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Abstract

This note is intended as a structured overview of the monograph A Constructive Einstein—
Cartan—Yang-Mills Theory with Positive Mass Gap in Four Dimensions [I]. Its primary goal
is to isolate the logical chain of arguments that addresses the Clay Millennium Yang-Mills
mass—gap problem: the construction of a reflection—positive Euclidean Yang—Mills measure, the
verification of the Osterwalder—Schrader (OS) axioms, the extraction of a Hamiltonian mass
gap in the physical Hilbert space, and the passage from the torsion—extended theory to pure
Yang-Mills. In addition, the framework proves a strict Wilson-loop area law with nonzero
string tension and develops a geometric reformulation via an Einstein—Cartan Ricci-torsion
flow, thereby providing a quantitative link between confinement and the mass gap and placing
the solution in a broader constructive and geometric context. A second goal is to explain how the
key ingredients of the framework, in particular the slab—based constructive construction, Harris
mixing, Wilson—loop polymer methods, BRST cohomology, and the Einstein—Cartan torsion
formalism, are chosen so that they interact without logical circularity. Finally, the note provides
a map of chapters, sections, and appendices, so that a reader can move efficiently between the
headline theorems (A-F, 14.32, 14.36) and their technical support. The present version of this
overview also indicates explicitly how the B—series, C—series, and D—series appendices (BI-BZ,
CA-CZ, DA-DF, DD, DZ), together with the corrected coercivity and stability appendices
(EA, EB, EC), fit into the load-bearing chain. These appendices repair the mixed quartic—
gradient coercivity estimate used in the Harris route, make the torsion sector a spectator in
the renormalisation group, provide a nonperturbative Slavnov-Taylor identity and a closed,
nilpotent BRST charge compatible with the constructive OS framework, and reorganise the
Wilson—loop, transfer—operator, and loop—equation analysis so that the area law and mass—gap
bounds are noncircular and constant—bookkept. Section gives a concise roadmap to BI-
BZ, CA-CZ, and the most relevant D—series pieces for readers who wish to verify these points
directly. The intended audience is a specialist in constructive quantum field theory, gauge theory,
or geometric analysis who wishes to understand the structure and points of novelty of the work
without retracing every estimate in the monograph.

1 Introduction

The Yang—Mills mass—gap problem, as formulated by the Clay Mathematics Institute, asks for a
rigorous construction of four-dimensional quantum Yang—Mills theory with compact simple gauge
group G = SU(N) that both satisfies the standard axioms of quantum field theory and exhibits a
strictly positive mass gap. On the heuristic level, such a theory underlies the confinement picture
in nonabelian gauge theories: Wilson loops should obey an area law with nonzero string tension,
and the spectrum of the Hamiltonian should display a gap above the vacuum state. On the



mathematical level, one is required to produce Schwinger functions satisfying the Osterwalder—
Schrader (OS) axioms, reconstruct a Wightman theory, and show that the resulting Hamiltonian
has Spec(H) = {0} U [m, 00) with m > 0.

Constructive quantum field theory has produced a number of deep existence results in low
dimensions, typically for scalar and fermionic models, but four—-dimensional nonabelian gauge the-
ories remain beyond the reach of these classical techniques. At the same time, the lattice gauge
theory community has developed powerful nonperturbative tools for Wilson loops, Polyakov lines,
and finite-temperature phases, but these are usually not formulated in a way that interfaces di-
rectly with OS reconstruction and the Wightman axioms. The present monograph is situated in
the overlap of these two traditions: it keeps the OS framework as the target, but imports many
ideas from lattice gauge theory, renormalisation group, and probabilistic mixing theory. General
background discussions of the Clay Yang—Mills problem and its physics can be found in [2], [7].

Several conceptual obstacles have to be handled simultaneously. Gauge invariance and reflection
positivity must coexist in a single constructive scheme, without relying on gauge—fixing procedures
that break positivity. The mass gap must be obtained nonperturbatively and in a way that is
uniform in the ultraviolet and infrared regulators. The Wilson—loop area law must be derived,
rather than assumed, and the chain of reasoning from area law to mass gap must avoid circular
dependencies on prior spectral information. Finally, the physical Hilbert space must be extracted
from the OS Hilbert space in a way that implements Gauss constraints and Slavnov—Taylor identities
nonperturbatively.

From the Clay point of view, the final statement concerns pure Yang—Mills theory on Minkowski
space, formulated without torsion. The route actually taken in the monograph, however, runs
systematically through a Cartan gauge-torsion extension: the lattice and continuum measures, the
multiscale RG, the BRST/BFV construction and the geometric flow are all formulated in terms
of a torsion one—form 7 that plays the role of the gauge field in Cartan language, together with a
massive torsion sector. The universality and torsion—decoupling results of Section 14.8 then show
that this extended theory lies in the same universality class as pure Yang—Mills and that 7 is
cohomologically trivial in the gauge—invariant sector. In that sense torsion is structurally central
to the construction, even though it disappears from the final physical statement.

The framework adopted in the monograph centres around five choices.

First, the theory is constructed on Euclidean slabs [0,¢] x T3 with three regulators (a, L, A) and
a boundary law at ¢ = 0. This allows the use of transfer kernels and boundary Markovian dynamics,
which are well suited to both reflection positivity and Harris mixing. The continuum limit is taken
by a Balaban—type multiscale renormalisation group with finite-range decompositions, producing
an infinite-volume OS measure fiqo.

Second, exponential clustering and a first mass gap are obtained from a Harris mixing theorem
for the boundary Langevin dynamics on the slab. Rather than requiring compactness or spectral
inputs a priori, one verifies Lyapunov and minorisation conditions on the interacting boundary
potential and deduces uniform contraction in a Kantorovich distance. This route feeds directly
into OS4 and into a spectral gap for the Hamiltonian via the OS transfer semigroup. In the com-
pleted version of the monograph, this Harris route rests on a corrected mixed quartic—gradient
coercivity estimate (Appendix EA), its abstract formulation and cross—walk in Appendix EB, the
boundary—law construction of Appendix H1, and a series of torsion—spectator RG appendices (BI-
BJ-BK-BQ, CT) which show that the quartic torsion sector does not spoil the uniform coercivity
required in DV/DP/DQ. The D-series appendices DA-DF, DD, and DZ complement this pic-
ture by analysing the slab transfer operator, replacing finite—cutoff compactness/HS arguments
with regulator—uniform log—Sobolev and spectral estimates, and lifting the Hamiltonian gap to the
BRST-reduced physical space.



Third, Wilson loops are treated by methods adapted from statistical mechanics: a polymer
and cluster expansion for plaquette variables, a finite-range renormalisation group, and a corridor
construction around minimal spanning surfaces. This technology yields a strict area law with a
positive string tension ¢ in the continuum theory and avoids assuming confinement as an input.
The same o appears in a Glimm—Jaffe type argument that produces a second, quantitative lower
bound m > %01/2 on the spectral gap. The appendices BZ, CC-CF, CG, CE, CY reorganise
these arguments so that dependence on the AF/KP corridor is removed from the continuum limit,
determinant bounds are uniform in SU(N), and the Makeenko-Migdal loop equation is derived
from reflection positivity and regularity alone; the D-series appendix DF consolidates the log—
Sobolev/area—law/gap constants into a single scope theorem.

