-valued QH
t,Reg–Wiener process in the sense of [19]. All Itô computations below

are performed at the Galerkin level in H, where the quadratic variation is governed by QH
t,Reg.
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Lemma E.1 (Uniform trace bound). There exists TE(t) ∈ (0,∞), depending on t (and on the
chosen abstract Wiener realisation) but independent of Reg, such that

Tr(QH
t,Reg) = ∥it,Reg∥2

HS ≤ TE(t) for all Reg.

Proof. Let (ek)k≥1 be an orthonormal basis of H. Since QH
t,Reg = i∗t,Regit,Reg,

Tr(QH
t,Reg) =

∑
k≥1

〈
QH

t,Regek, ek

〉
H

=
∑
k≥1

⟨it,Regek, it,Regek⟩E =
∑
k≥1

∥it,Regek∥2
E = ∥it,Reg∥2

HS.

By hypothesis on the chosen Hilbert realisation E, supReg ∥it,Reg∥2
HS < ∞ at fixed t; denote this

supremum by TE(t).

Remark E.2 (Concrete choice of E and the trace bound TE(t)). Appendix E only needs a Hilbert
realisation of E for which the abstract Wiener injection it,Reg : H ↪→ E is Hilbert–Schmidt with a
bound uniform in Reg. In concrete regulator schemes one can arrange this by working in a sufficiently
negative Sobolev topology and, if needed, including the natural spatial-volume normalisation in
the ambient norm. For instance, one may take E = H−r(T3

L) with r > 3/2 and equip E with an
L-dependent equivalent Hilbert norm such that

∥it,Reg∥2
HS = Tr(QH

t,Reg) = L−3 ∑
k∈(2π/L)Z3

(1 + |k|2)−r,

which is finite for r > 3/2 and bounded uniformly in L ≥ 1; any additional UV cutoff only reduces
the sum. Other negative-regularity choices lead to analogous uniform trace bounds.

E.2 Uniform drift (Lyapunov) bound

Write the sampler as the E-valued diffusion

dBs = −
(
Bs + ∇HUt,Reg(Bs)

)
ds+

√
2 dWs,

where Ws is the realised Q–Wiener process and ∇HU denotes the Cameron–Martin gradient. Let
V : H → [1,∞) be the quadratic Lyapunov function

V (x) := 1 + ∥x∥2
H.

The key input is the regulator-uniform one-sided growth bound (proved in the main body as
part of the structural package):

Lemma E.3 (Uniform one-sided growth). There exist constants K1(t) ∈ (0,∞) and K0(t) ∈ [0,∞),
independent of Reg, such that for all x ∈ H,∣∣⟨x,∇HUt,Reg(x)⟩H

∣∣ ≤ K1(t) ∥x∥H +K0(t).

Proof. This is exactly Lemma 6.9 in Section 6.

Lemma E.4 (Regulator-uniform Lyapunov drift). Fix t > 0 and τ > 0. There exist constants
λ ∈ (0, 1) and K < ∞, depending on (t, τ) but independent of Reg, such that

(PτV )(x) ≤ λV (x) +K, x ∈ H.
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Proof. Let (Bs)s≥0 solve the sampler with B0 = x. In the present infinite-dimensional setting, this
identity is understood by Galerkin approximation (cf. e.g. [19, Ch. 4]): let ΠN be the orthogonal
projection onto an N -dimensional subspace of H containing ΠmH, and let B(N)

s := ΠNBs solve the
projected SDE driven by ΠNWs. Applying the standard finite-dimensional Itô formula to ∥B(N)

s ∥2
H

produces the quadratic-variation term 2 Tr(ΠNQ
H
t,RegΠN ), which is monotone in N and bounded by

2 Tr(QH
t,Reg). Letting N → ∞ is justified as follows: the projected solutions B(N) converge to B in

L2(Ω;C([0, T ]; H)) for each T < ∞ by standard stability of finite-dimensional approximations of
globally well-posed SDEs. Moreover, since QH

t,Reg is trace-class and Tr(ΠNQ
H
t,RegΠN ) ↑ Tr(QH

t,Reg),
monotone convergence yields the quadratic-variation limit. Together with the Lyapunov bound
controlling the drift terms, one may pass to the limit in the Itô identity in expectation, yielding the
displayed formula with no appearance of dim(H).

d

ds
E∥Bs∥2

H = −2E∥Bs∥2
H − 2E⟨Bs,∇HU(Bs)⟩H + 2 Tr(QH

t,Reg).

Apply Lemma E.3 and Lemma E.1, then Young’s inequality 2K1∥x∥ ≤ ∥x∥2 +K2
1 , to obtain

d

ds
E∥Bs∥2

H ≤ −E∥Bs∥2
H +

(
K1(t)2 + 2K0(t) + 2TE(t)

)
=: C(t).

Gronwall gives
E∥Bτ ∥2

H ≤ e−τ ∥x∥2
H + C(t) (1 − e−τ ),

hence
(PτV )(x) = 1 + E∥Bτ ∥2

H ≤ e−τ (1 + ∥x∥2
H) + (1 − e−τ )(1 + C(t)).

This is the claimed drift inequality with λ = e−τ and K = (1−e−τ )(1+C(t)), uniformly in Reg.

E.3 Projected minorisation (full Girsanov + Gaussian lower bound)

Fix a finite-rank orthogonal projection Πm : H → H of rank m, chosen independently of Reg (e.g.
the first m spatial Fourier modes once Λ exceeds the corresponding threshold). Let BR := {x ∈ H :
∥x∥H ≤ R}.

Lemma E.5 (Projected minorisation on BR). Fix R > 0. There exist a time s⋆ ∈ (0, 1], a radius
R0 ≥ R, a constant ε ∈ (0, 1], and a probability measure ν⋆ on ΠmH, all depending only on (t, R,m)
but independent of Reg, such that for all x ∈ BR,

(Πm)#Ps⋆(x, ·) ≥ ε ν⋆(·).

Proof. We follow the standard three-step scheme: (i) compare the projected law to a projected OU
law by Girsanov with uniform Novikov, (ii) lower bound the projected OU density uniformly on a
ball, (iii) combine.
Step 1: uniform Girsanov lower bound on ΠmH. Let Zs := ΠmBs and let Ys solve the
m-dimensional OU SDE on ΠmH,

dYs = −Ys ds+
√

2 dW (m)
s , Y0 = Πmx,

with W (m) an m-dimensional Brownian motion. Over the time interval [0, s⋆] and for initial
conditions x ∈ BR, the projected drift difference is bounded in L2([0, s⋆]) uniformly in Reg because
∇HU is Lipschitz on BR (Theorem 2.15) and Πm has fixed finite rank. Choosing s⋆ sufficiently small
(depending only on (t, R,m)), Novikov’s condition holds uniformly and Girsanov’s theorem gives
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mutual absolute continuity of the laws of Zs⋆ and Ys⋆ on ΠmH with a Radon–Nikodým derivative
bounded below by exp{−C(t, R)} for some C(t, R) < ∞ independent of Reg.
Step 2: uniform Gaussian density lower bound. The law of Ys⋆ is the GaussianN(mx,ΣOU (s⋆))
with

mx = e−s⋆Πmx, ΣOU (s⋆) =
∫ s⋆

0
2e−2u du IΠmH = (1 − e−2s⋆) IΠmH.

Fix R0 := R+ 1 and define

β∗(t,m,R, s⋆) := inf
x∈BR

inf
z∈BR0 ∩ΠmH

densityYs⋆
(z) > 0,

which is strictly positive since mx ranges over a compact set and ΣOU (s⋆) is nondegenerate on
the fixed finite-dimensional space ΠmH. Let ν⋆ be the normalised restriction of N(0,ΣOU (s⋆)) to
BR0 ∩ ΠmH. Then P (Ys⋆ ∈ ·) ≥ β∗ ν

⋆(·).
Step 3: conclusion. By the Girsanov lower bound from Step 1,

(Πm)#Ps⋆(x, ·) ≥ e−C(t,R) (Πm)#P
OU
s⋆

(x, ·) ≥ e−C(t,R) β∗(t,m,R, s⋆) ν⋆(·).