Fourth, a nonperturbative BRST/BFV framework is used to define the physical Hilbert space
and to implement Slavnov—Taylor identities at the constructive level. The BRST charge is con-
structed as a closed, nilpotent operator on the OS Hilbert space; its cohomology at ghost number
zero is identified with the gauge—invariant subspace. The appendices CL, CM, CU, CW, CX,
CZ and the Hilbert—complex discussion of Appendix DE, together with the gap—for-A analysis
in Appendix DZ, supply the remaining algebraic cohomology, functional ST identity, domain—
theoretic input, and closed-range argument required to make this BRST picture compatible with
the already—constructed OS framework, without assuming the mass gap or area law as hypotheses.

Fifth, the gauge theory is formulated in an Einstein—Cartan setting with torsion. In this Car-
tan geometric language, the torsion one—form 7 plays the role of the nonabelian gauge field: its
holonomy reproduces Wilson loops, and it evolves by a Ricci—type flow (the Einstein—Cartan Ricci—
torsion, or ECRT, flow) whose entropy functionals and noncollapse properties extend those of Ricci
flow. Torsion is thus not a disposable device but an intrinsic part of the geometric framework. At
the same time, a torsion—decoupling theorem shows that torsion fields form a BRST doublet and
drop out of gauge—invariant correlators, so that the physical sector is equivalent to pure Yang—Mills.

Within this architecture, the main theorem of the monograph, Theorem 14.36, formulates a
Clay Compliance statement: the constructed four—dimensional Yang-Mills theory is claimed to
satisfy the OS/Wightman axioms, to have a strict Wilson—loop area law with o > 0, and a positive
Hamiltonian mass gap m > 0, and these properties are shown, within the constructive framework
developed in the text, to descend to the pure Yang—Mills theory via torsion decoupling. The further
equivalence with the ECRT flow shows that these invariants can be recast as geometric quantities
of a torsionful Ricci-type flow, but the existence/area—law/gap chain is already complete at the
level of the constructive OS theory.

The rest of this note is organised as follows. Section 2 recalls the Clay formulation and the global
architecture of the monograph, including Theorems A-F. Section 3 describes the construction of
the OS measure on slabs and its continuum limit. Section 4 explains the Harris mixing route to
0S4 and a first spectral gap. Section 5 sketches the Wilson—loop analysis and the derivation of
the area law. Section 6 summarises the Glimm-Jaffe route from area law to a quantitative mass
gap. Section 7 presents the BRST and torsion—decoupling results that lead to pure Yang—Mills.
Section 8 explains how these ingredients enter into Theorem 14.36, and Section 9 briefly situates
the Einstein—Cartan torsion and ECRT flow within the overall picture. Section provides an
explicit roadmap to the B—, C—, and key D-series appendices. A final section offers a practical
reading guide for the monograph.



2 The Clay Target and the Main Claim

The Clay problem asks for a four—-dimensional Yang—Mills theory with compact simple gauge group
G = SU(N) that satisfies two conditions [2]:

1. Existence and OS/Wightman axioms. One must construct a nontrivial quantum field
theory on Minkowski space via Osterwalder—Schrader (OS) reconstruction from Euclidean
Schwinger functions that satisfy OS0-OS5 [3], 4].

2. Positive mass gap. The Hamiltonian spectrum on the physical Hilbert space should be
{0} U [m, 00) with m > 0.

These are the conditions that correspond directly to the problem statement of the Clay Math-
ematics Institute. In addition to these Clay targets, the monograph imposes and proves a further
property (within the constructive framework of the text):

o Confinement / nontriviality. The theory satisfies a strict Wilson—loop area law with
string tension ¢ > 0, providing a constructive realisation of confinement and the string
tension entering the quantitative relation between the mass gap and o.

This confinement criterion is not part of the Clay problem statement, but it is natural from the
physics viewpoint and structurally central to the framework developed in the monograph. It also
provides a bridge between the rigorous existence/mass—gap statement and the phenomenology of
nonabelian gauge theories.

The Clay Compliance Theorem 14.36 asserts that the existence and mass—gap requirements
are met for all SU(N) in the sense above, and that by a torsion-decoupling theorem (Theorem
14.32) the statements hold for pure Yang-Mills in the gauge—invariant sector. At the same time,
the strict Wilson—loop area law is established, and the mass gap is related quantitatively to the
string tension.

The rest of this note explains how that theorem is built from the earlier Theorems A—F and the
appendices.

3 Methodology and Logical Flow

The methodology of the monograph is constructive and regulator—uniform. At a schematic level,
the argument proceeds in five stages. First, a heat—kernel lattice gauge—torsion model is defined
on Euclidean slabs and shown to produce reflection—positive finite—volume measures. Second, a
Balaban—type finite-range renormalisation group is used to construct a continuum OS measure in
infinite volume. Third, probabilistic techniques (Harris mixing) and polymer/cluster expansions
for Wilson loops provide exponential clustering, a confinement statement, and quantitative control
of the string tension. Fourth, BRST/BFV methods isolate the physical Hilbert space and are
combined with a torsion—decoupling analysis to transfer all statements to pure Yang—Mills. Finally,
an Einstein—Cartan Ricci—torsion flow supplies a geometric reformulation and stability statement
for the resulting theory.

Figure (1| displays the logical dependencies between the main technical ingredients and the core
theorems.
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Figure 1: Schematic logical flow of the constructive framework and the main results, including the
B-, C— and D-series appendices.

4 Global Architecture: Theorems A—F and Where They Live

Chapter 2 gathers six named results, Theorems A—F, which summarise the main achievements.
They can be organised as in Table [T}

The Clay Compliance Theorem 14.36 then uses Theorems A—E together with a separate torsion—
decoupling result (Theorem 14.32) to conclude that the constructed theory, according to the internal
logic of the monograph, meets the existence and mass—gap requirements of the Clay problem and,
in addition, satisfies a strict confinement criterion. Appendix ED provides a one—page audit trail
for this chain, and provides a reader’s guide and appendix cross—reference, recording for each of
the six key implications which B—, C—, and D—series appendices are structurally load—bearing.

The remaining sections focus on that chain.

5 Constructive OS Yang—Mills on Slabs: The Euclidean Core

The construction starts from a slab picture: one works on [0,¢] x T3 with three regulators (a, L, A)
for lattice spacing, spatial volume, and UV cutoff, and constructs a boundary law and a transfer
kernel. This is elaborated in Chapters 4-5 and then reorganised by the multiscale RG in Chapter
7.

At finite cutoff, Chapter 5 builds an interacting Euclidean measure using a heat—kernel reg-
ularised Gaussian free part, an interacting Boltzmann factor, and an Osterwalder—Seiler mirror
coupling that enforces reflection positivity without gauge fixing. The key outcome of Chapter 5,
used in Theorem A and in Step 1 of Theorem 14.36, is that for each finite cutoff A one has OS0-OS5
at the lattice level. The proof uses mirror-measure construction and reflection symmetries (Sec.



5.2), chessboard estimates on the torus, and explicit Gaussian and interacting moment bounds.

The multiscale Balaban—type renormalisation group [6] of Chapters 6-7 then decomposes the
covariance into finite-range slices, performs an inductive block—spin integration, and controls the
quartic interaction nonperturbatively via Gram—Hadamard bounds and the Kotecky—Preiss crite-
rion. In Section 7.3, the RG is used to take the double limit L. — oo, A — oo and obtain a
projective system of finite—scale measures converging to a continuum measure p, on connections
modulo gauge transformations, which is gauge—invariant, reflection—positive on the physical sub-
algebra, and compatible with the slab concatenation picture. The appendices CC, EC and EE
recheck the determinant and constant bounds used here, extending Gram-Hadamard/Brydges—
Kennedy estimates to all SU(N) with a uniform constant and collecting all numerical constants in
a single place.

This is precisely what is summarised as Theorem A in Chapter 2 and unpacked in Chapter 14.2.

Once piso is in place, OS reconstruction (Chapter 2.2, Chapter 14.3) yields a Hilbert space
H, a cyclic vacuum (2, a self-adjoint Hamiltonian H > 0, local Euclidean fields and, by analytic
continuation, Wightman fields. This is Theorem B. The auxiliary appendices CA, CH and CV
verify Haag—Kastler locality, a Lieb—Robinson—type finite speed of propagation for local energy
densities, and an explicit OS0-0OS3 ledger for the continuum theory.

At this stage, the theory exists as a QFT, but OS4 (exponential clustering) in the continuum
is not yet established uniformly, there is no mass—gap estimate, and the physical, gauge—invariant
Hilbert space has not yet been extracted. Those are filled in by the Harris route, the area—law
analysis, the D—series transfer—operator and log—Sobolev analysis, and the BRST machinery.

6 Harris Mixing, Continuum OS4, and a First Spectral Gap

A central conceptual move of the monograph is to replace traditional “compact transfer operator

+ Krein—Rutman” arguments by a probabilistic route through Harris mixing on the slab boundary

dynamics, supplemented by log—Sobolev and Dirichlet-form estimates for the transfer operator.

This route is organised in the appendices DV, DP, DQ, DA, DD and DF, together with the corrected

coercivity and RG appendices EA, EB, BI-BJ-BK-BQ and CT, and is summarised in Chapter 14.9.
The SDE on the abstract Wiener space (B, H, ug A) s

dBs = =V g®(B,) ds + dWi, ®(b) = (b, (CPA) "0y + UpLa (D),

where the potential U, 1, o encodes the interacting boundary law for the slab.

Appendix DV proves, for fixed thickness ¢ > 0, regulator— and coupling—uniform bounds on
the Hessian D% U, local Lipschitz behaviour of VU, and one-sided growth of (b, V5 U(b)). These
bounds are exported as constants Ca(t, R), K1(t), Ko(t) which feed into the Harris hypotheses (D1)—
(D3) in Appendix DP: a Lyapunov drift condition, a local Lipschitz condition, and a minorisation
condition on a finite—dimensional projection.

Appendix DP then proves a weak Harris inequality in a Kantorovich distance Wl(m) for the
discrete-time chain B,: there exist s; > 0, C' < oo, and v € (0, 1), all independent of (L, A, M)
and of the coupling, such that the slab transfer operator contracts the orthogonal complement of
the vacuum at an exponential rate.

By concatenating slabs and using the OS tower, this yields OS4 in the continuum:

1
ICov,(01,070:)] < Ce T, p=—"8T 5,

St

for bounded gauge—invariant local observables with time separation 7', uniformly in the regulators.
This is summarised in Chapter 14.9(b).



Finally, Appendix DQ converts this Harris-based OS4 into a spectral gap for the Hamiltonian
constructed via OS reconstruction:
m>p>0,

again uniformly in the regulators and without any small-coupling or thick—slab assumption.

Transfer operator, log—Sobolev inequalities, and BRST positivity

The D—series appendices refine the above Harris route and connect it to the BRST analysis:

e Appendix DA constructs a Galerkin—preserving BRST framework and shows that the trun-
cated 1PI functional and Slavnov—Taylor identity converge to the continuum ones in a way
compatible with the slab transfer picture.

o Appendices DB and DC distinguish clearly between finite—cutoff compactness/Hilbert—Schmidt
properties of the transfer operator and the infinite—volume situation, where compactness fails.
DC replaces compactness with volume—uniform log—Sobolev and Dirichlet form estimates.

e Appendix DD upgrades the Harris information and the coercivity bounds into a regulator—
uniform modified log—Sobolev inequality (mLSI) for the slab transfer kernel, implying a spec-
tral gap estimate on the mean—zero sector that is compatible with the Harris—based bound.

o Appendix DF consolidates the LSI/mLST and area—law constants into a single scope theorem,
giving a clean statement of the domain of validity (AF/KP corridor and thick—slab regimes)
and the resulting gap bound.

e Appendix DE formulates the Hodge decomposition and closed—range criterion for the BRST
operator @, and Appendix DZ shows that the BRST Laplacian A has a positive spectral
gap on the orthogonal complement of its kernel, thereby implying the closed range of ) and
positivity of the BRST cohomology.

In this way, the Harris and LSI analyses provide OS4 and a first Hamiltonian gap, DB-DC
remove any hidden dependence on compactness of the transfer operator in the continuum, DD and
DF give a clean LSI/mLSI-based spectral picture, and DE-DZ transfer the gap to the BRST-
reduced physical Hilbert space.

Corrected quartic—gradient coercivity and torsion spectator RG

The corrected structure of the Harris route rests on three additional pillars:

e Appendix H1 constructs the boundary law and exports the abstract stability constants
(Ca(t,R), Ki(t), Ko(t)) from first principles. Appendix EA (Mized Quartic-Gradient Co-
ercivity: A Corrected Version of DO.3) proves a sharp coercivity inequality for the mixed
potential U; along the Cameron—Martin directions, replacing the earlier ad hoc estimate DO.3.

o Appendix EB recasts this coercivity as a self-contained theorem, spells out how the constants
from EA and H1 feed into DV/DP/DQ and DD/DF, and provides an explicit load—bearing
ledger for the Harris and LSI routes. The quartic torsion sector is treated abstractly there
and is shown to be compatible with the coercivity bound.



o The B-series appendices BI, BJ, BK, BQ and the continuum embedding Appendix CT (Quar-
tic Sector Dominance and Torsion Spectator RG) show that the running quartic torsion
coupling and mass remain in a “spectator” regime under the block RG. In particular, the
torsion sector stays heavy and its quartic self-interaction does not feed back into the bound-
ary coercivity in a way that could spoil the constants used in DV/DP/DD. The corridor and
weak—coupling radius are controlled by BN, BQ, CY, with BZ ensuring that these choices do
not enter the continuum limit of pis.

In this way, the Harris and mLSI arguments are separated cleanly from both the Wilson—
loop analysis and the detailed RG numerics: the coercivity and Lyapunov/minorisation constants
needed for Harris/LSI are supplied by H1, EA, EB and the torsion—spectator RG in BI-BJ-BK-
BQ-CT, and the transfer from OS4 and LSI to a Hamiltonian gap uses only DQ, DD, DF and
standard OS/semigroup theory. The area law, Makeenko—Migdal equation, and the Glimm-—Jaffe
route provide a second, independent mass—gap mechanism and do not enter the Harris/LSI proofs.

7 Wilson Loops, Polymer Expansions, and the Strict Area Law

The nontriviality / confinement aspect of the theory is handled in Chapters 6, 7, and 9, where
Wilson loops are analysed via a combination of lattice cluster and polymer expansions (Ch. 6), the
finite-range RG (Ch. 7), and a Makeenko—Migdal-type loop equation analysis in the continuum
(Ch. 9).