Set ε := e−C(t,R)β∗(t,m,R, s⋆) to conclude. All constants are independent of Reg.

E.4 Conclusion of Theorem 2.16

Proof of Theorem 2.16. Apply the weak Harris theorem (Theorem 7.11) to the one-step kernel Ps⋆ ,
with drift from Lemma E.4 (applied at τ = s⋆) and d-small set provided by Lemma E.5 (using
the bounded cost dm,η from Section 2 which controls Πm-displacement). This yields the geometric
contraction (8) and hence (9), with constants independent of Reg.

F A finite-range lattice verification of the transfer-kernel contrac-
tion

This appendix verifies Assumption 2.18 in a concrete regulator family, without appealing to any
external large-scale construction. Scope and uniformity. Throughout this appendix, L > 0 and t > 0

are fixed. The regulator tuple varies only through the ultraviolet refinement (e.g. lattice spacing
a ↓ 0 or cutoff Λ ↑ ∞) and auxiliary finite-dimensional truncations, while the local interaction
structure is held fixed (Wilson-type plaquette terms with bounded range). The window W used for
the Doeblin minorisation is fixed in unit lattice/block scale (so the number of degrees of freedom in
W is uniformly bounded), and “uniform in Reg” below refers to uniformity in this UV/refinement
parameter at fixed (t, L).

The point is simple: for finite-range Euclidean-time updates (such as the time-layer conditional
resampling induced by a finite-range lattice slab specification), a fixed finite block of boundary
degrees of freedom has a conditional density that is uniformly bounded below. This gives a Doeblin
minorisation and hence geometric contraction for the associated transfer kernel.

F.1 A local Doeblin minorisation on a fixed window

Fix a finite set W of boundary degrees of freedom (e.g. a finite set of spatial links on a single
time-slice), and let ΠW denote the corresponding coordinate projection.
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Lemma F.1 (Uniform local Doeblin lower bound on a fixed window). Consider a Wilson-type
finite-range lattice regulator family on the slab St,L with compact gauge group G and ultraviolet
refinement (e.g. lattice spacing a ↓ 0) at fixed (t, L). Let W be a fixed finite set of boundary degrees of
freedom (fixed in lattice units across refinements), let ΠW be the coordinate projection, and let HaarW

denote the normalised product Haar measure on GW . Then there exists εW = εW (β, t, L,G) ∈ (0, 1),
independent of the UV refinement and auxiliary truncations, such that for all boundary configurations
b,

(ΠW )#Kt,Reg(b, ·) ≥ εW HaarW (·). (206)
Moreover one may take

εW = exp
{
−2MW (β)

}
, MW (β) ≤ NW β ∥ϕ∥∞, (207)

where ϕ is the single-plaquette potential (including any finite-range local counterterms), ∥ϕ∥∞ < ∞ is
its global supremum on G, and NW < ∞ is the number of local action terms touching W (uniformly
bounded under refinement at fixed window geometry).

Proof. Work at a fixed regulator level and suppress Reg from the notation. By definition, Kt(b, ·) is
the endpoint-disintegration kernel obtained by integrating out bulk variables with density propor-
tional to exp{−S(U)} with respect to the product Haar reference. Projecting to the window W
yields a conditional density on u ∈ GW of the form

p(u | rest) = exp{−SW (u; rest)}∫
GW exp{−SW (u′; rest)} HaarW ( du′) , (208)

where rest denotes all non-window variables and SW (u; rest) is the sum of the finitely many local
action terms that depend on the window variables. Finite-range locality implies that only finitely
many plaquette/local terms contribute to SW , and their number NW depends only on the window
geometry (in lattice units), not on the UV refinement.

Because G is compact and the local potentials are continuous, each contributing local term
is globally bounded in absolute value by β∥ϕ∥∞, hence there exists MW (β) < ∞ with MW (β) ≤
NW β∥ϕ∥∞ such that

sup
u∈GW

sup
rest

∣∣SW (u; rest)
∣∣ ≤ MW (β).

From (208) we obtain, for all u ∈ GW ,

p(u | rest) ≥ e−MW∫
GW eMW HaarW ( du′) = e−2MW .

Therefore p(· | rest) ≥ e−2MW HaarW (·), and integrating out the remaining variables preserves the
lower bound, yielding (206) with εW = e−2MW .

F.2 From local Doeblin to cylindrical contraction

Fix W and choose the “low-mode” projection Πm of Section 2 to coincide with ΠW . Since the
projected cost dη(u, v) = 1 ∧ η dproj(u, v) is bounded by 1, we use the total-variation norm in the
convention

∥µ− ν∥TV := sup
∥f∥∞≤1

∣∣∫ f d(µ− ν)
∣∣,

so that ∥δx − δy∥TV = 2 for x ̸= y. Define, for probability measures µ, ν on Bt,Reg,

WΠm
1,η (µ, ν) := W1,η

(
(Πm)#µ, (Πm)#ν

)
,
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where W1,η is the Wasserstein distance on the (finite-dimensional) range of Πm associated with the
bounded cost dη(u, v) := 1 ∧η dproj(u, v), where dproj is any fixed distance on the (finite-dimensional)
range of Πm (in the Wilson track: product geodesic on GW ). Since dη ≤ 1, we have the elementary
domination by total variation on the projected space: for any two probability measures µ, ν on
Bt,Reg,

WΠm
1,η (µ, ν) ≤

∥∥(Πm)#µ− (Πm)#ν
∥∥

TV. (209)
By Lemma F.1, (Πm)#Kt,Reg has a Doeblin minorisation with constant εW . A standard coupling
argument (or the elementary Doeblin contraction lemma) gives, for all n ≥ 0 and all x, y,∥∥(Πm)#δxK

n
t,Reg − (Πm)#δyK

n
t,Reg

∥∥
TV ≤ 2(1 − εW )n.

Combining this with (209) yields (10) with CK = 2 and λK = 1 − εW , uniformly in Reg.

G Transfer-side L2 mixing in a small-β / strong-coupling corridor
This appendix records the Wilson-intrinsic corridor mechanism used in Route B: a transfer-side L2

contraction for the Euclidean one-slab transfer kernel Kt,Reg of Definition 2.7. In the Wilson lattice
track the boundary state space is the compact manifold B∂ = GE∂ equipped with product Haar
reference. No Gaussian bridge decomposition, harmonic extension, Dirichlet-to-Neumann operator,
or additive linear structure is invoked.
Corridor regime. Fix t > 0 and a spatial size L. Assume that the Wilson finite-range regula-
tor family satisfies the locality input Assumption H.2 (verified for Wilson lattice Yang–Mills in
Lemma H.4) and that the coupling lies in a high-temperature/KP corridor 0 < β ≤ β⋆(t, L) in which
the polymer/cluster expansion of Appendix H converges uniformly in UV refinement at fixed (t, L).

In this corridor, the cross-slab polymer mechanism of Section H.4 yields a Wilson contraction
constant qW (t, L) < 1 and the operator norm bound (225). This operator-theoretic contraction is
the only input from the corridor needed to deduce L2 mixing and a transfer spectral gap for Kt,Reg.

G.1 KP corridor output for the Wilson transfer

The next theorem packages the exact Wilson-side output of the KP/cluster-expansion corridor that
is used in the main theorem package.

Theorem G.1 (KP corridor: Wilson cross-slab contraction). Fix t > 0 and L. There exists
β⋆ = β⋆(t, L) > 0 such that for all regulators Reg in the Wilson finite-range family and all
0 < β ≤ β⋆:

(a) (KP corridor and uniform activity majorant.) The polymer activities and incompatibility graph
of Appendix H satisfy the Kotecký–Preiss criterion uniformly in the UV refinement at fixed
(t, L), so that all cluster expansions used there converge absolutely with regulator-uniform
bounds.

(b) (Cross-slab maximal correlation bound.) For the endpoint law κt,Reg (Definition 2.3) and
its marginal πt,Reg (Definition 2.4), Lemma H.8 provides constants Ccross(t, L) < ∞ and
mcross(t, L) > 0 such that for all f = f(b−) ∈ L2(πt,Reg) and g = g(b+) ∈ L2(πt,Reg) with
Eπt,Regf = Eπt,Regg = 0,∣∣Covκt,Reg

(
f(b−), g(b+)

)∣∣ ≤ qW (t, L) ∥f∥L2(πt,Reg) ∥g∥L2(πt,Reg), qW (t, L) ≤ Ccrosse
−mcrosst < 1,

(210)
uniformly in UV refinement at fixed (t, L).
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(c) (Transfer operator norm contraction.) Corollary H.9 yields the mean-zero L2 operator norm
bound

∥Kt,Reg∥L2
0(πt,Reg)→L2

0(πt,Reg) ≤ qW (t, L) < 1, (211)

uniformly in UV refinement at fixed (t, L).

Proof. Item (a) is the KP verification package in Appendix H (Theorem H.1 together with Lemma H.6
and Lemma H.5). Item (b) is Lemma H.8 and item (c) is Corollary H.9.

G.2 Uniform L2 mixing and a transfer gap in the corridor

Corollary G.2 (Uniform transfer L2 mixing in the corridor). Fix t > 0 and L and assume
0 < β ≤ β⋆(t, L) lies in the KP corridor of Theorem G.1. Then for every regulator Reg and every
f ∈ L2(πt,Reg),

∥K n
t,Regf − πt,Reg(f)∥L2(πt,Reg) ≤ qW (t, L)n ∥f − πt,Reg(f)∥L2(πt,Reg), ∀n ∈ N, (212)

with the same qW (t, L) < 1 as in (211), uniformly in UV refinement at fixed (t, L). In particular,
since Kt,Reg is reversible with respect to πt,Reg (Proposition 11.7), its discrete-time L2 spectral gap
on mean-zero functions satisfies

gapL2(Kt,Reg) ≥ 1 − qW (t, L) > 0. (213)

Proof. By Corollary H.9, Kt,Reg is a contraction on L2
0(πt,Reg) with operator norm at most qW (t, L).

Iterating the bound gives (212). Because Kt,Reg is reversible, it acts as a self-adjoint contraction on
L2(πt,Reg), and therefore sup{λ : λ ∈ Spec(Kt,Reg|L2

0
)} ≤ ∥Kt,Reg∥L2

0→L2
0

≤ qW (t, L). This implies
(213).

H Kotecký–Preiss polymer expansion for the corridor bounds
This appendix proves Theorem G.1. We isolate the exact output needed for the main paper:
uniform C2 bounds on the boundary effective interaction and a Wilson-intrinsic cross-slab maximal-
correlation/transfer-contraction bound.

H.1 Abstract polymer expansion and the KP criterion

Let P be a collection of finite “polymers” (finite subsets of a countable set), with an incompatibility
relation γ ̸∼ γ′ (typically: overlap in space–time). Given activities w(γ) ∈ C, define the formal
partition function

Z :=
∑

Γ compatible

∏
γ∈Γ

w(γ),

where the sum runs over finite compatible families.
Fix a weight a : P → [0,∞). The Kotecký–Preiss condition is

sup
γ∈P

1
a(γ)

∑
γ′ ̸∼γ

|w(γ′)| ea(γ′) ≤ 1. (214)
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Theorem H.1 (KP cluster expansion). Assume (214). Then Z ̸= 0 and logZ admits an absolutely
convergent cluster expansion

logZ =
∑

Γ connected
ϕ(Γ)

∏
γ∈Γ

w(γ),

where the sum runs over finite connected clusters and ϕ(Γ) are the Ursell coefficients (see e.g.
[72, 73]). Moreover, for every γ0 ∈ P,∑

Γ∋γ0

|ϕ(Γ)|
∏
γ∈Γ

|w(γ)| ≤ a(γ0), (215)

and all derivatives of logZ with respect to parameters entering the activities are obtained by termwise
differentiation, with the same type of majorant.

Proof. For a compatible family Γ = {γ1, . . . , γn}, write W (Γ) := ∏n
i=1w(γi). The Mayer expansion

expresses logZ as (see e.g. [72, 73])

logZ =
∑

Γ connected
ϕ(Γ)W (Γ),

where ϕ(Γ) are Ursell coefficients (Möbius inversion on the lattice of partitions). By the tree–graph
inequality (see e.g. [70, 72]) (Penrose) one has the bound

|ϕ(Γ)| ≤
∑

T tree on {1,...,n}

∏
(i,j)∈T

1γi ̸∼γj
,

see e.g. [73, 70, 71]. Fix γ0 ∈ P and sum over all connected clusters containing γ0. Root each tree
at the vertex corresponding to γ0 and sum inductively over descendants using the KP condition
(214); this yields the majorant (215). Absolute convergence implies Z ≠ 0. Termwise differentiation
with respect to parameters entering the activities is justified by dominated convergence under the
same majorant; see [73, 71].

H.2 Polymer representation of the boundary effective interaction

We apply Theorem H.1 to the conditional slab partition functions entering the disintegration/log–
Laplace representation of the boundary law. Recall from (21) that for each boundary datum b one
may write

Zt,Reg(b) = E
[
exp{−Vt,Reg(b; Ξ)}

]
,

where Ξ denotes the interior/bulk degrees of freedom under a convenient reference law P (depending
on Reg), and Vt,Reg(b; Ξ) is a bulk interaction functional depending on b only through the boundary
constraint. The centred one-boundary potential is Ut,Reg(b) = − logZt,Reg(b) + logZt,Reg(0), and
the interaction contribution Vt,Reg in the boundary potential Wt,Reg = W

(0)
t,Reg + Vt,Reg is obtained

from Ut,Reg after separating the quadratic part W (0). In particular, uniform control of the first and
second Fréchet derivatives of b 7→ logZt,Reg(b) implies the desired uniform C2 bounds on Vt,Reg.

Locality input. The KP/cluster expansion is applied to the local bulk functional Vt,Reg(b; Ξ), not
to the already-integrated boundary effective potential (which is typically nonlocal in b). We use the
following explicit locality/regularity input for the corridor regulator family.
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Assumption H.2 (Local slab decomposition and uniform C2 bounds). In the corridor regime, the
bulk interaction functional admits a finite-range decomposition

Vt,Reg(b; Ξ) = β
∑

x∈ΛL

Φ(Reg)
x (b; Ξ), (216)

where the coupling/temperature parameter β is factored outside the local pieces. Each Φ(Reg)
x

depends only on (b,Ξ) in a fixed neighbourhood of x (independent of the UV cutoff), is C2 in the
boundary variable b on the boundary manifold (in local coordinates; no cutoff is imposed), and
satisfies the uniform bounds

sup
Reg

sup
b,Ξ

(
|Φ(Reg)

x (b; Ξ)| + ∥DΦ(Reg)
x (b; Ξ)∥ + ∥D2Φ(Reg)

x (b; Ξ)∥op
)

≤ CΦ(t, L). (217)

Moreover, the locality neighbourhood graph on ΛL induced by the interaction range has uniformly
bounded degree under UV refinement at fixed (t, L).
Remark H.3. Assumption H.2 is satisfied for standard finite-range slab regulators globally (without
any small-field cutoff): local plaquette terms (and finitely many local counterterms) depend on only
finitely many link variables, have bounded derivatives globally on the compact configuration space
for compact G, and each degree of freedom participates in a uniformly bounded number of local
terms under UV refinement at fixed (t, L).
Lemma H.4 (Verification of Assumption H.2 for Wilson lattice Yang–Mills). Consider a Wilson
lattice Yang–Mills slab regulator at fixed (t, L) with compact gauge group G, Wilson plaquette action,
and (optionally) finitely many additional local counterterms of the same finite range. Take P to be
the product Haar law on interior link variables (with boundary links fixed to b) and let Ξ denote the
interior links.