The basic idea is as follows. On the lattice, Wilson loops are rewritten in terms of plaquette
variables and the logarithm of the expectation is expressed as a sum over polymers connecting
segments of the loop. Kotecky—Preiss convergence (Ch. 6.3), Brydges—Kennedy determinant and
chessboard estimates, and finite-range decomposition (Ch. 7.1) bound polymer weights and show
that the dominating contributions for large rectangular loops scale like exp(—o Area), with o > 0
controlled uniformly over the RG steps. In a corridor around a minimal spanning surface (an
AF /KP corridor) fluctuations are effectively two—dimensional with a positive tension, while outside
the corridor contributions decay exponentially.

In the continuum limit, a Makeenko—Migdal-type loop equation and a noncircular surface—
dominance lemma convert these lattice estimates into a strict Wilson—-loop area law,

<W(C)>Moo S B_GA(C)7 o> O’

for a large class of loops, with o independent of UV and IR regulators. This is Theorem D (Ch.
2.4) and is elaborated in Chapters 9 and 10.

The string tension o is the key quantitative invariant which later appears explicitly in Theorem
E viam > %01/ 2. The strict area law is therefore an additional structural output of the framework:
it goes beyond what is asked in the Clay problem, while playing a central role both as a constructive
confinement statement and as the starting point for the quantitative mass—gap bound.

Surface dominance, loop equation, and constant ledgers

The B- and C-series appendices reorganise the Wilson—loop analysis to remove potential circular-
ities and to make the dependence on constants entirely explicit:

o Appendix BV develops a surface-dominance lemma which expresses Wilson loops as a sum
over surfaces without assuming either a mass gap or an area law as an input. The constants
Ksp, ksp, osp appearing there are defined in terms of polymer weights and finite-range co-
variances only.



Appendix BZ explains how the AF/KP corridor and the weak—coupling radius from the
Balaban RG are used only at finite scales and do not enter the continuum limit of po. In
particular, the KP—type determinant bounds and surface-dominance estimates are applied in
a corridor—free form at the limit measure level.

Appendices CE and CF record the corridor geometry and the Balaban k—parameter for the
push—forward of the local potential U under block maps. Together with CG and CY, they
bridge the weak—coupling region of the RG flow to an effective strong—coupling regime in
which the area—law constants can be controlled.

Appendix CC extends the Gram-Hadamard/Brydges—Kennedy determinant bound to all
SU(N), closing a uniformity loophole in the original determinant estimates used in the RG
and polymer expansions.

Appendix CD gives a derivation of the continuum Makeenko—Migdal loop equation, proving
Fréchet differentiability of o, in transverse directions from reflection positivity, absolute
continuity with respect to a Gaussian reference, and Sobolev regularity, without invoking the
mass gap or area law. Appendix CI complements this with a ledger for the differentiability
and OS axioms.

Appendix DF, building on DG, DD and DW, packages the surface-dominance and curva-
ture/LSI information into a single scope theorem that states precisely in which coupling and
thickness regimes one has both a strict area law and an LSI with an explicit constant.

Appendix CB relates the constructive string tension ¢ and the Hamiltonian mass mg via a
canonical inequality mg > %01/ 2 and shows that numerical lattice ratios mo/\/o ~ 3.3-3.6 are
consistent with this rigorous lower bound once screening, finite—volume effects and operator
optimisation are taken into account.

With these additions, the Wilson—loop analysis is disentangled from the Harris/LSI route and
from any unproven assumptions about the gap. The area law is derived in a corridor—ree setting
from RP and RG/cluster inputs, the Makeenko-Migdal equation is justified at the level of ji
without using the gap, and the quantitative link m > %01/ 2 is checked both abstractly and against
lattice data.

8 From Area Law to a Quantitative Mass Gap (Theorem E)

Chapters 9 and 10 complete the area—law = mass—gap route. Chapter 10 shows how exponential
decay of certain Schwinger functions, obtained from the area law, can be translated into a spectral
gap via a Glimm-Jaffe exponential clustering theorem [5].

The logic is:

1.

. One proves that S (t) decays at least like e~

From the area law, one constructs appropriate local observables and two—point Schwinger

functions S§""(¢) whose decay in t is controlled by o.

™ with m = %01/2.

. Using the spectral representation and a Glimm-Jaffe type inequality, one concludes that the

spectral measure of H has no support in (0,m), so

Spec(H) \ {0} C [m, ), m = %JI/Z > 0.



This is Theorem E, stated in Sections 2.5-2.6 and proved in detail in Chapter 10 and Section
2.6.5.

Note that this second gap bound is compatible with, and in some sense sharper than, the
Harris/LSI-based bound: the latter gives an abstract m > p(t), while Theorem E ties m explicitly
to o.

Appendix CB refines this picture by giving a canonical rigorous inequality mg > %01/ 2 for all
finite IV, interpreting earlier numerical data within that bound, and showing that OS—cone stability
under infrared cutoffs follows directly from exponential clustering with rate mg. Appendix CJ then
verifies that the gap persists when passing from the OS Hilbert space to the BRST-reduced physical
Hilbert space Hppys, using the domain and commutator analysis of CU and CW and the closed—
range/BRST Laplacian gap from DE and DZ.

9 BRST, Torsion, and Equivalence to Pure Yang—Mills

The OS and spectral constructions so far live on a Hilbert space that still carries unphysical gauge
degrees of freedom. The monograph isolates the physical sector via a nonperturbative BRST/BFV
analysis, and then shows that torsion decouples from gauge—invariant correlators.

9.1 BRST Charge and Physical Hilbert Space (Theorem C)

Chapter 11 constructs a BEV—type extended phase space with ghosts and a BRST charge Q, and
identifies the physical Hilbert space as a positive cohomology space. Chapter 14.4 then packages
this as Theorem C.

The BRST operator is closed, densely defined, and nilpotent, and commutes with the Hamilto-
nian on a common core (Sections 14.4.4-14.4.7). The BRST Laplacian

Ag = QTQ + QQT

has a harmonic subspace ker A, which is isometrically isomorphic to the physical Hilbert space
Hphys.

This provides the unitary, gauge—invariant sector in which the mass gap and scattering theory
are interpreted.

The detailed construction is supported by several appendices:

e Appendix CL upgrades the BRST charge from a formal graded derivation to a closable op-
erator on the OS Hilbert space, specifying a common Nelson core for H and {2 and proving
that Aq has a well-defined, positive self-adjoint extension.

« Appendix CU checks that € is nilpotent and closed on the same core as H and that [Q, H]=0
on this core, with all commutators controlled by the constructive bounds from the main text
and Appendices DV, AA, CA.

e Appendix CW revisits the Hamiltonian and BRST domains, verifying that the interacting
Hamiltonian, the BRST charge and the ghost number operator share a common core and
that no small-coupling or corridor assumption is hidden in the closure arguments.

o Appendix CM provides the algebraic BRST cohomology, including the BRST doublet struc-
ture of torsion fields and the classification of cohomology classes at ghost number zero. This
algebraic picture is then matched to the analytic BRST operator via CL and CU.
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o Appendix DE sets up the abstract Hodge decomposition and shows that if the BRST Lapla-
cian has a positive spectral gap on the orthogonal complement of its kernel, then the range
of @ is closed and the physical cohomology is positive.

o Appendix DZ proves, using locality, OS4, and the slab gap, that the BRST Laplacian A
indeed has such a gap, so that the hypotheses of DE are satisfied and the BRST cohomology
is realised as a positive subspace of the OS Hilbert space.