Then Assumption H.2 holds with CΦ(t, L) < ∞ that is uniform in the UV refinement and
auxiliary truncations at fixed (t, L).
Proof. Each Wilson plaquette term (and each allowed local counterterm) depends only on the
link variables in a uniformly bounded neighbourhood (finite interaction range, independent of UV
refinement). Since G is a compact smooth manifold, fix a finite smooth atlas and write these local
terms in local coordinates only as a notational convenience: the resulting first and second derivatives
are uniformly bounded on each chart, hence globally. Equivalently, the intrinsic first and second
derivatives with respect to left/right–invariant vector fields on G are uniformly bounded.

Under UV refinement at fixed (t, L), each boundary link participates in at most a uniformly
bounded number of such local terms (bounded coordination number). Combining finite range with
the uniform C2 bounds yields the decomposition and the constants in Assumption H.2, with bounds
depending only on (t, L,G) and the chosen local action/counterterm list, and uniform in the UV
refinement and auxiliary truncations.

Polymerisation of Zt,Reg(b). Define the Mayer functions Fx(b; Ξ) := exp(−βΦ(Reg)
x (b; Ξ)) − 1 and

expand
exp
(
−β

∑
x

Φ(Reg)
x (b; Ξ)

)
=
∏
x

(1 + Fx(b; Ξ)).

Using the product structure of P and grouping terms by connected components in the locality/overlap
graph yields a polymer model with polymers γ ⊂ ΛL connected in the neighbourhood graph and
(boundary-dependent) activities

wb(γ) := E
[∏

x∈γ

Fx(b; Ξ)
]
, (218)
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where the expectation is under P (with boundary fixed to b). The resulting polymer partition
function equals Zt,Reg(b) (up to the harmless overall normalisation absorbed into the centering at
b = 0), and therefore Vt,Reg(b) = − logZt,Reg(b)+ logZt,Reg(0) is controlled by the convergent cluster
expansion for logZt,Reg(b).

Lemma H.5 (Counting connected polymers in bounded degree). Let (Λ,∼) be a graph with
maximum degree ∆ < ∞. Then the number of connected subsets γ ⊂ Λ of size n containing a fixed
vertex x is bounded by

Nn(x) ≤ (e∆)n−1, n ≥ 1.
Consequently, for any finite set A ⊂ Λ, the number of connected γ of size n that intersect A is at
most |A| (e∆)n−1.

Proof. Fix x and let γ be connected of size n containing x. Choose a spanning tree T on γ rooted
at x and orient edges away from the root. There are at most nn−2 labelled trees on n vertices
(Cayley), and each edge of T can be embedded by choosing one of at most ∆ neighbours at each
step, giving at most ∆n−1 embeddings. Using nn−2 ≤ (en)n−2 ≤ (e∆)n−2 for ∆ ≥ 2 (and adjusting
constants for ∆ = 1) yields Nn(x) ≤ (e∆)n−1 up to a harmless universal factor absorbed into e∆.
For the second claim, choose x ∈ A ∩ γ and sum over x ∈ A.

Lemma H.6 (Activity bounds and KP smallness). There is a constant C = C(t, L), independent
of the UV cutoff and auxiliary truncations, such that for all polymers γ and all b in local coordinates
(for notation only; no cutoff is imposed),

|wb(γ)| ≤ (Cβ)|γ|.

Consequently, choosing a(γ) = |γ| in (214), there exists β⋆ = β⋆(t, L) > 0 such that the KP condition
holds uniformly in b for all 0 < β ≤ β⋆.

Proof. Using |e−u − 1| ≤ |u|e|u| and (217), we have

|Fx(b; Ξ)| ≤ CΦ β e
CΦβ uniformly in Reg, b, Ξ.

Hence for every polymer γ,

|wb(γ)| =
∣∣∣E[∏

x∈γ

Fx(b; Ξ)
]∣∣∣ ≤ E

[∏
x∈γ

|Fx(b; Ξ)|
]

≤
∏
x∈γ

∥Fx∥∞ ≤
(
CΦ β e

CΦβ)|γ|
.

Absorb eCΦβ into the constant for 0 < β ≤ 1 to obtain the claimed bound. The KP smallness
condition then follows by combining this bound with the bounded-degree polymer counting estimate
of Lemma H.5.

H.3 Derivative bounds and the corridor constants

By Theorem H.1 and Lemma H.6, the polymer expansion for logZ converges absolutely for
0 < β ≤ β⋆, uniformly in Reg at fixed (t, L). Differentiating termwise in the boundary field yields
uniform C2 bounds.

Lemma H.7 (Uniform C2 bounds). For 0 < β ≤ β⋆ there is a constant CHess(t, L) such that, in
local coordinates (for notation only; no cutoff is imposed),

sup
b∈H

∥∥Π0D
2Vt,Reg(b) Π0

∥∥
op ≤ CHess(t, L)β, (219)

uniformly in the UV cutoff and auxiliary truncations at fixed (t, L).
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Proof. Differentiate the cluster expansion termwise (Theorem H.1) and use the uniform derivative
bounds in (217). Each derivative brings down at most one extra local factor per site, so the same
KP majorant applies, producing a convergent series with total size O(β) (the first nontrivial term is
linear in β). Summing over clusters gives (219).

H.4 Cross-slab correlation decay and a Wilson-intrinsic contraction constant

This subsection records a Wilson-intrinsic replacement for any linear/harmonic-extension contraction
constant: the transfer-side L2 contraction is bounded by a maximal correlation between the two
boundary traces, and in the KP corridor this maximal correlation is controlled by polymer clusters
that must cross the slab.

Lemma H.8 (Cross-slab correlation decay / maximal correlation bound). Fix t > 0 and L and
consider a Wilson finite-range slab regulator at inverse temperature β. Let κt,Reg( db−, db+) be the
endpoint law of Definition 2.3 on B∂ ×B∂, and let πt,Reg denote its marginal (Definition 2.4). Assume
the KP corridor hypotheses of Appendix H (in particular, the activity majorant of Lemma H.6 and
the KP convergence of Theorem H.1) hold uniformly in the UV refinement at fixed (t, L), and that
the coupling lies in the corridor 0 < β ≤ β⋆(t, L) provided by Lemma H.6.

Then there exist constants Ccross = Ccross(t, L) and mcross = mcross(t, L) > 0, which may depend
on (t, L,G) and the corridor choice (e.g. the bound 0 < β ≤ β⋆(t, L)) but are uniform in the
regulator Reg (and hence independent of UV refinement and auxiliary truncations), such that for all
f = f(b−) ∈ L2(πt,Reg) and g = g(b+) ∈ L2(πt,Reg) with Eπt,Regf = Eπt,Regg = 0,∣∣Covκt,Reg

(
f(b−), g(b+)

)∣∣ ≤ qW (t, L) ∥f∥L2(πt,Reg) ∥g∥L2(πt,Reg), (220)

where, in this corridor regime 0 < β ≤ β⋆(t, L), one may take

qW (t, L) ≤ Ccross e
−mcrosst < 1, (221)

uniformly in the UV refinement at fixed (t, L).

Proof. Since the Wilson boundary state space B∂ = GE∂ is compact and all fixed-regulator endpoint
laws have strictly positive smooth densities with respect to Haar measure (Corollary 13.14), the
endpoint law is absolutely continuous with respect to the product of its marginals.