Taken together, these results ensure that Theorem C is realised with a genuine closed, nilpotent
BRST operator on the constructive OS Hilbert space, that the physical Hilbert space used in the
statement of the mass gap is fully compatible with the constructive measure, and that the gap
obtained from Harris/LSI and from the area—law route persists after BRST reduction.

9.2 Torsion—Decoupling and Equivalence to Pure Yang—Mills (Theorem 14.32)

The monograph then proves that torsion fields form a BRST doublet and decouple from all gauge—
invariant observables.

The central result is Theorem 14.32 (Equivalence to pure Yang-Mills on the gauge—invariant
sector) in Section 14.8.3. The proof uses a nonperturbative Slavnov—Taylor identity established
in Appendix CZ, the algebraic BRST cohomology of Appendix CM, the torsion—spectator RG
analysis of BI, BJ, BK, BQ and CT, and an s-independence mechanism showing that BRST—-exact
insertions do not contribute to gauge—invariant correlators.

On the functional side, Appendices CN, CO, CP and CQ carry out the renormalised generating
functional analysis and the surface—ordered push—forward needed to transport the torsion-modified
nonabelian Stokes theorem to the pure Yang—Mills sector. Appendix CZ proves a full functional
Slavnov—Taylor identity for the generating functional W/[.J] without assuming BRST invariance
as an input; rather, it derives the Ward identity directly from the constructive measure and the
ghost sector, and then shows that the resulting identity implies the BRST doublet structure and
torsion decoupling when combined with the algebraic analysis of CM and the torsion spectator RG
of BI-BJ-BK-BQ-CT.

The outcome is that for any finite set of local, gauge—invariant composite operators {Oy, ..., Oy},
their correlation functions in the Yang—Mills—torsion theory coincide with those of a pure Yang—
Mills theory with the same OS/Wightman data.

It is this torsion—decoupling and equivalence package, as formulated in Section 14.8 (in particular
Theorems 14.23 and 14.32), not Theorem F, that is invoked in the Clay Compliance Theorem 14.36
to pass from the torsion—extended formulation back to pure Yang—Mills.

10 Clay Compliance Theorem 14.36: How the Pieces Assemble

Chapter 14.10 states the Clay Compliance Theorem 14.36 and organises its proof in six steps,
carefully tracing back each ingredient. The structure can be summarised in Table
The final statement of Theorem 14.36 then reads, in paraphrase:

The renormalised four—dimensional Yang—Mills theory constructed in the monograph
satisfies OS0-0OS5, has a strict area law with ¢ > 0, and a mass gap m > 0 within the
constructive framework presented there.

Using the torsion—decoupling and equivalence results of Section 14.8 (especially Theorem 14.23
together with Theorem 14.32), these statements are transferred to pure Yang—Mills in the gauge—
invariant sector. Thus the existence and mass—gap requirements of the Clay problem are claimed
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to be met, and a nonperturbative confinement criterion is obtained at the same time. At the same
time, the ECRT flow and the Cartan torsion geometry provide additional structural information
that goes beyond the original Clay problem statement.

11 Core Innovations of the Constructive Framework

The constructive framework combines several ingredients in a way that is convenient to record as
a list of structural innovations. For ease of reference, we list the main points as they arise in the
argument.

1. A regulator—uniform constructive OS Yang—Mills theory in four dimensions, based on a heat—
kernel lattice gauge—torsion model and a Balaban—type finite-range multiscale RG that yields
a continuum OS measure pio, with OS0-0S3 at all cutoffs and no fine-tuning of the UV spacing
(Chs. 4-7, Sec. 7.3, Ch. 14.2), with uniform determinant bounds for all SU(N) (App. CC,
EC).

2. A Harris—mixing and log—Sobolev route to OS4 and to a first spectral gap, via slab boundary
Langevin dynamics in an infinite-dimensional setting, with Lyapunov and minorisation esti-
mates uniform in all regulators (Apps. H1, EA, EB, DV, DP, DQ, DD, DF, Sec. 14.9). The
torsion sector is shown to be a spectator under the RG (Apps. BI-BJ-BK-BQ, CT).

3. A fully constructive derivation of a strict continuum Wilson—loop area law with ¢ > 0 in-
dependent of (a,L,A), using lattice polymer/cluster expansions, finite-range RG, AF/KP
corridors and Brydges—Kennedy/chessboard estimates around minimal surfaces, combined
with a Makeenko—Migdal-type loop equation and a surface-dominance lemma (Chs. 6-7, 9,
Apps. BV, BZ, CE-CF, CG, CD, CI, BU, DF).

4. A nonperturbative Glimm-Jaffe type argument that links the area law to a quantitative
mass—gap bound m > %O’l/ 2 for the Hamiltonian on the physical Hilbert space (Ch. 10,
Secs. 2.6.4-2.6.5), with constants and comparison to lattice data collected in App. CB and
gap persistence after BRST reduction in App. CJ, using the BRST Laplacian gap from DE
and DZ.

5. A BRST/BFV construction in the constructive setting that produces a closed, nilpotent
BRST charge commuting with the Hamiltonian on a core and identifies the physical Hilbert
space as a positive cohomology of that charge (Ch. 11, Ch. 14.4, Apps. CL, CM, CU, CW,
DE, DZ).

6. A precise universality and decoupling analysis for a quartic Cartan torsion extension: torsion
is added in a way that preserves reflection positivity and gauge invariance, acquires a positive
mass under the flow, and is shown to form a BRST doublet whose contribution to gauge—
invariant observables is cohomologically trivial; the continuum limit of the extended theory
coincides with that of pure Yang-Mills for all gauge—invariant observables (B—series appen-
dices BI-BJ-BK-BQ, BN-BV, BW-BX, and C—series appendices CM, CN-CO-CP-CQ, CZ,
Sec. 14.8).

7. A geometric reformulation in terms of an Einstein—Cartan Ricci—torsion flow that preserves
Schwinger functions, Wilson—loop area law and mass—gap data and packages (o, m) as invari-
ants of a four-dimensional torsionful Ricci-type flow (Sec. 2.7, Chs. 3, 13; Thm. 2.44).
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Taken together, these points deliver the existence and mass—gap properties required by the Clay
problem (within the constructive scheme adopted) and at the same time produce a confinement
theorem, a torsion—based universality analysis, and a Ricci—type flow interpretation that go beyond
the original prize statement and may have independent applications in nonperturbative gauge
theory.

12 Cartan Torsion Geometry and ECRT: Where It Really Enters

Torsion and Ricci-type flow are not decorative in this framework, but their logical position is
different from what a casual reading might suggest.

12.1 Cartan Connections and Torsion as Intrinsic Gauge Data

Chapter 3 develops Cartan connections and decomposes the connection one—form w as
w=IT+4T7,

where I' is metric-compatible and 7 is an su(/N)-valued torsion one—form.
It is proved that:

o a smooth su(N)-valued one—form 7 satisfying the natural covariance conditions is equivalent
to a connection on a principal SU(N) bundle on R*;

o parallel transport and holonomy for 7 reproduce the usual Yang—Mills Wilson loops, up to
conjugation;

¢ a torsion—modified non—Abelian Stokes theorem is available and is consistent with the functional—
analytic formulation of the theory.