Write m( db) for product Haar on B∂ . As in Appendix H.2, the one-endpoint and two-endpoint
conditional partition functions admit the representations

πt,Reg( db) ∝ Zt,Reg(b)m( db), κt,Reg( db−, db+) ∝ Z
(2)
t,Reg(b−, b+)m( db−)m( db+),

so that the Radon–Nikodym derivative of κt,Reg with respect to πt,Reg ⊗ πt,Reg can be written as

dκt,Reg
d(πt,Reg ⊗ πt,Reg)(b−, b+) = rt,Reg(b−, b+)

Θt,Reg
, rt,Reg(b−, b+) :=

Z
(2)
t,Reg(b−, b+)

Zt,Reg(b−)Zt,Reg(b+) , (222)

where Θt,Reg := Eπt,Reg⊗πt,Reg [rt,Reg] is the normalising constant.
Step 1: KP/cluster expansion isolates the cross-slab part of log rt,Reg. Applying the same
KP polymer representation as in Appendix H.2 to Z

(2)
t,Reg(b−, b+) (treating (b−, b+) as boundary

parameters) and subtracting the one-endpoint expansions for logZt,Reg(b−) and logZt,Reg(b+) yields
a convergent cluster expansion of the form

log rt,Reg(b−, b+) =
∑

Γ connected cluster
Γ∩∂−̸=∅, Γ∩∂+ ̸=∅

ϕ(Γ)
∏
γ∈Γ

wb−,b+(γ), (223)
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where wb−,b+(γ) are the polymer activities in the two-endpoint model and ∂− (resp. ∂+) denotes the
boundary layer (sites within the fixed interaction range of the bottom, resp. top, time boundary).
Only clusters intersecting both boundary layers survive in the difference, hence the “cross-slab”
restriction in (223).
Step 2: cross-slab clusters must be long, hence are exponentially suppressed. Because
the interaction range is finite (Assumption H.2) and the slab has thickness t, any connected cluster
intersecting both boundary layers must contain an incompatibility chain of length at least c0(t, L) t
(measured in the local-neighbourhood graph), for some c0(t, L) > 0 depending only on local slab
geometry (and in particular not on UV refinement at fixed (t, L)). Using the activity majorant from
Lemma H.6 and polymer counting (Lemma H.5) inside the KP bound (215) gives an exponential
tail for the absolute cluster sum: there exist Ccross,mcross > 0 (depending only on (t, L) and corridor
constants) such that

sup
b−,b+

∑
Γ cross slab

∣∣ϕ(Γ)
∣∣ ∏

γ∈Γ

∣∣wb−,b+(γ)
∣∣ ≤ Ccross e

−mcrosst. (224)

The supremum over boundary traces is harmless: by compactness of B∂ = GE∂ and finite-range
locality, the local factors entering wb−,b+(γ) are uniformly bounded for all fixed (b−, b+). Moreover,
the KP activity majorant in Lemma H.6 and the counting bound in Lemma H.5 are uniform in
the regulator Reg throughout the corridor 0 < β ≤ β⋆(t, L), so (224) holds uniformly in boundary
conditions and UV refinement at fixed (t, L).
Step 3: pointwise control of the RN derivative. Let S := supb−,b+ | log rt,Reg(b−, b+)|. By
(223)–(224), we have S ≤ Ccrosse

−mcrosst. Hence rt,Reg ∈ [e−S , eS ] and also Θt,Reg ∈ [e−S , eS ].
Therefore the density in (222) satisfies

sup
b−,b+

∣∣∣ dκt,Reg
d(πt,Reg ⊗ πt,Reg)(b−, b+) − 1

∣∣∣ ≤ e2S − 1 ≤ (e2S) (2S) ≤ 2e2S Ccrosse
−mcrosst.

Absorb the harmless factor 2e2S into the constant (uniformly in UV refinement at fixed (t, L)) to
obtain (221).
Step 4: covariance bound. Let R(b−, b+) := dκt,Reg

d(πt,Reg⊗πt,Reg)(b−, b+)−1. If Eπt,Regf = Eπt,Regg = 0,
then

Covκt,Reg

(
f(b−), g(b+)

)
= Eπt,Reg⊗πt,Reg

[
f(b−)g(b+)R(b−, b+)

]
.

By Cauchy–Schwarz and the pointwise bound ∥R∥∞ ≤ qW (t, L),∣∣Covκt,Reg(f(b−), g(b+))
∣∣ ≤ ∥R∥∞ ∥f∥L2(πt,Reg) ∥g∥L2(πt,Reg).

This is (220).

Corollary H.9 (Operator norm bound for the Euclidean transfer kernel). Under the assumptions
of Lemma H.8, let Kt,Reg be the Euclidean transfer kernel (Definition 2.7) for the endpoint law
κt,Reg. Interpreting Kt,Reg as conditional expectation,

∥Kt,Reg∥L2
0(πt,Reg)→L2

0(πt,Reg) ≤ qW (t, L) < 1, (225)

uniformly in UV refinement at fixed (t, L).
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Proof. For f, g ∈ L2
0(πt,Reg), using the disintegration identity κt,Reg( db−, db+) = πt,Reg( db−)Kt,Reg(b−, db+),

⟨Kt,Regf, g⟩L2(πt,Reg) = Eκt,Reg

[
f(b−)g(b+)

]
= Covκt,Reg(f(b−), g(b+)).

Since cylinder functions generate the boundary σ-algebra, they are dense in L2(πt,Reg); the covariance
bound of Lemma H.8 therefore extends from cylinders to all L2 functions by L2-approximation
and continuity. Apply Lemma H.8 and take the supremum over g with ∥g∥L2(πt,Reg) = 1 to obtain
∥Kt,Regf∥L2(πt,Reg) ≤ qW (t, L) ∥f∥L2(πt,Reg). This proves (225).

I Thermodynamic limit L → ∞ in the KP corridor
This section supplies a genuine spatial thermodynamic limit within the strong-coupling/KP corridor.
Throughout we fix t > 0, a compact connected Lie group G, and a Wilson finite-range regulator
family on slabs. The spatial volume parameter L varies while the interaction range (in lattice units)
is fixed.

I.1 Local topology and cylinder observables

Let H∂,L := GE∂(t,L,Reg) be the boundary link space at spatial size L (with Haar reference) and let
Xt,L := GE(t,L,Reg) be the full slab link space. A local/cylinder observable is a bounded measurable
function depending only on a finite set of links (equivalently, supported in a fixed finite window
W ⊂ E). We say that probability measures {µL}L≥1 on Xt,L converge locally if µL(F ) converges for
every cylinder observable F with support contained in W ⊂ E(t, L0,Reg) for some fixed L0.

I.2 An L-uniform KP corridor

The polymer expansion in Appendix H is formulated in terms of finite-range local pieces and an
incompatibility graph. Crucially, both the local activity bounds and the maximal incompatibility
degree depend only on the local geometry of the slab and are therefore independent of the spatial
volume L.

Theorem I.1 (Thermodynamic limit in an L-uniform KP corridor). There exists β∞
⋆ (t) > 0 such

that the following holds. Assume 0 < β ≤ β∞
⋆ (t) and consider the Wilson slab Gibbs measures

µ
(∞)
t,L,Reg (with periodic spatial boundary conditions and free boundary in Euclidean time) and their

boundary marginals πt,L,Reg. Then:

(i) Existence and uniqueness of an infinite-volume slab state. There exists a unique infinite-volume
DLR state µ(∞)

t,∞,Reg on the spatially infinite slab such that for every cylinder observable F there
is a limit

lim
L→∞

µ
(∞)
t,L,Reg(F ) =: µ

(∞)
t,∞,Reg(F ).

Moreover, the convergence is exponentially fast in the distance of supp(F ) from the spatial
boundary of the finite torus.

(ii) Limit of boundary laws on finite windows. For every fixed finite boundary window W ⊂ E∂, the
projected boundary laws (ΠW )#πt,L,Reg converge as L → ∞. The limits are consistent under
restriction and therefore define a boundary law πt,∞,Reg on the infinite boundary configuration
space by Kolmogorov extension.
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(iii) Limit transfer specification. Let νt,L,Reg be the endpoint joint law on (H∂,L)2 and let Kt,L,Reg
be the corresponding endpoint-disintegration transfer kernel. For every fixed boundary window
W , the disintegrations of the projected endpoint laws converge as L → ∞, yielding a limiting
finite-window transfer specification KW

t,∞,Reg. These finite-window kernels are consistent in W
and define a transfer specification Kt,∞,Reg on the infinite boundary space.

(iv) Persistence of Euclidean-time clustering for local observables. For any fixed δ ∈ (0, t/2) and
any gauge-invariant cylinder observables O,P ∈ Obslat

t,δ (Definition 2.1) with support contained
in a fixed spatial window independent of L, the Euclidean-time clustering bound (152) holds in
the L → ∞ limit with the same rate parameter m∗ as in finite volume.

Proof. We prove (i)–(iv) using the KP machinery already developed in Appendix H.
Step 1: L-uniform convergence of the polymer/cluster expansion. Appendix H produces
activities w(γ) for polymers γ (finite connected plaquette sets) and a KP majorant of the form

|w(γ)| ≤ (Cactβ)|γ|,

together with an incompatibility graph of uniformly bounded degree ∆ (both constants depending
only on local slab geometry). Therefore the Kotecký–Preiss criterion holds whenever β ≤ β∞

⋆ (t)
with β∞

⋆ (t) := (eCact∆)−1, and the standard cluster expansion gives absolutely convergent series
for logZt,L,Reg and for cumulants of cylinder observables, with bounds independent of L (see
Theorem G.1 and the estimates (215)).
Step 2: local limits and DLR uniqueness. Fix a cylinder observable F supported in a window
W and write rL := dist(W,∂ΛL) for the spatial distance from W to the boundary scale of the
spatial torus (equivalently, to the wrap-around identification). Using the standard cluster-expansion
representation for expectations with an insertion (obtained by expanding numerator and denominator
and regrouping into connected clusters), one may write

µ
(∞)
t,L,Reg(F ) =

∑
Γ: Γ∩W ̸=∅

ΦF (Γ)
∏
γ∈Γ

w(γ),

where the sum runs over finite connected clusters of polymers and the coefficients ΦF (Γ) are bounded
in absolute value by a combinatorial factor depending only on the incompatibility graph. Because
the interaction range is finite, any cluster contributing to the difference between two volumes must
connect W to the complement of the smaller volume; in particular such a cluster must contain at
least c0 rL polymers along an incompatibility chain. The KP bound (215) and the activity majorant
from Theorem G.1 therefore give an exponential tail: there exist C, c > 0 (independent of L) such
that ∣∣µ(∞)

t,L,Reg(F ) − µ
(∞)
t,L′,Reg(F )

∣∣ ≤ 2∥F∥∞C e−c min(rL,rL′ ).

Hence {µ(∞)
t,L,Reg(F )}L is Cauchy and converges as L → ∞, proving (i). The same local-uniqueness

estimate implies uniqueness of the infinite-volume DLR state in the corridor: any two DLR states
agree on all cylinder observables and therefore coincide. Step 3: boundary marginals and
transfer specification. Items (ii) and (iii) follow by applying the same local-Cauchy argument
to cylinder observables depending only on boundary links (and to cylinder observables on two
time boundaries for endpoint laws), then using standard disintegration on standard Borel spaces.
Consistency under restriction in W is inherited from the finite-volume measures, so Kolmogorov
extension applies.
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Step 4: persistence of Euclidean-time clustering. The clustering bound (152) for local
observables is proved in finite volume from transfer-side mixing/decay estimates together with
uniform response bounds in the corridor. All ingredients are local in the spatial direction, with
constants independent of L in the corridor, so the bound passes to the L → ∞ limit along the
convergence of cylinder expectations established above, proving (iv).
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No datasets were generated or analyzed during the current study.

References
[1] R. A. Adams and J. J. F. Fournier, Sobolev Spaces, 2nd edn., Pure and Applied Mathematics,

Elsevier/Academic Press, Amsterdam, 2003.

[2] L. C. Evans, Partial Differential Equations, 2nd edn., Graduate Studies in Mathematics, Vol. 19,
American Mathematical Society, Providence, RI, 2010.

[3] T. E. Harris, The existence of stationary measures for certain Markov processes. In: Proceedings
of the Third Berkeley Symposium on Mathematical Statistics and Probability, Vol. II, pp. 113–124,
University of California Press, Berkeley, 1956.

[4] E. Nummelin, A splitting technique for Harris recurrent Markov chains. Z. Wahrsch. Verw.
Gebiete 43, 309–318 (1978).

[5] S. P. Meyn and R. L. Tweedie, Markov Chains and Stochastic Stability, Springer-Verlag, London,
1993.

[6] R. Douc, E. Moulines, P. Priouret, and P. Soulier, Markov Chains, Springer Series in Operations
Research and Financial Engineering, Springer, Cham, 2018.

[7] G. O. Roberts and R. L. Tweedie, Exponential convergence of Langevin distributions and their
discrete approximations. Bernoulli 2, 341–363 (1996).

[8] M. Hairer and J. C. Mattingly, Ergodicity of the 2D Navier–Stokes equations with degenerate
stochastic forcing. Ann. of Math. 164, 993–1032 (2006).

[9] M. Hairer and J. C. Mattingly, Yet another look at Harris’ ergodic theorem for Markov chains.
In: Seminar on Stochastic Analysis, Random Fields and Applications VI, Progress in Probability,
Vol. 63, pp. 109–117, Birkhäuser, Basel, 2011.

[10] D. Bakry, I. Gentil, and M. Ledoux, Analysis and Geometry of Markov Diffusion Operators,
Springer, Cham, 2014.

[11] S. P. Meyn and R. L. Tweedie, Markov Chains and Stochastic Stability, 2nd edn., Cambridge
Mathematical Library, Cambridge University Press, Cambridge, 2009.

[12] R. Holley and D. Stroock, Logarithmic Sobolev inequalities and stochastic Ising models. J.
Stat. Phys. 46 (1987), 1159–1194.

104



[13] H. J. Brascamp and E. H. Lieb, On extensions of the Brunn–Minkowski and Prékopa–Leindler
theorems, including inequalities for log concave functions, and with an application to the
diffusion equation. J. Funct. Anal. 22 (1976), 366–389.

[14] C. Villani, Optimal Transport: Old and New, Grundlehren der Mathematischen Wissenschaften,
Vol. 338, Springer-Verlag, Berlin, 2009.

[15] S. N. Ethier and T. G. Kurtz, Markov Processes: Characterization and Convergence, Wiley
Series in Probability and Mathematical Statistics, Wiley, New York, 1986.

[16] D. W. Stroock and S. R. S. Varadhan, Multidimensional Diffusion Processes, Grundlehren der
Mathematischen Wissenschaften, Vol. 233, Springer-Verlag, Berlin, 1979.

[17] N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion Processes, North-
Holland Mathematical Library, North-Holland, Amsterdam, 1981.

[18] D. Revuz and M. Yor, Continuous Martingales and Brownian Motion, 3rd edn., Grundlehren
der Mathematischen Wissenschaften, Vol. 293, Springer-Verlag, Berlin, 1999.

[19] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Encyclopedia of
Mathematics and its Applications, Vol. 44, Cambridge University Press, Cambridge, 1992.

[20] L. Hörmander, Hypoelliptic second order differential equations. Acta Math. 119, 147–171
(1967).

[21] P. Malliavin, Stochastic calculus of variation and hypoelliptic operators. In: Proceedings of the
International Symposium on Stochastic Differential Equations, pp. 195–263, Wiley, 1978.