From a geometric point of view, torsion is the gauge field in Cartan language: it is not an
auxiliary device added for convenience. However, from the Clay viewpoint this geometric avatar is
not strictly required for the existence/area—law/gap claims.

12.2 The ECRT Flow and Theorem F

The Einstein-Cartan Ricci-torsion (ECRT) flow is introduced in Section 2.7 and developed geo-
metrically in Chapters 3 and 13. The evolution equations

Osgij = —2Ricy; + 5(rimy — gig|ITI1P),  Osmi=Agmi+(V-7) 7 — (7- V)7

define a parabolic system modulo diffeomorphisms, with short—time existence and uniqueness in a
DeTurck gauge (Lemma 2.45).

The central statement, Theorem 2.44 (Theorem F), asserts that for initial data (g(0) = d, 7(0) =
A) with A distributed according to the constructive Yang—Mills measure p, the push—forward of
u along the ECRT flow preserves all gauge—invariant cylindrical observables and in particular
all Schwinger functions, and that the string tension o (Theorem 2.26) and the gap lower bound
m= %Jl/ 2 (Theorem 2.36) are invariant under the flow and stable under ECRT surgery.

Conceptually, this has two consequences. First, the constructive Yang—Mills theory is canoni-
cally equivalent to a four-dimensional geometric flow on (g, 7). Second, the invariants (o, m) can be
packaged as Perelman—style monotone quantities in a torsion—enhanced entropy functional, stable
under surgery.
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From a geometric analysis perspective, this is a strong and aesthetically appealing statement.
From the Clay standpoint, it is a reformulation and stability theorem, not an extra axiom in the
existence/gap proof. The Clay Compliance theorem is already complete before one invokes Theorem
F. From a broader constructive and geometric point of view, however, the ECRT reformulation is
one of the elements that may carry physical and mathematical consequences beyond the resolution
of the Clay problem itself.

13 How to Read the Monograph: Practical Navigation

To conclude, it is useful to have a map from natural questions to the relevant places in the text.

14 Appendix Roadmap: BI-BZ, CA-CZ, and Key D—Series

The B—, C— and D-series appendices collect many of the technical repairs, functional-analytic
refinements, and constant ledgers that turn earlier heuristic steps into theorems. For a reader with
limited time, the following grouping may be useful.

B-—series appendices BI-BZ: torsion spectator RG, operator cores, and surface
dominance

« BI, BJ, BK. Multiscale RG analysis of the quartic torsion sector. BI and BJ show that the
torsion mass and quartic coupling run into a heavy, decoupled regime under the block RG,
while BK tracks the flow of the quartic torsion lattice action and matches it to its continuum
counterpart. These are the main ingredients in the “torsion spectator RG” used in Appendices

EB and CT.

e BL. Lattice—continuum matching for the quartic torsion potential, recording the precise nor-
malisation of the torsion self-interaction used in BI-BK and in the coercivity appendix EA.

« BM, BP, BY. Determinant and large—field constant ledgers for the quartic sector. These ap-
pendices collect Gram—Hadamard, large-determinant and polynomial-moment bounds used
in the B— and C—series RG and polymer estimates.

« BN, BQ. Corridor and weak—coupling radius control. BN and BQ define and bound the RG
corridor and the Kotecky—Preiss radius, ensuring that the KP—type determinant and polymer
bounds are applied in a regime where the quartic torsion sector is harmless.

« BO, BW. Nelson—type core and domain results for the interacting Hamiltonian and the
BRST charge. BO and BW identify a common core for the Hamiltonian and BRST operators,
establishing essential self-adjointness and compatibility with the constructive OS Hilbert
space.

« BR, BS, BT. Surface-dominance and reflection—positivity ledgers. BR refines the surface—
dominance estimates used in Chapter 9; BS and BT treat mixed gauge-torsion reflection
positivity and large-N combinatorial factors.

« BU. Extension of the area-law and surface-dominance arguments to nonplanar and self-
intersecting loops, ensuring that the confinement statement is not restricted to rectangular
planar loops.
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e« BYV. Noncircular surface-dominance lemma, defining the constants that appear in the area—
law proof independently of any gap or confinement assumptions.

e BW. Local energy density and Hamiltonian self-adjointness, using the locality estimates of
Appendix CA; this underlies the transfer from OS4 to a Hamiltonian gap.

« BX. Corridor-independent BRST nilpotency and mixed quartic coercivity. BX shows that
the BRST charge is nilpotent and closable in the presence of the quartic torsion sector,
without any hidden small-A\ assumption or dependence on the RG corridor.

o BZ. Corridor—free use of KP and polymer bounds in the continuum limit. BZ shows that the
use of the AF/KP corridor and the weak—coupling radius can be confined to a finite number of
RG scales and does not enter the definition of pio, or the final area—law and OS4 statements.

C—series appendices CA—CZ: locality, determinant bounds, loop equations, ST/BRST,
gap

e CA. Locality, Lieb—Robinson—type finite speed of propagation, and Haag—Kastler locality for
the constructive theory. CA shows that local observables evolve with finite speed under the
Hamiltonian and that local energy densities are well defined.

e CB. Glueball mass versus string tension. CB proves the canonical lower bound mgy > %al/ 2,

interprets lattice data in this framework, and shows that OS—cone stability follows from
exponential clustering with rate mg.

o CC. Uniform Gram-Hadamard/Brydges—Kennedy determinant bounds for SU(N), extend-
ing earlier SU(3)-specific bounds and closing a uniformity gap in Theorem A.

e CD. Derivation of the Makeenko—Migdal loop equation. CD proves that pe, is Fréchet dif-
ferentiable in every transverse direction and derives the MM loop equation from RP, absolute
continuity with respect to a Gaussian reference measure, and Sobolev regularity, without
assuming a mass gap or area law.

e CE, CF. Corridor geometry and the Balaban k parameter for the potential U. These appen-
dices control the push—forward of the local interaction under the RG and anchor the constants
used in the surface-dominance and area—law estimates.

e CG. Weak-strong coupling bridge. CG explains how the weak—coupling RG flow transitions
to an effective strong—coupling regime suitable for the area—law analysis.

« CH, CI. OS—axiom and differentiability ledgers. CH provides an OS ledger for the continuum
theory; CI collects the regularity and RP inputs used in the loop—equation derivation.

o CJ. Gap on the physical Hilbert space. CJ verifies that the Hamiltonian mass gap obtained
from Harris/LSI and Glimm-Jaffe clustering persists when passing to the BRST cohomology
Hiphys, using the domain and commutator analysis of CU and CW and the BRST Laplacian
gap from DE and DZ.

« CK, CL. Additional operator—theoretic and cohomological refinements of the BRST con-
struction, including domain questions and the identification of harmonic representatives of
cohomology classes.
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CM. Algebraic BRST cohomology and torsion doublets, classifying cohomology at ghost
number zero and identifying the torsion sector as a BRST doublet.

CN, CO, CP, CQ. Generating functionals, surface-ordered push—forward and renormalisa-
tion. These appendices set up the functional framework used in the nonperturbative Slavnov—
Taylor identity and in the proof of torsion decoupling.