[22] D. Nualart, The Malliavin Calculus and Related Topics, 2nd edn., Springer, Berlin, 2006.

[23] V. I. Bogachev, Measure Theory, Vols. I–II, Springer-Verlag, Berlin, 2007.

[24] O. Kallenberg, Foundations of Modern Probability, 2nd edn., Springer-Verlag, New York, 2002.

[25] H.-O. Georgii, Gibbs Measures and Phase Transitions, 2nd edn., De Gruyter Studies in
Mathematics, De Gruyter, Berlin, 2011.

[26] C. J. Preston, Random Fields, Lecture Notes in Mathematics, Vol. 534, Springer-Verlag, Berlin,
1976.

[27] D. Ruelle, Statistical Mechanics: Rigorous Results, W. A. Benjamin, New York, 1969.

[28] O. E. Lanford III, Entropy and equilibrium states in classical statistical mechanics. In: Statistical
Mechanics and Mathematical Problems, Lecture Notes in Physics, Vol. 20, pp. 1–113, Springer-
Verlag, Berlin, 1973.

[29] B. Simon, The Statistical Mechanics of Lattice Gases, Vol. I, Princeton University Press,
Princeton, NJ, 1993.

[30] T. M. Liggett, Interacting Particle Systems, Grundlehren der Mathematischen Wissenschaften,
Vol. 276, Springer-Verlag, New York, 1985.

[31] K. Osterwalder and R. Schrader, Axioms for Euclidean Green’s functions. I. Commun. Math.
Phys. 31, 83–112 (1973).

105



[32] K. Osterwalder and R. Schrader, Axioms for Euclidean Green’s functions. II. Commun. Math.
Phys. 42, 281–305 (1975).

[33] E. Nelson, The free Markoff field. J. Funct. Anal. 12, 211–227 (1973).

[34] B. Simon, Functional Integration and Quantum Physics, Academic Press, New York, 1979.

[35] J. Glimm and A. Jaffe, Quantum Physics: A Functional Integral Point of View, 2nd edn.,
Springer-Verlag, New York, 1987.

[36] V. Rivasseau, From Perturbative to Constructive Renormalization, Princeton University Press,
Princeton, NJ, 1991.

[37] E. Seiler, Gauge Theories as a Problem of Constructive Quantum Field Theory and Statistical
Mechanics, Lecture Notes in Physics, Vol. 159, Springer-Verlag, Berlin, 1982.

[38] O. Bratteli and D. W. Robinson, Operator Algebras and Quantum Statistical Mechanics 1, 2nd
edn., Springer-Verlag, Berlin, 1987.

[39] O. Bratteli and D. W. Robinson, Operator Algebras and Quantum Statistical Mechanics 2, 2nd
edn., Springer-Verlag, Berlin, 1997.

[40] R. F. Streater and A. S. Wightman, PCT, Spin and Statistics, and All That, W. A. Benjamin,
New York, 1964.

[41] R. Haag, Local Quantum Physics, 2nd edn., Springer-Verlag, Berlin, 1996.

[42] M. Reed and B. Simon, Methods of Modern Mathematical Physics I: Functional Analysis,
Academic Press, New York, 1980.

[43] M. Reed and B. Simon, Methods of Modern Mathematical Physics II: Fourier Analysis, Self-
Adjointness, Academic Press, New York, 1975.

[44] K. Yosida, Functional Analysis, 6th edn., Springer-Verlag, Berlin, 1980.

[45] W. Rudin, Functional Analysis, 2nd edn., McGraw–Hill, New York, 1991.

[46] K. G. Wilson, Confinement of quarks. Phys. Rev. D 10, 2445–2459 (1974).

[47] G. ’t Hooft, A planar diagram theory for strong interactions. Nucl. Phys. B 72, 461–473 (1974).

[48] A. M. Polyakov, Quark confinement and topology of gauge groups. Nucl. Phys. B 120, 429–458
(1977).

[49] J. B. Kogut, An introduction to lattice gauge theory and spin systems. Rev. Mod. Phys. 51,
659–713 (1979).

[50] M. Creutz, Quarks, Gluons and Lattices, Cambridge University Press, Cambridge, 1983.

[51] I. Montvay and G. Münster, Quantum Fields on a Lattice, Cambridge University Press,
Cambridge, 1994.

[52] H. J. Rothe, Lattice Gauge Theories: An Introduction, 4th edn., World Scientific, Singapore,
2012.

106



[53] K. Symanzik, Continuum limit and improved action in lattice theories. I. Principles and ϕ4

theory. Nucl. Phys. B 226, 187–204 (1983).

[54] M. Lüscher, Advanced lattice QCD. In: Probing the Standard Model of Particle Interactions
(Les Houches, Session LXVIII), eds. F. David and R. Gupta, Elsevier, Amsterdam, 1998; see
also arXiv:hep-lat/9802029.

[55] G. Parisi and Y.-S. Wu, Perturbation theory without gauge fixing. Sci. Sin. 24, 483–496 (1981).

[56] P. H. Damgaard and H. Hüffel, Stochastic quantization. Phys. Rep. 152, 227–398 (1987).

[57] D. Zwanziger, Covariant quantization of gauge fields without Gribov ambiguity. Nucl. Phys. B
192, 259–269 (1981).

[58] A. Jaffe and E. Witten, Quantum Yang–Mills theory. In: J. Carlson, A. Jaffe, and A. Wiles (eds.),
The Millennium Prize Problems, pp. 129–152, American Mathematical Society, Providence, RI,
2006.

[59] B. K. Driver, A Cameron–Martin type quasi-invariance theorem for Brownian motion on a
compact Riemannian manifold. J. Funct. Anal. 83, 403–425 (1989).

[60] B. K. Driver and A. Sengupta, Yang–Mills theory on compact surfaces. Commun. Math. Phys.
160, 273–298 (1994).

[61] T. Lévy, Yang–Mills measure on compact surfaces. Mem. Amer. Math. Soc. 166 (2003), no. 790.

[62] D. J. Gross and W. Taylor, Two-dimensional QCD is a string theory. Nucl. Phys. B 400,
181–208 (1993).

[63] P. K. Friz and M. Hairer, A Course on Rough Paths, Universitext, Springer, Cham, 2014.

[64] M. Hairer, A theory of regularity structures. Invent. Math. 198, 269–504 (2014).

[65] M. Gubinelli, P. Imkeller, and N. Perkowski, Paracontrolled distributions and singular PDEs.
Forum Math. Pi 3, e6 (2015).

[66] V. I. Bogachev, N. V. Krylov, M. Röckner, and S. V. Shaposhnikov, Fokker–Planck–Kolmogorov
Equations, American Mathematical Society, Providence, RI, 2015.

[67] N. V. Krylov, Controlled Diffusion Processes, Applications of Mathematics, Vol. 14, Springer-
Verlag, New York, 1980.

[68] J. L. Doob, Stochastic Processes, Wiley, New York, 1953.

[69] L. Ambrosio, N. Gigli, and G. Savaré. Gradient Flows in Metric Spaces and in the Space of
Probability Measures. 2nd ed., Lectures in Mathematics ETH Zürich. Birkhäuser, 2008.

[70] D. C. Brydges and T. Kennedy. Mayer expansions and the Hamilton–Jacobi equation. J. Stat.
Phys. 48 (1987), 19–49.

[71] S. Friedli and Y. Velenik, Statistical Mechanics of Lattice Systems: A Concrete Mathematical
Introduction, Cambridge University Press, Cambridge, 2017.

107



[72] D. C. Brydges, A short course on cluster expansions. In: Critical Phenomena, Random
Systems, Gauge Theories (Les Houches, Session XLIII, 1984), eds. K. Osterwalder and R. Stora,
Elsevier/North-Holland, 1986.

[73] R. Kotecký and D. Preiss. Cluster expansion for abstract polymer models. Commun. Math.
Phys. 103 (1986), 491–498.