CR, CS. Harris/LSI route ledgers and cluster decompositions, cross-referencing the con-
stants and inequalities used in DV/DP/DQ/DD/DF and in the transfer from OS4/LSI to the
Hamiltonian semigroup.

CT. Quartic sector dominance and torsion spectator RG, used in EB and in the Harris/LSI
routes to show that the quartic torsion self-interaction does not spoil coercivity.

CU, CV, CW. BRST and OS ledgers: CU and CW detail the domains, closures and com-
mutators of the BRST charge and Hamiltonian; CV summarises the OS0-0OS3 verification
and its dependence on earlier appendices.

CX. Three-loop coefficient and renormalisation constant ledger, ensuring consistency of the
renormalised coupling and mass parameters used in the ST identities.

CY. Consistent block RG map and corridor/strong—coupling bridge, complementing CG and
BZ in the control of the RG flow between weak and strong—coupling regimes.

CZ. Nonperturbative Slavnov—Taylor identity at the level of the generating functional W/[.J],
derived directly from the constructive measure. CZ does not assume BRST invariance a
priori, but shows that the ST identity, combined with the algebraic analysis of CM and the
torsion spectator RG of BI-BJ-BK-BQ-CT, implies torsion decoupling for gauge—invariant
correlators.

D—series appendices DA-DF, DD, DZ: transfer operators, log—Sobolev inequal-
ities, and BRST positivity

DA. Galerkin—preserving BRST construction and equivalence of the Galerkin and heat—
kernel generated 1PI functionals and Slavnov—Taylor identities, ensuring that the BRST /ST
structure is compatible with the slab transfer formulation.

DB, DC. Finite-regulator Hilbert—Schmidt and compactness properties of the slab transfer
operator (DB) and a no-go theorem (DC) ruling out such compactness in the infinite-volume
limit, and replacing it by uniform log—Sobolev and Dirichlet form bounds.

DD. Derivation of a regulator—uniform modified log—Sobolev inequality (mLSI) for the slab
transfer kernel, using the Harris/EA/EB inputs and curvature bounds, and extraction of a
corresponding spectral gap on the mean—zero sector.

DF. Consolidated scope theorem that packages the Harris, LSI, area—law, and curvature
constants into a single statement specifying the coupling and thickness regimes where one has
both a strict area law and a quantitative gap.

DE. Abstract Hodge decomposition and closed-range criterion for the BRST operator @ in
a Hilbert—complex setting, with conditions expressed in terms of the spectrum of the BRST
Laplacian.
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e DZ. Proof that the BRST Laplacian A has a positive spectral gap on the orthogonal com-
plement of its kernel, using locality, OS4, and the slab spectral gap, thereby implying closed
range of @ and positivity of the physical BRST cohomology.

For a reader primarily interested in the Clay statement, the minimal set of appendices to consult
is H1, EA, EB, DV, DP, DQ, DD, DF, BI-BJ-BK-BQ, CT, BV, BZ, CC, CD, CB, CM, CZ, CL,
CU, CW, DE, DZ, CJ. The remaining B—, C—, and D—series entries either feed constants into this
chain or extend the results to more general observables and groups.

15 Discussion and Conclusion

This overview has had two complementary aims. On the one hand, it isolates the part of the
monograph that addresses the Clay Yang—Mills mass—gap problem in the sense of Jaffe-Witten [2]:
the construction of a four—-dimensional Yang—Mills theory with compact simple gauge group SU(N)
that satisfies the OS/Wightman axioms and exhibits a strictly positive Hamiltonian mass gap on
the physical Hilbert space. On the other hand, it situates the additional structures that arise
naturally in the chosen constructive route, notably the strict Wilson—loop area law, the Cartan
torsion extension, and the ECRT flow, without conflating them with the Clay problem itself.

From the Clay perspective, the essential content is provided by the existence theorem for the
continuum OS measure (Theorem A), the OS/Wightman reconstruction (Theorem B), the con-
struction of the physical, gauge—invariant Hilbert space (Theorem C), and the two independent
mass—gap mechanisms: the Harris/LSI route via OS4 and the transfer semigroup, and the area—law
route via Glimm-Jaffe type arguments (Theorem E). The torsion extension and the associated
universality and decoupling results (Theorem 14.32) serve here as a constructive scaffolding: they
are essential in this framework to keep reflection positivity, gauge invariance, and multiscale control
compatible, but the final Clay statement is formulated for pure Yang—Mills on Minkowski space
and does not depend on torsion as an additional physical field.

At the same time, the framework goes further than the Clay problem in several directions that
are structurally important for the internal logic of the construction and potentially useful beyond
it. The strict Wilson—loop area law with regulator-independent string tension o > 0 (Theorem D)
provides a nonperturbative confinement statement and anchors the quantitative relation m > %01/ 2
for the spectral gap. The Cartan gauge—torsion language and the ECRT flow reinterpret the
constructive theory as a four—dimensional geometric flow with invariants (o, m), bringing techniques
from geometric analysis into contact with nonperturbative gauge theory. The BRST/BFV analysis
and the nonperturbative Slavnov—Taylor identities give a cohomological control of the physical
sector that may be of independent interest for constructive treatments of gauge theories with
matter.

Several natural directions for further work emerge from this picture. On the constructive side,
one can ask for sharper quantitative control of the relation between the mass gap and the string
tension, for large—N limits and continuum scaling regimes, and for extensions to other compact
gauge groups or to Yang—Mills theories coupled to matter fields. On the geometric side, one can
explore the analytic properties of the ECRT flow in more general backgrounds, study its entropy
functionals and surgery procedures in higher generality, and compare its invariants with those of
Ricci flow in three and four dimensions. Omn the physics side, it is natural to investigate how
the constructive and geometric structures developed here interface with lattice simulations, with
phenomenological models of confinement, and with other proposed nonperturbative descriptions of
the Yang—Mills vacuum.
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In summary, the monograph proposes a specific constructive and geometric realisation of four—
dimensional Yang-Mills theory that, according to the internal logic summarised in this note, meets
the existence and mass—gap requirements of the Clay problem and, at the same time, builds a wider
structure around them: a strict confinement criterion, a torsion—based universality analysis, and a
Ricci—type flow interpretation. The purpose of this overview is not to reprove those claims, but to
make the architecture and the flow of ideas transparent enough that a reader can navigate the full
text efficiently and assess, in detail, both the proposed constructive resolution of the Clay problem
and the additional structures that come with it.
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Label Informal content Logical role Location in monograph
Existence of a  gauge-
invariant, reflection—positive Provides a rigorous OS Ch. 2.1; detailed construction in
Theorem Fuclidean Yang-Mills mea- measure and Schwinger Chs. 4-7, Secs. 5.1-5.3, 7.3, and
A sure p on R* for compact functions, the starting Ch. 14.2; determinant and group—
simple G, obtained as the point for OS reconstruc- uniformity closed by Apps. CC, AA,
limit of finite-cutoff mea- tion. EC, EE.
sures.
QS/ nghtman‘ reconst?uc- Realises the FEuclidean L
tion: the Schwinger functions . Ch. 2.2; proof organised in Ch. 14.3;
Theorem ) theory as a QFT with . .
B from Theorem A satisfy OS0- Hamiltonian H > 0 and 0S0-O83 and locality ledgers in
0S5 and give a Wightman - Apps. CA, CV, CH, CI.
. . local fields.
theory on Minkowski space.
Existence of a mnonpertur- Isolates the gauge—
bative BRST charge (@, invariant sector and Ch. 2.3; full treatment in Ch. 11 and
Theorem with positive cohomol- ensures unitarity and Ch. 14.4, with key analytic input
C ogy and identification of Gauss constraints from Apps. CL, CU, CW, DE, DZ
the physical Hilbert space without gauge—fixing and algebraic input from App. CM.
Hphys ~ ker Q/im Q. pathologies.
Gives a constructive
fi
Continuum Wilson—loop area Zilzl iiil‘fif/ia?tat-emiﬁ Ch. 2.4 and Ch. 9; supporting poly-
Theorem law: (W (C)) < e 74(C) with vides the strin };;znls)ion mer/cluster and RG technology in
D o > 0 independent of UV/IR o which latergcontrols Chs. 6-7 and Apps. BV, BZ, CE-
regulators. o CF, CG, CI, CY, BU, CC, CD, DF.
the quantitative gap
bound.
Ch. 2.5-2.6 and Ch. 10; mass ex-
Positive spectral gap: the Establishes a quantita- traction via a Glimm-Jaffe-type ar-
. . . . gument, with constants and phys-
Hamiltonian spectrum on the tive mass gap, linked . . . .
Theorem . . . .. . ical interpretation summarised in
physical Hilbert space satisfies explicitly to the string .
E . . App. CB, gap persistence after
Spec(H) \ {0} C [m,o0) with tension from Theorem o
1172 BRST reduction in App. CJ, and
m> s0/%>0. D. .
2 log—Sobolev/spectral gap ledgers in
Apps. DD and DF.
Provides a geometric
Equivalence  between the reformulation and sta-
constructive Yang-Mills the- bility statement: (o, m)
ory of Theorems A-E and become invariants of
Theorem " Einstein—Cartan Ricci— a four—dimensional
F (2.44) torsion (ECRT) flow. The Cartan—torsion flow. It Ch. 2.7, Ch. 3, and Ch. 13.