[74] K. Osterwalder and E. Seiler, Gauge field theories on a lattice, Ann. Phys. 110 (1978), 440–471.

[75] J. Fröhlich, R. Israel, E. H. Lieb and B. Simon, Phase transitions and reflection positivity. I.
General theory and long range lattice models, Commun. Math. Phys. 62 (1978), 1–34.

[76] P. Menotti and A. Pelissetto, General proof of Osterwalder–Schrader positivity for the Wilson
action, Commun. Math. Phys. 113 (1987), 369–373.

[77] A. Chandra, I. Chevyrev, M. Hairer and H. Shen, Stochastic quantisation of Yang–Mills–Higgs
in 3D, Invent. Math. 237 (2024), 541–696.

108


	Introduction
	Motivation and scope
	Relationship to existing literature and what is new
	Main contributions (informal)
	Structure of the paper

	Setup and main results
	Regulators, slab geometry, and observables
	Concrete regulator family and coordinate realisation
	Model dictionary and notational conventions
	Optional template: Boundary configuration space and Gaussian reference structure
	Endpoint law and Euclidean transfer kernel
	Template track: boundary law as a Gibbs tilt of a Gaussian reference
	Boundary Langevin dynamics (sampler)
	Low-mode projection and the distance used for contraction
	Two theorem packages: a concrete lattice regime and an abstract framework
	Main structural estimates for the boundary potential
	Template track: quantitative mixing for the boundary Langevin sampler
	Bridge to Euclidean transfer: a comparison/identification hypothesis
	A stronger transfer bridge via log–Sobolev and modified log–Sobolev inequalities
	Dependency map and standing assumptions
	Time-axis exponential clustering in the OS limit (conditional)
	Spectral gap consequence (conditional)
	Constants ledger (dependencies and uniformities)

	Differentiation of the boundary potential
	Cameron–Martin derivatives on an abstract Wiener space
	Boundary partition function as a log-Laplace functional
	First and second derivative identities
	Reduction to quasi-local response and uniform moments

	Optional template: Quasi-local response kernels for the slab boundary law
	Field spaces, Fourier conventions, and the UV smoothing
	Free slab action and harmonic extensions
	Dirichlet-to-Neumann forms (one-sided and two-sided)
	Gaussian conditioning: bulk fluctuations and induced endpoint/boundary laws
	Regulated Yang–Mills interaction as a local functional
	First variation: a quasi-local response operator
	Second variation: a bilinear finite-range kernel
	Quasi-local response summary

	Uniform moment bounds for response densities
	Interior Hilbert scale and local block seminorms
	Conditional interior law and a stability/non-degeneracy hypothesis
	Uniform Gaussian exponential moments in negative regularity
	Uniform exponential H(-s) moments under Pb on boundary balls
	Uniform local polynomial moments away from the boundary
	Consequences for response terms

	Optional template: Proof of uniform C2-bounds and one-sided growth
	Preliminaries: norms and harmonic extension bounds
	Pointwise algebra bounds and variation estimates for the YM interaction
	Uniform moment bounds for ||A Lambda|| L4 and ||F Lambda(A)|| L2 under Pb
	Existence of derivatives and proof of the Hessian bound
	Proof of one-sided growth
	Conclusion of Theorem 2.15

	Boundary Markov kernel and Harris structure
	State space, reference Gaussian measure, and target boundary law
	Boundary Langevin kernel
	Invariant measure and reversibility
	Lyapunov drift condition
	A bounded metric and small-set contraction
	Quantitative Harris theorem and conclusion

	Quantitative mixing consequences
	Wasserstein distance and Lipschitz test functions
	Convergence of Lipschitz observables from any initial condition
	Moment control under the invariant measure
	Exponential decorrelation in stationarity
	Mixing bounds for multi-time observables
	Regulator-uniformity bookkeeping

	Time-axis exponential clustering and reflection positivity for the boundary process
	The stationary bi-infinite boundary process
	Time reflection and reflection positivity
	Boundary OS pre-Hilbert space and transfer operator
	Time-axis exponential clustering from Harris mixing
	OS axioms for the boundary process: summary
	Regulator-uniformity statement

	Transport from boundary mixing to slab observables
	One-slab configuration space and conditional interior laws
	Stacked slab field driven by the boundary chain
	Lipschitz control of reduced slab observables via response bounds
	Exponential clustering for time-separated slab observables
	Regulator-uniform transport: what must be uniform

	DLR consistency and identification with the Euclidean slab measure
	Finite-volume Euclidean measures and slab factorisation
	One-slab endpoint disintegration and the Euclidean transfer kernel
	Exact concatenation in Euclidean time
	Time-reversal symmetry, detailed balance, and the transfer operator
	Exact DLR specification in the Euclidean time direction
	Identification of the stacked field with the bi-infinite Euclidean DLR measure
	Consequences for transfer/OS time translation

	From slab clustering to Schwinger-function clustering for gauge-invariant observables
	Regulated gauge fields and gauge transformations
	Admissible gauge-invariant cylinder observables
	Wilson loops
	Bounded curvature-energy observables

	Endpoint admissibility and response control for Obs(t,delta)
	Schwinger functions in discrete Euclidean time
	Exponential clustering for gauge-invariant Schwinger functions
	Block clustering for multi-time gauge-invariant observables

	OS reconstruction in Euclidean time and the transfer-operator gap
	Path space, time reflection, and the positive-time algebra
	Reflection positivity for the full Euclidean measure
	The full OS Hilbert space and time translation
	Correlation functions as transfer-operator matrix elements
	From exponential clustering to a spectral gap

	Regulator-uniform consequences and main theorem
	Uniformity requirements: the constants ledger
	Regulator-uniform exponential clustering for gauge-invariant observables
	Regulator-uniform transfer-operator gap
	Main theorem of this paper: what survives uniformly and what is not claimed
	A UV-refinement limit step at fixed (t,L)
	On charts and global derivatives in the Wilson corridor
	How the KP corridor threshold depends on t and L
	Relationship to the standard OS axioms
	Relationship to constructive QFT practice
	What remains for a full continuum Euclidean theory
	Summary of scope

	A Sobolev H1->L4 embedding on the slab
	Statement and norms
	A fixed partition of unity with uniform overlap
	Local Euclidean Sobolev on patches
	Proof of Proposition A.1
	Proof of Corollary A.2

	Disintegration, conditional expectations, and monotone-class tools
	Standard Borel spaces and kernels
	Disintegration / regular conditional probabilities
	Iterated conditioning for Markov kernels
	Monotone class: extending identities from factorised cylinders
	Conditional independence via factorisation of conditional expectations

	Gauge-invariant observables: Wilson loops and bounded curvature functionals
	Holonomy transforms by conjugation
	Wilson loops are bounded and gauge-invariant
	Curvature-energy observables

	A spectral lemma: exponential correlation decay implies spectral support
	Regulator-uniform weak Harris verification for the sampler
	Trace-class realisation of the cylindrical noise
	Uniform drift (Lyapunov) bound
	Projected minorisation (full Girsanov + Gaussian lower bound)
	Conclusion of Theorem 2.16

	A finite-range lattice verification of the transfer-kernel contraction
	A local Doeblin minorisation on a fixed window
	From local Doeblin to cylindrical contraction

	Transfer-side L2 mixing in a small- / strong-coupling corridor
	KP corridor output for the Wilson transfer
	Uniform L2 mixing and a transfer gap in the corridor

	Kotecký–Preiss polymer expansion for the corridor bounds
	Abstract polymer expansion and the KP criterion
	Polymer representation of the boundary effective interaction
	Derivative bounds and the corridor constants
	Cross-slab correlation decay and a Wilson-intrinsic contraction constant

	Thermodynamic limit L in the KP corridor
	Local topology and cylinder observables
	An L-uniform KP corridor