flow preserves all Schwinger
functions, the area law, and
the mass gap through time
and surgery.

is conceptually impor-
tant but not needed
in the proof of Clay
Compliance  Theorem
14.36.

Table 1: Theorems A—F: content, role, and location. The appendices CC-CF, CA, CB, CJ, CV, DD,
DF, DE, DZ close determinant, group—uniformity, locality, mLSI, and gap—persistence loopholes in

the original constructive chain.
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Condition

Achieved by

Where in monograph

OS0-0OS5 at finite cut-
off

Mirror—coupled interacting measure,
reflection positivity, chessboard esti-
mates.

Ch. 5.1-5.3; used in Step 1
of Thm. 14.36.

OS0-0OS5 in the contin-
uum

Balaban-type RG and projective
limit of measures; determinant and
group—uniformity.

Chs. 6-7, Sec. 7.3; Apps.
AA, CC, EC, EE; Step 2
of Thm. 14.36.

0S reconstruction,
Wightman theory, lo-
cality

Standard OS theorem applied to the
limiting Schwinger functions; locality
and finite speed of propagation.

Ch. 2.2, Ch. 14.3; Apps.
CA, CH, CV; Step 3 of
Thm. 14.36.

Exponential clustering
(OS4) and a first gap

Harris mixing on slab boundary dy-
namics, transfer semigroup calculus,
corrected coercivity, mLSI, and tor-
sion spectator RG.

Apps. H1, EA, EB, DV,
DP, DQ, DA, DD, DF,
BI-BJ-BK-BQ, CT; Sec.
14.9(b,c); Step 4 of Thm.
14.36.

Wilson—loop area law,
o > 0 (confinement)

Polymer/RG analysis, surface domi-
nance, and Makeenko—Migdal route,
independent of the mass gap.

Ch. 9 and Ch. 10.1; Apps.
BV, BZ, CE-CF, CG, CD,
CI, BU, CC, DF; Theo-
rem D; Step 5 input.

Harris/LSI-based gap and Glimm-—

Ch. 10.2 and Sec. 14.9;
Theorem E; App. CB (con-
stants and lattice com-

;os;tz)ve spectral  gap Jaffe area-law gap, with constants parison), Apps. DD and
recorded and interpreted. DF (mLSI/spectral gap
ledger), App. CJ (gap on
Hphys via DE, DZ).
. . . Thm. 14.32, Apps. CM,
Equivalence to pure Torsion decoupling ~ via  Slavnov CZ, BI-BJ-BK-BQ, CT,

Yang—Mills

Taylor/BRST and torsion spectator
RG.

CN-CO-CP-CQ); Step 6 of
Thm. 14.36.

Table 2: Conditions realised in the monograph (existence, mass gap, and an additional confinement
criterion) and where they are proved, including the supporting B—, C—, and D—series appendices.
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Question a reader might have

Where to look

Where are the main claims stated?

Ch. 2 (Theorems A-F) and Ch. 14.10 (The-
orem 14.36, Clay Compliance).

How is the OS measure constructed
from the lattice?

Ch. 4 (lattice gauge—torsion theory), Ch.
5 (reflection—positive interacting measure),
Sec. 7.3 (limit measure fio), Ch. 14.2 (con-
tinuum existence), and determinant/group—
uniformity in Apps. AA, CC, EC, EE.

Where are Harris mixing and the first
gap proved?

Apps. H1, EA, EB (stability and coercivity),
DV (local bounds for U), DP (Harris mix-
ing = 0S4), DQ (transfer semigroup and
gap), DD and DF (mLSI and consolidated
gap), together with torsion spectator RG
(Apps. BI-BJ-BK-BQ, CT), summarised in
Ch. 14.9(b,c).

Where is the area law derived?

Ch. 6-7 (polymer and RG control), Ch.
9 (loop equations and surface dominance),
and the statement in Theorem D (Ch. 2.4);
surface-dominance and corridor—free argu-
ments in Apps. BV, BZ, CE-CF, CG, CD,
CI, BU, and the scope theorem in DF.

Where is the gap from the area law ob-
tained?

Ch. 10 (massive clustering and Glimm-Jaffe),
Sec. 2.6.4-2.6.5 (Theorem E), and the quan-
titative ledger and OS—cone stability in App.
CB; persistence of the gap in the physical
BRST sector in App. CJ, using DE and DZ.

How is the physical Hilbert space de-
fined and shown positive?

Ch. 11 (BRST/BFV construction) and Ch.
14.4, with analytic background in Apps. CL,
CU, CW, DE, DZ and algebraic cohomology
in App. CM.

Where is torsion shown to decouple, so
that pure Yang—Mills is recovered?

Sec. 14.8.3, Theorem 14.32, with supporting
ST/BRST analysis in Apps. CM, CZ and
torsion spectator RG in Apps. BI-BJ-BK—
BQ, CT, plus generating—functional analysis
in Apps. CN—-CO-CP-CQ.

Where is the ECRT flow defined and
matched to Yang—-Mills?

Sec. 2.7 (Theorem 2.44), Ch. 3 (Cartan ge-
ometry and torsion), and Ch. 13 (geometric
flow interpretation and ECRT matching).

Table 3: Practical navigation questions and references, including the B—, C— and D—series appen-

dices.
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